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PREFACE. 


In tlie proparation of this text-book on Analytical Geometry 
it has boon our aim not merely to give an analytical treat¬ 
ment of curves of the second degree, but also to apply the 
methods of olomentary algebra to the tracing' of curves of 
higher degrees. Many of the curves usually classed a.s 
Higher Plano Curves and discussed in treatises on the 
Calculus are easily handled by elementary mothod,s, and 
give the beginner a much bettor knowledge of tho value 
of analysis than can bo derived from a study of tho conic 
Bections alone. An elomontary knowledge of the methods 
of curve tracing is in fact a necessary preliminary to any 
discussion of Higher Plane Curves that is based on Highox" 
Algebra and tlio Infinitesimal Calculus, and seems to come 
properly witliin the scope of an introduction to Analytical 
Geometry, 

It may be useful to indicate tho general linos on which 
tho book has been constructed and to state brio/ly tlio 
I’oasona for the order adopted. 

Chapters I.-IX. treat of tho straight lino, tho circle and 
some simple curves iliat can be readily sketched from their 
definitions without recourse to elaborate algebraical analysis. 
Graphical work is now so common in the early stages of 
every raathomatical course that it is fair to a.ssnmo that 
every reader has some previous acquaintance with tho 
graphical interpretation of equations of a simple lypo^ 
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The early chapters are therefore designed to make tho 
student quite familiar with fundamental formulae, such a a 
the Section, Distance and Gradient Formulae, which occur 
so frequently in all applications, and to train him in tho 
geometrical interpretation of formulae and equations 
applying them to familiar and easily drawn curves. Indeed, 
tho analytical treatment of tho straight line and circle is 
necessary, not so much for the geometrical results as for 
the acquisition of facility in the use and interpretation of 
formulae; only by such practice can the beginner learn to 
see the geometry behind the analysis. These chapters 
include a discussion of Harmonic Ranges and Pencils and 
of the usual theorems on the Circle, including Coaxal 
systems. The ninth chapter contains tho equations of tho 
Conchoid, the Cissoid and the "Witch, with the usual applica¬ 
tions to the trisection of an angle and the duplication of 
the cube; experience proves that these curves arc of real 
interest and stimulate pupils to further study. A number 
of worked examples on loci and two sets of Miscellaneous 
Examples conclude this section. 

Chapters X.-XVII, discuss the graphical representation 
of equations. The aim of these sections is to enable tho 
student to sketch pretty rapidly the forms of tho curves 
Tcpresented by algebraic equations that are not of vei‘y 
complicated types; his work on the equations of loci in tho 
earlier parts of the book will have suggested the necessity 
of this study. Considerable stress is laid on the method oi; 
Successive Approximations, and we believe the method to 
he both so simple and so fruitful that no apology is ncedncl 
for the space given to its discussion. In the course of this 
discussion we have felt obliged to treat some parts of 
elementary algebra that are often imperfectly grasped by 
the beginner, such as discriminants, turning values, repoatod 
and infinite roots, and have been led by a simple and 
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natural process to a statement of the derivatives of the 
simpler alj^ohraic functions. Wo hope tliat the revisal of 
work wliich is treated with more or loss fullness in most 
text-books of algebra will bo justiflccl by the liglit that 
the geometric interpretation easts on somewhat abstract 
algobi’aio theorems as well as by the u.so to which these 
discussions are put in the graphing of equations. The 
chapters on the Solutions of Equations and Harder Curves 
will, Avo trust, bo found to ofter some interest to every typo 
of student, evoir if for no other reason than as providing 
variety in algebraic teaching. 

^I?lm rest of the book, Chapters XYIII.-XXIV,, contains a 
fairly complete treatment of the Conic. Many properties 
of the curves are most easily handled by the methods of 
Euclidean Geometry, and wo have not hesitated to adopt 
such methods Avhon there was distinct advantage in doing 
so, with the result that wo have been able to incorporate 
the essentials of the older treatises on Geometrical Conics. 
It is hard to justify the separation of geometrical and 
analytical conics; at any rate it has seemed to ua that sucli 
separation is totally unwarranted, and is even mischievous 
in an elementary text-book. Wo have tried to include all 
the important properties of conics that are of an elementary 
character, and to group them into a comparatively small 
number of theorems, so that the student may not bo 
burdened by being confronted with propositions that arc 
of no special importance. The numerous Exorcises that 
are given in every chapter provide ample practice, both on 
the geometrical and on the analytical aspects of the treat¬ 
ment, and will, we hope, be found useful in emphasizing 
the fact that, after all, the one subject.of study is geometry, 
even though the methods are twofold, The simplicity 
introduced by the use of Joachimsthal’s Section-Equation 
is, we think, sufficient warrant for the place assigned to it; 
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and the cliseugsion of Systems of Conics in Chaiitei* XXIV. 
seems to sum up so naturally the general principles that 
underlie the applications of analysts to geometry that wo 
hope it will not be considered to be too severe for nn 
elementary text-boolc. Comparatively little stre.ss has boon 
laid on the General Equation of the Second Degree; its 
importance in an elementary course does not seem to us to 
demand a fuller treatment than has been given to it. 

Professor Clirystars text-books on Algebra are so funda¬ 
mental in their character that it is impossible to write oi^ 
any branch of algebra without showing traces of their 
influence, but we desire to make special acknowledgment 
of tlie great help we have derived from Chapter 26 of 
his Introduction to Algebra. Much of our work is little 
more than a restatement of the ideas there laid down. 
Again, in Chapter XVII. we have tried to give an elementary 
account of some of the more important methods developed 
with so much skill in Fro.st's treatise on Curve Tracing 
—a book which is now out of print. 

A word may be said on the position assigned to Freedom 
Equations—a terminology that is, we believe, due to Pro¬ 
fessor Chrystal, From some points of view, for exami)lo 
in its bearing on Dynamics, the representation of a curve 
by freedom equations is quite as natural, and is much more 
useful than tlie representation by a constraint equation, 
But apart from such applications, the value of the spcciflca- 
tion of a point on a curve in terms of a single parameter 
has been always recognized in works on Analytical 
Geometry in the case of the Conic Sections, while the 
hole theory of Unicursal Curves is simply that of one 
rm of Freedom Equations. It seems proper therefore to 
troduce the student at the outset to this alternativo 
•lethod of representing the equation of a curve; the theory 
3 not difficult and the gain in facility of graphical ropro- 
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seiitation is great. Elinimation is often a difficult ami 
tedious process, and may in many cases be dispensed with, 
so far ns tlic representation of a curve is concerned, hy 
making use of Freedom Ecpiations. 

The Answers to all the Examples have been worke<l out 
by Mr. A. M. Williams, M.A., B.Sc., who has also read Hit* 
wliolo book in proof. Mr. Peter Ramsay, M.A., B.Sc., linn 
subjected the Examples to a searching revision, and luiH 
independently verified the solutions. To both of thcHis 
gentlemen wo offer our hearty thanks for tlie extreino (aim 
and thoroughness Avith which they have carried out thoir 
laborious task. In many details the book OAves much t<» 
the exporioiice of Sir Richard Gregory, and we llitmk 
him sincerely for his helpful advice. We AA'^ould also grain- 
fully acknOAvledgc tho excellence of the Avork done by 
Mes.srs. Macljohose. 

GEORGE A. GIBSON. 

P. PINKERTON. 

10 Tub UNivBKSiTy, 

Glasgow, Decemher^ 1910. 
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CHAPTEB I 

STEPS. l^OSmON-RATIO. SECTION-FORMULAE, 

1. Positive and Negative Measure. Consider tbo lino AS 
in Fig. 1, divided internally at P and externally at Wo 


AP-{-PB=^AP, .(]) 

for V+3 = ]0; 

but AQ-QB^AB, ...(2) 

for l<l-4r=10. 


So long as P is between A and B, AP-\-FJi^ AB, . 
Let P move up to and coincide with B] even now 
= for PB^O. Lot P move through B to Q ; 
then PB diminishes to zero, wlion P is at A, and appoavs 
again on the other side of B, after PB^Q. Following the 

—I—1—j—I—1— I —1—I t—J j I l__i—I—I—I I—I—£—j-jK— 

R A P B Q 

Fig, 1. 

practice in Algebra, we could uieaHwe QB by (—4). Now 
—4) = 10; so that measuring QB (i) according to its 
length, by 4; (ii) according to the side of B on which it lies, 
by prefixing the sign —, we could write 


AQpQB^AB .(8) 

a A. a. A ® 
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/ * 

If P had moved to the loft of A, say to P, tlu'ii * * ' , 
would pass through zero to AR, while PB would 
steadily to MB. Wo could then denote Alt by ** 

putting 6 for its length and prefixing the sign —, t<» ***2^ 
plain that AR lies on the side of A difToront f)’(»ni ' ' 

Now ( — 6)-1-15 = 10, so that we could write 


AR^RB^AB ..t ^ 

Starting from AP + PB~AB, it would bo quite intelli^i^ ***'* 
^P-l-PP-yl7i, 


AQ-^QB^AB, 


AR-{-RB^AB, 

This may be summed up ns follow,s; 

Rule, If Ay B^P are any three jpoints on a strait/fit f i 
AP+PB=AB. 

And the meaning of AP, PBy AB could bo given tluiH ; 

On the line mark an arrow-head; if AP (or PB or A 
from A to P, follows the direction of the arrow-]icad, ^-l 
means the length of AP with the -f sign prefixed; if A /* 
(or PB or AP), from A to P, follows the direction 
to that of the arrow-head, AP means the length of A i* 
with the — sign prefixed. 

In Fig. 1, ^^=(+7), PB=(+3), ^.B=(+U»: 

(+7)+(+3)=(+10), 

AP+PB=AB. 

4Q=(+W), QB=(-4), AB=:(+lO)i 

(+14)+(-4)=(+l0). 

• AQ+QB=AB. 

AB=(-B), BB^(+1B), 4B=(+10); 

(-S)+(16)=(+10), 

,*. AP“j-PP=;AP, 

The rule AP-|-PP = AP is u> general rule; it onabkm 
/O be sure that a proposition, which depends on its imtv iw 
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g§l,2] OllIGIN AND AXIS OF ABSCISSAE. 

fcrno, wlKiUior P lies between A and B ov not, provkltul 
that, aw Hay, we attend to the convention of sign vt'j^anlin^ 

2, Origin and Axis of Ahscissae. Let 0 ho a 
on a lino X'OX (Mf*'. 2), Let U be another point on iLo 
lino on the Maine nldo of 0 as X, and lot the loiif^rM, „j’ ()fj 
1)0 one unit. The position of any point P on (Lo lino 
(lepondH on two thingH, (.1) tlie lon^^th of OP a(!(«)rtliiijr to 
the Hoalo OP=L (2) the aide of 0 on which P Mom, wliotlior 
tlie X-Mule of 0 or the X'-su^. The length of i)l\ aecordim*- 
to the Mcale OU =1, ia Mpociiicd by an arithuiotical imiiibc'r, 
say 2'2. Tlio muIo of 0 on which P lies is HiKKiilioil liy 
prolixing to 2*2 the algebraic sign 4- 'or — ; Urn Hlgu 4. 
being preiixi.'d if P lies on the same side of 0 HH X, tllO 
sign — being prelixod if P lic.s on the same side of O as .A", 

j_j I' ' I ^ j j" 'I—I—v-~ 

X BP D 0 U A ^PC X 

Fiu. 2. 

The nuinher with the proper sign prefixed Ih chIMmI the 
abscissa of P with respect to the origin 0, ho tliat any 
ahHciHHa can bo entirely rep)rescntcd by an iilgtibraii! 
symbol, ai, for example; since tc, in Algebra, may stuiut for 
any arithmetical luunbor with the sign 4* or — projixod. 
Knell II line aa X'OX is called an axis of absclssao, cir Himply 
an axis. OX is called the positive direction ami fLV' rh(» 
negative direction of the axis. The positive ilireetion may^ 
bo indicated by an arrow-head. In Fig. 2 the ahHcisHa tjf 
A is -PIT), or .simply I’5; the abscissae of 7/, if, J) are 
— 2'4, 2*4, ~1'5 respectively. 

The abHcissa of A is often denoted by OA ; in tbiH homhu 
- OA. has a dmhlG signilicanco, for it signiiicH both blits 
magnitude and bho sign of the ahsetssa of A . M'ho luoimurci 
of the length of OA, according to the scale OIT— I, given l.lm 
marjnilmb of the ahscissa; the order of the m the 

(Hiuivnlont of the sign of tho abscissa. 0j\, liko m ni 
Algobm, entirely roproaents tho abscissa. Kimilarly wo 

write OP«-2*4, 00=2*4, 0P=- l*6. ' 



4 


ANALYTICAL GEOMETRY. 


j t »•! S, 


Tlio measure ol: tlio le^ifjth oC OB is 2‘4«; ilio ortlt’i- •>» 
lobtors, from 0 to B, signifies a_ motion in the 
clirocbion of Uie axis; hence OB is entirely ropn'Si'iif*-i 
~2*4. 

If X'OX is an axi.s, and B any poiiitr on it, we ir n'i.,') 
donoto OB by x. 

Ex. 1. Draw an axis of abscissiio, cliooso an origin and nful- - 
and mark the points whoso abscissae are 2, -2, 1 '7, - I'7, .’f ’ < 

Ex. 2, Plot with rospoct to an axis scale unit. I »<• ■' ■- 

points a’=s2, . v = -2'4, .v= - 3'2, .i’ = 2’8. 

3, Steps. Let A, B bo two points on an axiH, ni 
thou AB can bo measured (i), according to its Iniglh, t’-y ^ 
number; (ii) by prefixing to this nuinbor tlio + sign *»j 
— sign, according as the direction of AB, from /I /** B' 
or is not tlio direction of the arrow-head on tlm nxif'. 
as in § 2. When AB is nioasurod in this way, i-lB in 
a step. It is clear that 

stop AB= — step BAy 
or, simply, AB=—BA, 

Another important rule is 

AB = OB-OA, 

for every position of the origin 0. 

First. Lot OA, OB be both positive. In Fig. II («). 
.4B=5, 0B=7, 0A^% 

—± -f—-----1- 

0 A B BOA 

(a) (6) 

Fia, 3. 

AB=OB~OA. 

Second. Let OA bo positive, OB negative. In Fig it % 
AB^-5, 0B=~3, 0.^, = 2. 

AB=OB^OA. ' 



POSITION-RATIO. 
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Third. Lot OA> OB bo boih negative. In Fig. 3 (c), 
AB = 1, Ofi=-3, OA^^IQ. 



Fia. 3(o). 

AB = OB-OA. 

Note also that AO -f OB == AB, 

AO + OB+BA===0 
for ovory position ot tlio origin. 

Bx. 1. H blio absciisHiio of A, /?, on an axis, oi'ijfin 0, Imvo 

Uio following vahioa, liiitl Iho nieasiii'o of Uio hLo)} Ali ; 

(i) 3, f) j (ii) -4, 2 ; (iii) 3, -2 ; (iv) - 1, -4, 

Ex, 2, If yl, .0, J)i points on an axis, have nbaciBsao -3, 4, — B, 
— 1 rc.s))octivoly, provo Uiat ^'10=67^. 

Ex, 3. If Af is tlio inicltlle point of AB, wlioro A, B arc points on 
an axis having absciasao (i) *1, fi ; (ii) 4, ~G ; (iii) -4, G ; (iv) -4, -G j 
Cv) fl, b, find tlio abscissa of M in each case, 

4, Position-Rfitlo, If A, B, P are tliroo points on an 
A 2^ . 

axis, is called the position-ratio of 2^ with respect to 

A, B. (Note that AP, PB are steps.) For example, in 
Fig. 4, 



Pia. 4. 


ilP=:.0P-^07t = (~l)-(-4)==8, 
PP=0P-0P==1-(-!)== 2, 
AP_n 
PB~^ 

AQ«0Q~0A==11--(-4)«16, 
(37i=OP-OQ = l-Il«-10, 
AQ 16 8 

^==-10"='-2‘ 
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Ex. 1. If A, B, JP have abacisaiio 
(i) 2, 7, 6; (ii) 2, 7, 10; (iii) -2, 7, 5 j (iv) 2, -7, ft ! 

(v) -2, ^7, -6, 

find ABjFB in each case. 

Ex. 2. If Af B, Ff Q, fouv points on an axis, Imvn * 

-1, 2,1, 5 reapectivoly, prove that AF}FB=i —Ai^lQB. 

I 

5. Pirsfc Section-Formula, If A Iuih tho tiUsciHHa •!. ttt i* ■ 
B the abscissa 6, where A, B arc points on an axis, ami ** 
AB is divided at P so that APjBB — 'AjX Uuni wo 
plot the points B on an axis, on which a scali'-'iniil 
beon chosen, construct or mark tlio point and ri'ml * ‘i* 
the abscissa of P. This can be done whatever In* tl**’’ 
abscissae of J., B and tlie position-ratio APjVB, 11 1 *!*«*'•'* 
there must be a rule for calculating.^ the abscissa (d f* 
terms of the abscissa of the abscissa of B and t 
position-ratio APjPB. 

Rule. Let X'OX he an x<M}is. Let the ahscimae nj f #**’*• 
Xmnts Ay B he % '^'c^pcctivelyy let P he any pontf 

the axis and abscissa «5 of P is fntt- 

from the equation ^ mxg-f nxi 

m-f n 

Proof. See Fig. 6. 


+ r—f 

Fig. 6, 


H- 

B 




AiP—OP — 0 J.=a;—fljj, 
PjS=0B-0P=®^-a!; 

AP 

PB fljjj—oj’ 
PB~n^ 
x,2^~x n ^ 


But 
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{mi-n)x = mx^-{‘nx^i 


... 

m+w 

Since only the general rule of § 3 has been used in 
th .0 proof, tho rule liolcle whether aJg bo positive or 

negative, and whotlier the position-ratio be positive or 

• t I Til/ 

negative, If P lies within yiP, then — is positive; if P 

772 / . 77 

lies without ylP, — is negative. If then denote the 

mm,crical value of the position-ratio, we have tho double 
rule 


X for internal section, 

P + f/ 


—Th for cKternal section. 

p — q 

Con. If cCj, £«2 are tiro abscissae of A, B and x tlio 
ab.Hcissa of tho middle point, M, of AB, then 
For wo may put m=1,7?/ == 1. 


EXEBOISES I. 

1. Find tho abaoisaa of tho midcllo point of tho join of tho 

pointa 3, 5, ^ 

(”Tho point 3” is a contraction for “tho point whoso ahaciasa 
ia 3.») 

2. Find tho nbaeissa of tho middle point of tho join of tho points 
(i) -4, 2 ; (ii) -3, t3; (iii) -4, -2 j (iv) 3, -5 j (v) ~3, -fi. 

3. Find tho absciaaao of tho points of triaootion of tho join of 
(i) tho points 2, 7 j (ii) tho points -4, 6 ; (iii) tho poiiita -1, -4, 

4 . vl, Ji aro tho points 1 , 6 . yiB is divided intornnlly and 
oxtornally at P, Q in tho ratio 2/3 5 find tlio absciasno of P and Q, 
and calculato 7^^. 

6 , A) /i, G ai’O tlio pointa -2, 3, 4 ; calculate A GIGJ3, 

6 . Ay B havo abacisaao 2, 4, and AB ia produced its own longth 
through 77 to 0; calculate AGjOB and tho abscissa of 0, 
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7. A, B liave abscissao 3, 4, and A 5 is produced its own longth 
tlirougb A to ; calcxilato ADfDB and tlio auscissa of D. 

8 . P divides the join of the points -3, 4 so that APjPB= —3 j 
find the abscissa of P. 


9. A^B have abscissae a, h rospectivoly, and AB is divided at P 
so that APjPB={a,-^b)j{9,a~b ); find the abscissa of P. 

10, If APlPB—mjny prove that APfAB=vij{m+‘ii). 

11. If AP/PB^X, establish the formula 


12, If A P/A B^ty establish the form ula x ~ +1 (.Va - .r,). 

13. If A, By My Py Q are points on an axis such that M is 


tho 


middle point of A/? and APjPB= - AQjQBy prove that Jf/^. M(^~MA'‘. 
112 

Provo also that -rri+-rTL=-T-n' 

Ar A AB 


14. Ay B have abscissae .ri, ; and P and Q divide AB internally 
and externally in tho same ratio. If PQ~dy lind tho coordinates of 
P and <2. 


16. Ay B have abscissao a'l, .^ 2 ; and P and Q divide AB internally 
and externally in tho ratio nijn. Calculate PQ in terms of .rj, x-iy 
m, n. 

16. Ay B have abscissno .■r2; and the position-ratio.s of P and Q 
with respect to A, B are w, n respectively. Calculate PQ in terms of 
a;i> a’a, n. 


6 . Uniform Velocity. Suppose a point to move on an axis 
X'OXy unit 1 in., and lot tho tollowing table bo descriptive of tlio 
motion; 


Position of point - 

A 

B 

G 

1) 


abscissa of point 

~7 

-4 

2 

11 

20 

i=timo - , _ 

1 

2 

4 

7 

10 


whore the time, denotes,the moment, reckoned in seconds from ii 

certain zero, when tho point is at A, By G, etc, 

Then the point moves from —7 to —4 in 1 second, i,a. moves +3 in. 
[)ei' second on an avoi-ago, between A and B, 

Also tho point moves fi’om -4 to 2 in 2 seconds, i.e. moves -PG In. 
in 2 seconds or +3 in, per second on an average, between B and G. 

Similarly it moves between any two of tho specified points at ati 
average rate of -|-3 in. per second. The sign -f signiaca that the 
motion is in the direction from X' to X, 
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THR EQUATION x^a-^U. 


Xf _ P, <3 1)0 any two points on an <axis X'OX, unit 1 in., Tvlioae 
ia,\jrtOiHSUO arc .v,, vospectively ; if denote tlie times, in seconds 

is at P, respectively, thou 

€•* —■ , '3 "t 

tjl-iii point botWGOn P and Q. If 


or PQ~^Q-OP=^,Vq-,Vi) ia the average velocity of 

. *3, *1 _ . _ pn ^ 

— or -2—Ll is constant and >=v, 


L-i 


tt> tl 


trttvy point is said to have a uniform velocity v. If v is positive the 
jjif>t'i<)» ii^ fl)o direction from X' to A'; if v is negative, from 
^V. ^ 

Tlio wpiation of tho uniform velocity, described in the above table, 




,r= -IO+Sj;....( 1 ) 

pul ,r«-.7 in etpiation (1). Then ~-7=~10 + 3i or 1. 

>1 >1 — —‘1 ,, ,, j, —4"=—10 4" 3^ 01-* 2. 

)> a — 2 ,, ,, jj 2=~104-3i or 4. 

» iv= 11 ,, „ I, 11=—lO-pS^ 01-' 7. 

„ 20 „ „ „ 20=-10+3i or i = 10. 

AIhO) Llm vuloeity is uniform. Eor let .r=.rj and t=ti satisfy 
citi nation (1), mid lot .v—.rg and also satisfy the ectuation. 

Then .^i = -10+^, .(2) 

.ra=-10+3f2.(3) 

If’roin (3) Bublract (2), 

‘t’a *" ~ 3 (ig — ^i); 


jc:£i= 
i^ — t 


Hub is tho average velocity between the points specified bj 

efc*,, .r.,, and it is constant and equal to 3, whatever the points ai'e 
lui'oioro the motion specified by equation (1) is that of a point inoviii) 
oil tho axis with uniform velocity +3, V.e. moving in the directioi 
f L’om A'' to A" at tho uniform speed of 3 inches per second. 


Buie, If the motion of a particle on tho axis X'OX, unit 1 in., i 
jaivon by the oci nation X=«a+ot, t being reckoned in aeconda, then, tli 
invrliolo ia moving on the axis with a uniform velocity of 6 inch^ p? 
Roeoiul, mui tho unio is I’eokonod from the raoiueiit when the abseisi 
of the particlo is a. 

ICx. Tim motion of a point on the axis A'OA", xinit 1 in., is give 
liy tho oquation .^•«3-2^whon t is reckoned in seconds} 

<■1) wiion the point ia at Urn origin ; (2) whore the point la initially 
(3; whore tho point is, 2 seconds after zero-time ; (4) wliero the poii 
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is, 2 sBCOfida before zoro-tima j (6) the velocity of the point } (0) 
the point has abscissa 6. 

(1) P«t A’:=0, 0=3-2#, #=li The point is at the origin li 
after zero-time. 

(2) Put #=0, a’=3. The point has abscissa +3. 

(3) Put #==+2, a’^ 3-4=-1. Tlio point has abscigsa -1. 

(4) Put #=-2, .v^3-h4=V. „ )) )j 7. 

(6) We write .t?!=3 - 2#i, A’g=3 - 2#a > wlionce < 

-2. The velocity is -2, i.e. the point moves in tho 

from^AT to X' at the uniform rate of 2 inches per second. 

(6) Pat a;==6, 6=3-2#, #= -1. 1 see. boforo zero-time. 


7. Second Section-Formula, If A, B, P a/i'e three 
071 the axis X'OX, if the abscissae of A, B are Xp a\> 

Ap . > / 

speetively cmd abscissa of is 

, from the equatio7i 

X==Xj4-(x2-Xi)t. 


Proof. See Fig. 5, p. 6. 

AP^0P~0A==^x-x^, 
AB^ OB ~ OA. = aig—a3j. 

But ii=il 


x — x. . 

> . ftJ X^ ” (^2 ” ^ > 


Cor. 


The abscissa of the mid-point of the join of 

. (Pufci-|.) 




EXERCISES IL 

1. The motion of a point on XOX'^ unit 1 inch, is apociliod tlio 
:(uation A'=3+4#, # being reckoned in aocondaj find (1) tho volooity oX 
he point at every imtant j (3) tho position of tho i)oint at zoro-tiin o ; 
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(3) Uio position of bho point 3 soconds after and 3 seconds before 
zoro-tiino ; (4) when, reclconed from zero •time, Uio point has abscissae 
1) -• 1. 

2. Find an equation to specify tho motion of a point on the axis 
X'OX^ unit 1 ft,, if tho point has a uniform velocity of -1-2 ft, per sec., 
and if the point has abscissa 1 at zero-time. (Time reckoned in 
seconds.) 

3. Find an equation to represent tho motion of a point on A^OA^, 
unit 1 foot, if it has a uniform velocity <4 - 3 feet per sec., and its abscissa 
is 2 at zoi’o-timu. (I’imo reckoned in seconds,) 

4. At zero-time, a jjarticle moving Avith nniform velocity on 
A'’'OA' bns abseisaa .Vj; one second lator it has abscissa x^, Provo 
that, at timo t socondS) it has tho abscissa x whore 

6. XTso the formula .r—.^’J-^-(.ra-.^’])^ to answer Exa. 1-3, p. 7. 

6, Ay B have abscissae 2, - 3; and P and Q divide AB so that 

.•liVd/i=3/r> and -2/5. GalculaLo the abscissae of Pand Q 

and tho moasuro of tho sto]) 2^Q, 

7. i'i. By f/have abscissae 2, -3, -5 ; calculate ACjAJi, 

8, A, B have abseissao -2, -3. Find tbo distance between the 
points wbieh divide A B intornally and oxtornally in tbo ratio 3:4. 

9. Py Q divide AB internally and externally in tbo samo ratio. 
Find tbo abscissa of Q in terms of .Vi,/, if .Ti, Xn are tbo abseissao 
oi Ay B mA APIAB^.t. 

10. Tf d. By Gy I) bo any four points on an axis, prove that 

BG. AT)+OA.BD-hAB. OD^O. 

11. If Ay By G bo any bbroo points on an axis and 0 tbo middle point 
of ABy prove that AG^'-GB'^=-UB.OG. 

12. If Ay By Gy P bo any four i)oints on an axis and APlPB^nlmt 
prove that 

m,, A.O^+n, . AL^-Vn. 5P^-|-(m+n)(7jP®, 
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nstM, ^ Ol\ nV Im’ tin' wrtl«- lisnU nf liiit? X^^HX. 

) 7M r»'MjH’f'(ivr|y fin Kijj. (I tho Mint's nr»’ 1*^1 K* 


1^] KUCTANOULAR AXES. COORDINATES. 13 

li(3 on the aanio aide o£ 0 aa X, and let V He on the .same 
aide of 0 m 3^ 

Let 2^ bo cmj^ point in tlie plane of the axes and let 
M, Nha tlio projections of P on XVX, y'OY re.spectively. 
Since M lies on the axis X’OX, called the aj-axis^ the 
position of M is specified by 02\[. Similarly the position 
of N oil called the is .specified by OP. Lot 

Ojlfwfl) and OX^y\ then the position of P is specified 
^vhon ft; and y avo known, and conversely x and y are 
known when the position of P is determined. 

OM or X is called tlie tr-coordinate or abscissa of F; ON or 
y is called the y-coordinate or ordinate of P; a; and y are 
eallecl the coordinates of P ; X'OX and Y'OY are called th.6 
oooxdinato axes, and are rectangular axes; P is called the 
point (ft;, y). 
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The axes X'OX, FOFand the coorcliimtes // niv * a^i*^** 
called Cartesian axes and eooi'dinatos. 

Ex, 1. Draw rectiingular axes X'OX^ V'OT} lul tho witli' •*’'*^**^ 
each axis be one centimetre. Alark the positions of Llio junnl's 
(2,-3), (-2,3), (-2,-1), (2-4,-I'H), (-1-2, -2‘2). 

Ex. 2. Mark on another drawing of tho axes of Ex. Ilio 
pairs of points and calculate tlio distance botwoon tlie points, \i'i »> > 
the calculation by measurement: 

(1) (1, 2) and (4, 6); (2) (-2, 2) and (I, (!) 

(3) (8, -1-0) and (-4, -G'6); (4) (-2*3, 3*1) imd (1'2. > 

9, Distance-Formula, Lot P bo the point (r»[, '|/^) J 
the point (rCg, I’efeiTed to cho.sen roetan^juliU’ axi'M; 1 1 1 ^"*' 

PQ = ± \/(Xj^Xa)2+(yi-~y.^)«. 

Let ilf, X (Fig. 8) be tho projections of P, Q on .\ 'f * 
let FR, a parallel to X'OX, meet XQ in X 



Then 

Also 

But 


FR = MX^ OiV- OM^{w^ - xF ; 

PR^=!=^(X2 — C0jX. 

RQ^XQ-XRr:=XQ-^MF=:^(y^^y,)l 

FQ^^FR^FRQ^’ 

• * ■ =(a^2 - +( 2/2 - Vif ; 
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PQ == ±\/(tC2 - — y^f 

or ± V(cui - x. 2 f + 

Wo ha VO scon (§ 8) that a straight line parallel to either 
axis may also bo used as an axis, its i)ositive direction 
being that of OX or OY, When a lino PQ ia not parallel 
to oithor axis, tho lino may still be regarded as an axis, but 
its positive direction has no dopoiidence on the positive 
direction of OX or OY ; hence the ambiguity of sign in the 
distance-formula. In the meantime, let us agree that the 
positive direction of such an axis be tho direction of motion 
of a point wiiicli travels along tho line so that its abscissa 



Fia. 0. 

steadily increases. I’lins, in Fig. 9, the positive directions 
of tho linos are os indicated by arrow-heads. With this 
convention 

PQ = (fl>2--®i) 

in sign and magnitude, tho positive value of the root being 

understood. _ 

Note that OP^ .In sign and magnitude 
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Ex. 1 . Calculate, by the forumla, the distance bohveon llu' 
ing pairs of points ; 

(1) (1, 2) and (4, 6 ); (2) (^2, 2) and (1, 0) ; 

(3) ( 8 ,--LB) and (- 4 ,-G-B). 

Ex. 2. A, B, P are tlirco coUineai' points; calculate (.lie 
magiutudo of APfPB and APfAB 'when A) Bf P havo the folb’ 
coordinates respectively: 

(1) (1, 2), (2, 2), (3, 2) j (2) (2, -1), (2, 1), (2, 2 } ; 

(3) (1, 2), (3, 6), (2, 4) ; (4) (I, 2), (3, G), (4, «). 

Ex. 3. Show that the points (2, 5), ( 6 , 2 ), (G, 0) are the vei | 
an isosceles triangle. 

Ex. 4 . Show that (2, - 2 ), (B, 2 ), (- 2 , 1) are tho vertitT'^* ^ 

right-angled ti’iangle, and fliid its area. 

Ex. 5 . One end of a line whose length is 13 is tho pobit ( 
and the ordinate of the other end is 1 . "What are tlio pimsilih* ^ 
of its abscissa? 

Ex. 6. Show that the following points lio on a eirolo whowi 
is tho point (3, 4) and whoso radius is B ; 

( 8 , 4), (7, 7), ( 6 , 8 ), (0, 8 ), (^ 1 , 1), (3, -1). 

Ex. 7. Calculate the sides and diagonals of tho qiiadvilnLoral 
vertices are (3, 2), (-1, 3), (0, 0), (4, 0); and teat your 
measurement. 

Ex. 8 . If (.r, y) is any point which lies on a circle, contro (2, '*1 
radius 4, prove that - 4a? - Gj/ - 3=0, 

10. First Section-Formula, If fixed points A, H A*/ 
coordinates {x^, and 3/a) o'especLively, and ^Jf 
vcx'iahle point P in the AB-axis have ooordintUcs 
then we mc(/y write 

mxg + nxi , y^ ”^y‘2+nyi 

m-fn * jn-fn * 

where APlFB^min (=1=—1). 

Pro(f. Let P, PI (Fie*. 10) be the prajoctiunJ^a 
A, B, P respectively on X'OX ; 

let G, K, X bo the projections of .^1, .B, P roflpocti 
on TOY; 



§10] 

Vm^T SECTION-FORMULA, 

Then 

AP AQ FM 
PB~'Qii~i\nr 

thoroforo 

m OM~OF x~x^ 
n 0k-0M~x,^-^x' 

so that 

nx — nx^ = 'tnx,^ 

or 

(?a -h n) x = mx<^-\-nx-^\ 

and thorofort] 

,^,_77ia]2-f'acci 





Fit}. 10. 


Similarly, 


W " }}T~irK^ Ok - m' 


HO that ——'IL^Jh' 

, y^-y 

and thoroforo 

m + n 

COH. n’ho coordinates of the middle point of AB are 
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EXERCISES III. 

1. Find the coordimites of Lho niiddlo point of tlio join of (2, 3) 
and (4, S). 

■«- 2 2 ’ 2 2 • 

The cooL’dinafcoa of the middle point aro (3, 4), 

2, Find tho iniddlo point of the join of (-4, 7), (2, -3). 

3. Find tho points of triscction of AB whoro A is tho point (2, 3) 
and B is tho point (4, D). 

Using tho formvilao, put w=l and then m=2, «=1. 

4, If A, B are tho points (“1, 4) and (6, -2) reapoctivoly, llml 

tho coordinates of (1) when (2) when yI/*/?'/f-a2, 

(3) when APfPB^ -2, (4) ^Yhon APjPB^ - 4/3. 

6. A, B aro tho points (^-2, 5), (7, 1). Find tho cocu’diniiton of 
Pf Q which I’cspoctivoly divide AB internally and extornully in tlio 
ratio 3/2, (jalculafco tho length of PQ. 

6. A, B are. tho points (3, -h), (~fl, 2); and P divides AB so that 
APfPB^-^jH. Ualculato tho lengths of yl 7* and 7*7?. 

7. Ai B aro tho points (11,0) and (-10, 0); and O is tlio point 
(-5, 12). Tho internal hisoctor of angle 0 of triangle ABi! luveUi 
AB in 7*. Oaloulato (1) APjPBy (2) tho abscissa of P, (3) tho longili 
of J*0, 

8. Ay B, G aro tho points (-18, 0), (15, 0), (-5,15) resiaMdlvoly-.i 

Tho in- and ox-biaoctors of tho anglo G of trianglo ABG moot All 
in Pand <2 rospecbivoly. Oaloulato tho lengths of PQy 7*6’, 'i 

. 9. A, By G aro tho points (2, 3), (7, -5), (-4, -8). C'alcnlalo tho 
coordinates of tho centroid of triangle ABG, \ 

10. Trove that is the centroid of tlii^ 

trinnglo whoso vortices are (.r,, y,), (.r^, (.Vj, y.,). j 

11. If Ay By C aro tho paints (5, 0), (-5, 0), (8, 0) and (.r, i/) in itny 

point 7* in their plane, prove that ‘ 

PA 2 +PJP + P(P^ GA'^ 4- QB^ + 00^ + ^P(Py i) 

whore 0 is the point (1, 2). j 

12. If Ay By (7 are tho points (a, 0), (~a, 0), (6, o), and 7* {« anj 

point on tho .r-axis such that APjPB<=nl»iy prove that ,i 

m.AC^+ii.BG^^m . AF^+n.BI>^+{m+n). Cl^. ' 

13. If /*, Q are the points (acos Oy 6sin 0)y (- asin 0, &co8 0), proy 

that Ol’^A-Oi^^cj^-Vh’^y whoro 0 is tho origin. j 
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OomponefttVelocitios t Reaultant Velocity, Can amoving 


liuv^jlling ill two diiVoi'oali iliroiiUims aO <1110 and tlio Hamo 

# j * a lialloon Im saul lo lio ti'iivclHiji/ forwurclH aiul miwai-dn 

■ ■■ - ■ .. " .. 


<jUHfc 

«L 

Ui 


■"•*1-111-* Umo, ov muHt wo aay Unit it ia tvavelling Wi jiiat 0110 

(lii'iictiou tit any tinio? If a man wallm frum tlio front 
Uio roar of a covridor train tiuvolling wi-nb, ialio moving LoUi 
west at till) winio tinm or in li« aimjtl.v hLiII travollilig wont? 
ia roHod along a tahli*, in a point on tlui ring going vouniV anil 
f^oiiig forward at tlio Hamo tiino 'i If a litUo lamjt woro jilarod on 
and tho ring rolUid along a talilo in a dtirlt room, ho tlial an 
ai. did not liimw how tho niotiou ivas prodncod, would lio 

jp of saying that tho lamp was going round and alao gt'ing 

^ ; would ho not atiy Hiin]»ly that tho lanij) wuh moving sulo- 

tlown to or up from tho llonri 

fcwo pOHrtihlo iuiHwovH, you and no, to tlu>HO (piostiouH KOom to ho 
**^*-L\'t,i,t'lictory; hut thoy aro not contrudiotory. It w trim onough to 
V j fcliat tho halloon in moving forwards and njiwards tit tho Htinm 
*^io ; it is cipially tnio to say that it is going in ono dolinito Rlanting 
at any momoiit, 

^ -I-O nvoid Confusion, howovor, wo say that a Imdy may havo two 
i>.ioi'o) componont motions or disjjhiooinonts at ono iind Urn samu 
or a fiitiglo roBultant motion or disjdaconmnt at any ono Um«. 
. *** Ijoint is moving in tlio jilano of tho iiXi's X'OA’i V'Oy wii aro 

{,n tiouHidor its compouont motions in tho diroolions of A’'UA” 
^i^cL !'''())’'Hoparatoly with tho ohjuct of ivnsworing any ipmstion abonfc 
motion. 

oxamplo, lot tho curved lino /J/j in Eig, 11 roprosont a tologriiph 
HiiBpondcd from A and and running alongsido a railway lino 
; tho lino AJi is curved hocauso of tho sag in tho wiro. Lot a train 




Em. it, 


k. 


L>o Buitposod to movQ from G to J) with uniform sjiood anti lot ri 
i msBongor Bofttod in tho train watch tho wiro as Im jbihsoh. Lob tn 
-rut'Llier Huppoao that a particularly onovgotio fly travels along thi 
’'vii*o from A to Jiw as to bo always oppoaito to tho ))assmigoi*. >¥1101 
<>lao fly is at /Mts rosnitanb velocity is m tho dirootion of tho tangon 
tio fcho wiro at 2 \ which slopes downwards. Now, a])plying tho notim 
of tiomjionont voloeitios, think of the Hy wlion at P as moving forward 
Ikox'lKontally and downwards vortically at ono and bho samo Uwn 
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inatoacE of moving in tho dirocUon of tlio tangent. Since the fly keeps 
uppoaito Uio paHacngor its horizontal motion nuiat keep pace with tliai 
of the passenger j tli© fly therefore moves horizontally forwards -witli 
voloeity u and vertically downwards with a velocity that wo may call v. 
Now it is a matter of common observation that if two trains move 
aide by side with tho aamo velocity a passenger in one would think a 
passenger opposite to him in the other was not moving at all; they 
have no reUUiv<} velocity. Hence tho fly when at P must seem to tho 
passoiiger to bo falling vertically downwards; at <?, on the other luindj 
the fly would appear to bo rising straight np. 

Tho illustration shows how a body which is moving with a dofliiito 
voloeity may bo regarded as having two or more coinponont velocities 
of which tho cleiinite velocity is the resultant. Tho resultant velocity 
may bo regarded as a constraint velocity, tho component velocities as 
freedom voloelties. 

12, Parallalograni of Velocities, Let a moving point, whoa 
at t?, the origin of the axes Y'OYy have n componont velocity 

of 3 inches per second in the direction AT'GA'and a componont velocity 
of 1 inch per second in tho direction Y'OY^ and lot it move for a 
certain time, its componont velocities remaining tho same during tlint 
time (Fig. 12), At tho end of half a second it will arrive at the 



position Q (1,1) j at the end of one second it will arrive at tlio position 
P (2, 1); at tho ontl of t seconds it will arrive at tho position (2f, 

All those positions aro on the straight lino OP or OP proclucod. 
Hone 0 if OM, 0^ be out ofl* from tho axes to roproaont tho componont 
volooities tho diagonal OP of tho rectangle OJuJ*^ will roprosonb tlio 
roBultunt velocity. If OA', (Ol'^are not at right angles a parallologram: 
OMPJY would replneo tho rootanglo. Honco a nnixorih voloeity in tlio 
piano of thopos may bo replaced by two componont uniform volocitios 
in the direotions of Clio axes. 

13. Freedom Eduations 5 x *= a4* bt, y « c 4- dt. 

Any componont uniform motion along tho axis X*OX is spooiilod 
(§ 6) by tho equation A'=>a+bty a being tho abscissa of tho moving 
point at zero-time, and b tho velocity. 


SECOND SECTION-PORMULA. 
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Any component uniform motion alonpf Y'OY is apocified by tho 
equation ?/=:o+c^(!, o being tho ordinate of tlio moving point at zero- 
time, and d tho velocity. 

Hence if a point move with iiniforin velocity along any straight 
line in tho plane of tho axes X'OX^ Y'OYf the'motion is completely 
specified by tho freedom equations 

a!^ci-[-hif ^=a+di. 

14. Second Section-Formula. If fixed poinU A , B have 
coo 7 'dinatc(i (o),, y^), (cCg, i/.^) respectively, and if a vm'iahU 
point P in the AP'-axis have coordinates (cu, y), then we 
may m'ite 

X ^ Xi -b (Xg ~ Xi) t, y=yj -h (y.^ - yi)t, 

where t ^ APf AB. 

Proof In Fig. 10, 

A'B '~AU~ Jiir oil-OP 


But 


AB~'^ and Qjp_Qy-^~> 


Similarly, y = y^ -1- (?/g ~ y^)L 

Coil. Tho coorrlinatoH of iho mkicllo point of tho lino 

iJ-Jh yi±Jh\ 




2 /• 


joining tho poinla (cb^ y^) and (ojg, y^) aro 
[Put i=:L/2.J 

Ex. 1. Tf yl, Ji are tho points (-2, 3) and (fi, -1) respocUvoly, 
find tho coordinatoa of P (1) when yl/7yl/i=l/3, (2) when 
y|./7d/l-=-3/2. 

Ex. 2. Tf (.r, 7/) are tho coordinates of any point on Uio lino joining 
(2, 1) and (5, 3), ))i'ovo that 2.v —3y=l. 

Ihlt 'h(.rn - .r,)f=2+3 

Now t is tho sanui number in both of those orjuations. From tho 
first, i —(iV-'2)/3, from tho second t~{y- l)/2. Hence 

,r-2 w-1 . „ „ _ 
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I* -11, it. 
3^ H 


f. 




Ex. 3. If (i», ?/) is any point on tlio lino joining tlio iKtinln < 

(1, -B), then 3.v-t-2y+7«--0. 

Ex. 4. If (.V, y) ia any point on tho lino 'joining tlio iiniiil'* 

(-4, -2/3), prove that 2.t’“3i/-|-()S3 0. 

15. The ecLiiation Ax+By+0 « 0. 

If (aj, 1 /) in any point on a yivm ulmiffld Nnr, 
Ax+JJy’JrO—Q] tohara Aj Ji, 0 (vrv. oonHiant^ -lohlt’h 
in specifying the line. 

Lot tho line ho Hpocifio.d hy fixing two poin(.H on it 
lot thoHO points bo (j«^, y^) and (n:.,, y,,). 

Then (§ 14) wo may write 

ftj = -|- (aJn •— .ajj) If 

v^yMV'i-ihK 

or . 

T/wfl + J/, .. 

where a, h^Cf d are eonHtiuita aiisiim- out of the 
of tlio lino. 

dx^ad 
hy ss hv, 
dx~by^ad. 

which may bo written 

Ax-\’ Jiy d- =3 0, 

An equation of tlle form A d- Hy H-T'™0, w 1 u-rc! ,I. 
do not doponcl on y, i.s called an equation of tlio fimfc 
in oi, y or a linear equation in a;, y, 

Henco wo may oiiunoiato the tlioorem of tlnn Norri»*»a 
follows: 

Ihe coordmatcH (a), y) of every point on. a Hiro Uihi i 4^* f 
mlisfy an eq\iation of the first deifree in x, y. 

it*”traiglit lino given )iv lU®** « jEs„p, 
pmnta (2, 1) ami (,i, 3) on it, pmvo that 0. \h.iir'» 

e(|imfcum when (•’)?/) !» (l) tlio]i((int of hiHiwtion of tho lino jidnirMjr 

tirpomV^2ri) and Is, 3> ''i’'«‘’ction of tho Unr 


TTrom (1), 
» ( 2 ), 
subtract: 
i.e. 


•'hdtf 

* hdt ; 
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§§ 16, 10] 13QUAT10K OP A STRAIGHT LINE. 

Hx. 2, T?rovo tlmt tlio equation 2 a?+«= 6 is satisfied bj? tbe 
coorclinatoa of ovory point in Llio lino joining (3, 1) and (-1, 7). 
Galling thoso points -^1, 7i voapectivoly, verify tliafc the coordinates of P 
satisfy tho ocpiation 

(1) when A;V/’/J = 1 ; (3) when APjPB= -1/2 ; 

(3) when APiA]3= -1/2. 

Kx, 3. A piwtido ntarta from the point (a, h) and travels so that its 
coinpononb volooities pariLUol to A‘'OA' and VUV are tho constants 
Vj V j pvovo that tho caordinates of its position at any time during the 
motiim fliibiafy iho etinntion vx~uu = va~uh. ."Why do .«=«+«, 
ifz=h^ V satisfy tho equation ? (See 6,13.) 

Kx. 4. Provo that tho points (I, 3), (R, —1), ( — 2, 6) are collineav. 
hot (,r, ?/) ho any ijoint on tho join of (1, 3), (R, —1); then .^•+?/=w4. 
Jhib (“2)*l-0'=4 5 oLc. t 

Kx. B. Provo that tho fonr points (- 2, 3), (2, 7), (4, 9), (-1,4) are 
collinoni'. 

10. Tho Ettmtion of a Straight Line. It has been seen 
(^15) that tho cooi’diun-tes a), y of any point on given 
Htraight lino fiaUniy an equation of the first degree in x, y. 
This tuiimtioii is called the equation of the straight line. IFoi 
example, the coordinates of any point on the straight Kni 
passing through (2, 1) and ( 6 , 3) satisfy the equatioi 
2f« - lii; = 1 (Ij 1.4, Ex. 2). 2 a; — 3?/ = 1 is the equation of tin 
straigiit lino passing through (2, 1) and (5, 3); we also, foi 
shovtnoss, speak oC “tho straight line 2 a; — 82 / = !’’ iustea* 
of " biio sh'aipht line whose equation is 2 a;— 82 / = ! ” 

The ctpmtions 

CO « aj^+(a;^ ~ aq) t, y = y^+(Vz - 
or co«a-h6i, y = GA-dt 

arc called tho freedom equations of a sti*aight line. Thus 
CO w; 2 + 36, y 

are frocKloin ctiuations of the line whose constraint equatu 

i« 2a; —3?/ = 1. 

Tho following (JxauiplcR wdll show how the speciheath 
of a given straight lino is translated into an analytic 
equation; and, convorsoly, how a linear equation m ce, y 
ropiroHontcd by a straight lino. 
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Ex. l._ Find tho oquation, reforred lo olioaen or {issignod axes and 
scale units,* of tlie straight lino passing through tho origin and the 
point (3, 6), 

Let tlio axes and scale units bo those of Fig. 13, Lot A bo the 
point (3, C) and P any point (jf, y') on the lino GJ, whoso equation is 
roquirod. 



Fig. 13. 

Lot BA^ il/jP bo the ordinates of A, P, 

Tlion As G/l-ff, 0PM aro similar. 

MP OM 

■■ «3=o«.® 

This equation is true in sign ns well ns niagnitndo for ovory position 
of Py since MP and OM have always tho same sign, and BA and OU 
are jjosibivo. 

But^ in sign and magnitude, J/'/'=?/, yiyIs=R, OM^st^ G/l=3 
Substituting Uieao valiios in (1), wo liavo ’ 

h”3 ’ 

Ra'ssS?/, 

Ilonco tho ooordinntos of any point on tho lino satisfy tho equation 
5.r=3^, 

i.e. B.4’=3,y is tho equation of tho lino. 

(Noto that tho equation is satisfied if .r^O, y—O, and also if .r=s3, 

y=6.) 

*Thi 0 clause is usually loft to bo understood. 








WORKED examples. 
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Ex. 2. Tlu’ongh tho point (0, 2) is drawn a Htraiglib lino parallel to 
the straiglit lino pUBsing through tlie points (0, 0) and (3, 5); to find 
tho equation of the parallel. 

Lot tlio axes aiict scalo-units bo thoao of Fig, 14, Lot P bo any 
point (a’, y) on tho parallel, MP the ordinate of P, cutting tho lino 
Joining ( 0 , 0 ) and (3, 6 ) in Q 5 lot (7 be tlie point ( 0 , 3). 



Fig, i«l, 

Then MP==MQ'VQPi for all poBitiona of i/, Q, P (§ 3). 

MP^MQ-VOC. .(1) 

Now, by Ex, 1, tho oquation of OQ ia r>,v=3?/, 
bOM^.ZMQ, 

SubatitUting in (1), wo liavo 

MP^l->(n[-\^0G, 

Jlub 0il/’=.v, Of?'=*2, 

,', D,t?-3y-l-G=::0, 

t.e. tho coordinatea of any point on tho parallel satisfy tho oquation 
6.r ~ +G=0, 

5.V - 3?/ “]• G=0 ia th 0 oq nation of l;h 0 paral lol, 

(Noto that tho equation ia aatisHod if .r^O, 

Ex. 3, Find tlio equation of tho straight lino pnaaing through tho 
points (2, -3) and (4, “6)- 
Lot (.r, y) bo any point on tho lino. 
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WG have (§14) .v=.r, + (.%- A\)t, 

Thorofox’o .v=2+(4 - 2) ^=2+2 

^3+(-C+3)«=-*3-3^, 
ao fchal; 3 a’+ 23^=0 is the required equation. 

Ex. 4. Axes and acalo-nnits being chosen, draw the straight lino 
reprosonbed by tho equation 2.i;'|'3y+r)=0. 

’When x= - 4, ~ 8 + 3y+ 1) = 0 ; y=l. 

^11611.^ = 5, 10 + 3y-t-r) = 0 ; 

Heneo (-4, 1), (C, — b) are on tho lino required. Plot thoHO two 
points ancl draw a atraiglib lino through thoiu. The mothod is tluis 
simply: choose any two couvoniont valuoa of .9;, calculate from bliQ 
equation tho corroaponcling values of y, and then plot the two points. 
Caro should bo taken to select points not very close to each other, and 
it is often naoful to plot three points as a teat of the accuracy of the 
drawing. 


EXERCISES IV. 

1, Tho equation of the parallel to Y'OY through tho point (- 2,0) 
is .v+2=0, 

2, The equation of the parallel to Y'OY through tho point (3,4) 
is a?=3, 

3. What straight lijies are specified by the equations .utnlj 
.t<q.l=0,yH-2=0, axes and scale-units being previously assigned? 

4. What is the equation of tho locus braced out by a point Avliich 
starts from tho position (0, -3) and moves jiarallol to tho .v-axis? 

6. Tho oquabion of tho bisector of tho angles XOYf X'OY' i« 
.v-y=0. 

6. If tho scalo-unit of tho .r-axis is one inch and tlio scalo-iinifc of 
the y-axis half an ineli, draw the lino whoso oquatioii is .v—y=0. By 
Example B tho equation .v-y=0 roprosonts tho bisootor of tho angle 
XOy\ does tho lino you have drawn bisoot the anglo XOYI Show 
that tho lino you have drawn should liavo for its equation, t/'i/io Mulc- 
units mre tho same for the Huo tt.m, .r- 2y=!0.* 

7. Tho equation of tho bisector of tho angles YOX'^ Y'OX 
.v+y=0. 

8. Tho equation of Uio straiglit lino joining tho origin to tho point 
(2, 3) ia 3.v=2y. 

*ThiB Dxaniplo slmwa how a diagram ia diaLovtod when tlio aoalo-tmlfc of 
tho .^’-axlB is ctineront from tlmt of tlio y-axis, If a diagram is not to be 
distorted tho two soaloumita must bo tlio samo, 



§ 16] EXERCIS]SS IV. 

9, J ia tho point (3, 4) and 0 is iho origin, Tho equation of OA 
is 

10. Tho equation of tho lino joining tho origin and (-'2, 3) in 
3a'+2?/=0. 

11. Provo that tho ocpiation of iho parallol through (0, 1) to tlio 
hiaoctor of tho angle A'OV is ?y=.r4-l. 

12. Through tho point (0, 2) is drawn a straight lino parallol to tho 
Uno joining (0, 0) and (3, 4). Provo that tho equation of tho parallel 
is 4.r—3^'1'0=!0. 

Lot P (,v, y) bo any point on tho parallel. Lot il/P, tho ordinato 
of Pi cut tho othor lino in 

Then y^-MP^Arq-S-qP 

-■i'v.0/l/'+2. 

.-. 3?/ = 4.r4-6. 

13. Tho straight lino through (0,-I) parallol to tho bisector of 
tho angle YOX' is roprosontod liy tho equation 

14. Provo that tho equation 4.r”3y-4«0 ropreaonta tho parallol 
through (1, 0) to the lino joining tho origin and (3, 4). 

16. Tho equation to tho jmvallol through (-3, 0) to the Uno joining 
(3, 4) to tho origin is 4.1’-3 j/+12™!0. 

16, Provo that tho straight lino 2,t;-37/=7 passes through tho 
point (2, -1). 

17, Whioh of tho points (2, 1), (-2, -2-5), (“-B, ~4), (-1, 2) lio 
on tho straight lino .r-2y=3? 

18, Tho porpondicular through tho origin to the Uno joining tho 
origin to (3, 4) is ropi’osontod by tho equation 3.rp42/=0. 

if A is tho point (3, 4) and P any point (.r, y) on tho porponclicular 
through 0 to 0^1, and if PA and Mr are Iho'ordinatos of A, P, Iboii 
As OHAf PAfO aro siiuilar. 

19, Find tho equation of tho straight lino joining (2, 3) and (3, C). 

20, Provo that 3.v4-47y=7 is tho equation of tho straight lino 
joining (1,1) and (0, •'5). 

21, "Which of Iho following points do and winch do nob Uo mi tlio 
lino 2,v-37/«5?-~0, 2), (J, ~I), (-2, ^3), (-2, -4), (3, ^), (^3, -3), 
(7, 3), 

22, Draw tho straight lines whoso equations arc 

(i) ,rH-7y“2, (ii) 2,r-'3y—5, (iii) 3.'C+4y=7, 

(iv) .'i?--2y«l, (v) 2.r~j/+3—0, 



OI-IAPTEK m. 


GRADIENT OF A STRAIGHT LINE. OBLIQUE AXES, 
POLAR COORDINATES. AREAS. 

17. Gradient of a Straight Line. It lm.s boon agreed 
already (§ 9) that the positive direction of a straight lino 
not parallel to oither axis of coordinates is the direction 
in wliich a variable point (a’, y) on the lino travels when 
X increases. By the angle which a straight line makes with 



FiO. to, 


the aj-axis, lot ns moan the acute angle Q inoasnrod fi'om tlie 
positive direction of the rr-axis Lo the no.sitivo direction of 
tlio lino, Jf the lino slopes up from loft to right, 0 is a 
•positive aento angle; if the lino slopes down from left to 
right 0 is a •negative acute angle, By the gradient of the 







GRADIENT OE A STRAIGHT LINE. 
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§ 17 ] 


line wo mean tan 0. Since the tangent of a positive acute 
angle ia positive, and the tangent of a negative acute angle is 
negative, the gradient of a lino may be positive or negative; 
it is positive when tlic lino slopes up from left to right and 
negative when the lino slopes down from left to right. 


Ex. 1. Eiiul tliG gnuhont of tlio lino joining the points (2, 3) 
and (4, 4). 

In Fig. 15, lob A, Ji ho the points (2, .3) and (4, 4). 

Lot the parallel to A'YhV through A moot the ordii 
in G. Then 0=angle measured from AO to AJi ; 

. , ,, on 4-.3 1 

■■ AO 4-2 2‘ 


rdinato through ]i 


the gradient of tho lino is 1/2, 

We may say tho lino rises 1 in 2. 

Ex. 2. Find tho graclionb of tho lino joining the points (- 6, 2) 
and (7, - 4). 

In Fig. 10, lot A, li ho tho ])ointH (-5, 2) and (7, -4). 

Lot tho parallel to .TYLV thi'ough A moot tho ordinate through 
B in a 



Vw. 1(5. 


Then 0=angle moasurod from AO to AB. 

GIl 

tan 0^-j-q {OB is uogntivo, AG is positive) 

^ 0__1 
“ 12 ‘" 2 ’ 

tho gradi(3nt of tho lino is -1/2, 

Wo may say tho lino falls 1 in 2. 
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Ex. 3. Provo that the graclioiit of tlio Hoo joiiiing 

(i) (3, 4) and (6, 7) is 3/2, (ii) (- 3, 4) and (0, - 7) is -11/8, 

(jii) (0, 0) and (1, 2) is 2, (iv) (0, 0) and (-4, 3) is -3/4. 

18. Formula for Gradient, Tk& fjradianl of Uia atruigM 
line passing Ihroitgh the points (%, //i) and (x.^, y^) ia 

First. Of a?i and ccg, lot £»g bo tlie g'reator. 

Lot A bo tlio point (Xi, •-•'5, IG). 

it ^ » *> (p^p y^' 

Lot the parallel to X'OX through A moot the ordinato 
through F in 0. 

Tlion, since a)g is greater than x^, 
tho direction ^17/ i.s the positive direction of the lin<i, 
the direction AG ia the positive direction of tlic a^-axis; 
therefore 0, tho angle which tho line inakea with tine 
aj-axis, ia the angle measured from ^16' to A li. 

OB 

tan 0=in sign and magnitude. 

Now let /7>1, KB be tho ordinato.s of A, B. 

GB ^KB^KG=:^KB~-JlA = y^~-y,; 
yf 6'= IIK^ 0K~ on 

But tho gradient of tho lino is tan B (§ IV). 


. •. tho gradient of tho lino = 

^ x«~x, 


Second, Of and «? 2 * let (Kj bo tho greater; thon, by 
tho gradient of tho lino = “5— 

\\y(y (Vij 

IIoncG the formula always liolds. 


For example, lot (i«i, yf) bo (~5, 2), and lob (. Tg , yf) bo 
(7, *- 4'). TJien tho gradient of tho line joining theao iiointa 
^ 4-^ 2 

2* 


is 


7-(-d) 


Ex. 

§17. 


Find, by tho formula, the gradients of tho linos in Ex. 3, 
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19, Parallel Lines and Perpendicular Lines. 

Let mj, Wg he the gmdientu of two straight lines. If the 
lines a/re parcdtel if the tines are perpendiouta/r 

—1; conversely. 

Let the lines make witli the ic-axis angles 6^, O^. (§ 

If the lines are parallel, 6i = ; 

therefore tan 0^ = tan 0 ^, 

that is, 

If the linos are perpendicular, one gradient is j^o-sitivc, 
the other is negative, Henccj the product of the gj'adicnts 
is negative. It remains to sliow that the product is 
numericidly c(iual to unity. 

Let tlio lines cut tlio a’-axis in A, B and one another 
in a (Fig. 17). 



Fig. 17. 


Tlicn, numerically, one gradient 

AG 

numerically, other gradient 

Therefore, numerically, product of gradients = 1. 

But wo have scon that the product is negative in sign. 

— 1 . 
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EXERCISES V. 

1. Draw a lino Uirough the origin which rises 3 in 4 . 

2. Draw a line through the origin which falls 7 in 8 . 

3. Prove that the join of (T, 2 ) and ( 4 , V) rises 5 in 3 . 

4. Prove that the join of (- 2 , - 6 ) and ( 4 , - 3 ) rises 1 in 3 . 

6 . Prove that the join of (-3, -4) and ( 2 , - 5 ) falls 1 in C. 

6 , What are the gradients of the lines in Exs. 1-6 ? 

^ L 

10. Prove tluit tlie three points ( 0 , 3), ( 2 , 7), ( 3 , 9 ) are eollinear, 

eoilineiur'’*^ “‘'o 

“"'1 j»i'> »f («. 0 ) 

«> ”’0 (8,2) ««<i 

( 8 , 6 ) and M ,0 joi„ of 

aiiFfind aw fourt)?’ •'Mhuiglu 

*16. Provo that the straight lino y=|a’ rises 3 in 4 , 

17. Prove that the straight line ^=~^a; falls 7 in g, 

andUrg^ionVm! I*™* 

19. Draw the straight line whoso equation is 

(1) 2.^’ j (2) y=g.if; (3) zs _|.f. (4) _ 4y „Q. 

( 6 ) 4.r+5,y=0. 

20. Mild what straight line is represented by the equation 

By the formula, gradient^'^^, we see that the gradionl of the 
ino joining ( 2 , 3) and (.r,«) is i, the join of (2, 3) to (.v v) rises 
ri ’ ;■ , lino whicK rises 

The student who finds Exs. 16.17, etc., diffloult should road §§ 28, 24. 


in.] 
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1 in 2 , (a’, ;/) musl lie on this lino. ITonco this is tlie lino ropresontod 

21. Find what atmiglib lino is roprosonted hy the equation 
(Tlio straight lino through (3, 2) of gradient ,^.) 

22. Find what straight lino is roprosonted by tho equation 

23. Provo that tho ecpiation -—=S roprcaonts tho straight lino 
which is drawn through tho point (0, 2) and has gradient 3. 

24. What straight linos aro roprosonted by tho following oquations; 




(2) y-2-^.r ; (3) 7/^lv+\ ; (-1) ,/-= - ; 


(5) .y--2.};-3? 

26. Provo that tho points (I, 2), (~5, ~2) lio on tho straight liiu' 
roprosonted by tho c{iuation 2.v~3y-l-4~o, 

26. Which of tho following points lio and whicli do not Jio on tho 
lino whoso equation is ; vix.: 

(0.4), (-3, -10), (2, -1), C-1, -2), (-7, 4), (3,2)? 


7 / 2 

27. Provo that tho straight lino --^- = 3 paasoa throngh (1, 2) and 
has a gradient 3, 

28. Find tho equation of tho straight lino tlu'ough (2, 3) of 

gradient 1^. 

29. Find tho equation of tho straight lino through (0, o) t»f 

gradient m. 

30. Find tho equation of tho straight linos througl) 

(i) (2, 6) of gradient - ij; (ii) (- 3, -2) of gradient A ; 

(iii) (-4, 2) of gradient ; (iv) (fi, -3) of gradient -2. 

31. Provo tluit tho equation of tho straight lino throngh (.a’j, i/i) of 
gradient >a is (y—yi)/(A'-.r,)~m. 

32. Tlio vertex A of a triangle is tho point (2, 6) and tho gradient 
of tho baso liG is A, find tho ©(luation of tho porpondicular from 
A to BO, 


33, A, 7i, 0, tlio vortices of a trianglo, aro tlio points (-6, 2), (1, 7), 
(.3, -2) rcsnootivoly. Find tho gradionta of 0(7, OA^ AB and the 
equations or tho porpondiculars from tho vortices to tho op]30sito sides. 

34, yl, Bi C, tho vortices of a trianglo, are tho points (7, 2), 
(-6, ~2), fl, -9). Through yl, /i, 6’aro drawn pavallols to BO, OA, 
AB rospocfcivoly 5 find tho equations of tho parallols, 

35, ’Provo that (-Ij 1), (6, 3). (11, 0), (B, 7) aro tho vortices of a 
parallolograin, and find tho lengths of its diagonals. 

G.A.Q, 0 
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36. Provo tliat (-1, 1), (2, 5), (-6, 4) tiro Lho vertices of a riglit* 
niiglocl triangle, attd find the leiigtlt of tho liypotonuso. 

37. Provo that (2, —3), (6,1), (2, 6), (-2, 1) are tho vertices of a 
aquaro. 

38. If P, Q are tho points («, ft), (—ft, a), prove that OP is equal and 
porpondicular to OQy whoro 0 is tho origin. 

39. If P, Q aro tho points (a, ft), (ft, - a), prove that OP is equal and 
perpomlicular to OQ, whoro 0 is tho origin. 

40. If P is tho point (.3, 2) and if PQ is drawn porpondicular and 
equal to OP (wliero 0 i.s the origin), find tho coordinates of Q. 

41. If P is the point (a, ft) and PQ is drawn porjjondicuhir to and 
equal to OP (whero 0 is tho origin), find the coordinates of Q, 

42. If P, Q aro tho points (a, h\ (c, d) respectively and Pit is 
drawn perpendicular and equal to i’Q, find the coordinates of R, 


20. Ohlique Axes. It is sometime,s convenient to take ns 
axes of reference two lines X'OX, Y'OY that aro not at 
right angles; the axes are tlien said to be oblique* The 
angle, w say, between the axes is the angle through which 

X'OX must bo turned in order 
to be brought into coincidence 
with TOY. (Fig. 18.) 

The only change on tho con¬ 
struction of § 8 is tliat PM is 
drawn parallel to tho ^Z-o-xis (not 
perpendicular to the rr-axis) and 
PN is drawn parallel to tho 
aj-axis (not perpendicular to tho 
i/-axi.s). If OM=^NP^x and 
ON^MP~y, then x is tho 
abscissa and y the ordinate of 
P. The nomenclature is tho 
same as that of §8. 

is the projection of P on X'OX and OL^of 



Eio. 18 . 


If L 


PP—y'y then x', y' are the coordinates of P with refei’onee 
to X'OX, and the axis through 0 perpendicuda/r to X'OX ; 

obviously + 2 / cos w, y'—ysmx .(1) 

x^x'—y'ao^id, 3Z=2/'coseCft).(2) 

artiolo may bo postponed till Cliaptor IV. has been road. 
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The Seciion-Formulac ol! §§ 10, 14 aro easily seen to bo 
true for oblique axes, and tlio proof given in §15 that the 
equation of the first degree roprosents a straight lino is 
also applicable when the axes are oblique. When the 
equation of the straight lino is written in the form 

y = mx 0 

the coefficient m is not equal to tan 9, whore 9 is the angle 
which the lino makes with tlio a;'axis (§17). If in Figs. 
16, 16 wo suppose tlic axes to bo inclined at the angle m, 
then m is, exactly as in §18, equal in sign and magnitude 
OB 

to Now, by the sine-rule for triangles wo have, so far 
as magnitude is concerned, 

C?7i sinCVLZl 
AO~m\ABO 

When 0 is positive, ^ yli?0= oj — 0; when 0 is negative 
the numerical value of lGAB is —0, and lABG is the 
supplement of m — 0. In both cases wo have, in sign and 
magnitude, 

__GB_ sin0 
A G sin (w •— 0) 

The equation of tlio line through (aj^, y^) making the 
angle 0 with the flj-axis is, 

sin 0 . , 

. 

If «= 90° tlio axes are rectangular, and wo got tan 0 as 
the coefficient of (aj — 

The equation y* = x' tan 0 in rectangular coordinates 
becomes, by equation (1), 

y sin w = (a; H- y cos w) tan 0, 
y (sin (0 cos 0 — cos w sin 0) = o) sin 0, 


that is, 
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Wo liave thus another prooi’ ol the value of w. in terms 
of $ and (o. It may bo noted tliat 


m: 


sind 


m am m 


'=“5 —: -ft'ives tan 6=v—-—~- 

8m(ft)~0> ^ l+mco.S(o 

The expression for OP^ {Fig. 18) i.s 

OP^^OJ\'P-^MF^~WM, MF cos OMF 


=aj^+2/^+2,'r;?/cos<», .....{4) 

because in tliat figure ilOj 1/P = 180“—&>. The student will 
find that this formula holds for all positions of P; if w is 
acute, the angle OJI/P of the triangle OMF i.s obtuse or 
acute according as OM and MF have the same .sign or 
opposite signs, the j)osition being roveraecl when « is 
obtuse. 

The general distance formula becomes 

PQ2={£»! - %)2+(2/1 ~ 2/2)^+2 (a 5 i - x ^) (2/1 ~ 2/2) coa «• • < ( 6 ) 

.This formula may be readily obtained from that of §0. 
If the rectangular coordinates of P and Q are (a*/, 2 //) o-ud 
1 / 2 ) 

but, by equation (1), aj/=a)j+ 2 /iC 0 Sft), 2//=2/i®i^^<‘'> 
that we get 

FQ ^={(oji ~~x^) +(2^1 - 2/2) cos tt)}H (2/1 - Vif sin 2 «, 

which leads at once to equation (6). 


Ex. If y=mj.T+flij i/=m>jA'+Ci are the equations of two straight 
lines roferx’ecl to axes inoliuecl at the angle co, tlien 

(i) tile lines are parallel if j 

(ii) the lines are perpondiciilar if l+jnj7«2+(wj4-m3)co8(o~0. 

Lot the lines make angles a, /? respectively with the .r-axis, the 
moaning of angle being that ^iven in §17. Wlioix a=/3, thou 
obviously When the lines are perpendicular one of tlio 

angles a, jS is positive and' the other negative; suppose ^ to be 
positive, then /3~a=90“, 


Now 


*» —-lilliL- sin/3 _ coag 

^ “sin (ft) ~ a)’ ”sin(ft)-^)“ - cos (w - a)’ 




§§20,21] POLAR COORDINATICS. 

and tliorefore, solving oach equation for tan a, wo got 
tan a — ^ 1 -Hw-j cos (o . 

1+wiiCosfo 7na«iiU() 

wlionoo (1 + «ij cos tij)(l + wjg cos {o)+wijWia 
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or 


1+(?«i 4- «ia) w -I' MiVh “ 0. 


21. Polar Coordinates. Tlio jposition of V 0) will 
bo known whon wo aro given (i) tlio disbanco r of P from 
the origin 0, and (ii) the angle 0 whicli Clio ntoji OP mak(!H 
wiili the positive direction of tlio n:-axi.s, that is, the angle 
through whicli OX (not OX') must bo tni'ned bill ibcoinci<les 
with OP. Tlieso innnbcr.s r and 0 are called the polar 
coordinates of P wibli roferoneo to the polo or origin 0 and 
tlio initial lino OX ; r is the radius vector and 0 the vectorial 
angle of P.. 

If the rectangular coordinates of P aro a) and y, then wo 
rtj =s:-r cos 0, y~v sin 0.(1) 

It is usual to suppose r to be alway.s ])Ositivo; co.s 0 and 
sin 0 have then the same .signs as m »and y I'especbively. 
Wo ma}^ however, allow'r to take negative values, providcKl 
that when r or OP is negative wo take 0 to bo tho angle 
that tho stop PO (nob OP) niakos with OX. 

From equation (1) wo (ind 




tan0^^< 

X 


.( 2 ) 


In determining 0 the oipiabion tan0 = 2 //rt) is nobsuniciont 
by itself; wo must romomber that (v being positive) tho 
signs of COS0 and Hin0 are the same iis those of x and y 
rci^octivcly. 

Wo shall make little use of polar coordinates in tliis 
book. 

■Rlx. 1. What aro tho Cartoaian coordiiiatea of tlio pointa whoao 
polar coordinatofl aro: 

(i) (6, 30“) 5 (ii) (f), 120”) i (iii) (f), 270") ? 

Applying tho forimiltio ,r=>rcoa0, 0, wo lind 

2 » 3’ 2 ’ 


(i) 


(Hi) .r«0, 
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Ex, 2. TliG general equation of a straight lino when referred to ! 
polar coordinates is of the form 

“ — acos^+isin^. 

V 

In the Cartesian equation ax+hy=c^ I)utrcos<? for x and rsind 
for y ; we then got the form stuted, Ttio student will readily see that 
the following aro equivalent forms, a, /3, p, q being constants : 

rco3(d+a)=p, rsiu(&+^)=(5f. 

22. Areas. Let A, B (Fig. 19) be the points {x^, 

(ojg, 2 / 2 ) I’eforred to rectangular axes X'OX, F'(9F,^ancl lot 

(’’u ^l)j (^2» ^ 2 ) 

coordinates, 0 being the pole 
and OX the initial line; then 

ajj—rjcos^j, 2^j = rjsin0i; 

«!2=r2cos02, 

The angle AOB is equal to 
( 02 “^ 1 )) and the aim of the 
triangle OAB is 

-Jrir3sin(02~0O. 

But siu(02— 

= cos 01 sin 02 — cos 02 sin 0,, 

and therefore, denoting by A OAJS the area of the triangle 
OAB^ we have 

A C)A£ = |(riCos . rgsin 02-r2COs 02- I’^sin 0^) 

^WiVi-oa^Vi) .( 3 ) 

This formula may also be pioved in the following way. 
Let 0 and J) be the projections of A and B on tlie a)~axisj 
then the triangle OAB is equal to the sum of the triangle 
ODB and the quadrilateral BBQA diminished by wio 
triangle OQA, Therefore 

A OAB = A 0IhS+quad. BBQA — A OGA 

=-\OB,BB-\-}sBQ{BB+GA)^lOG .GA 

= ^ (a^i - tKg) (2/2+ Vi) - ^iVi 

= K®i2/2-«22/i> 
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Wo have thus obtained an expression for the area of the 
triangle OAB in terms of the coorcliuatea of A and J3 ; lot 
us apply the formula to two simijlo cases. 

(i) Let A bo the point (6, 2) and JS the point (8, 4); we 

A0yi7i=A(6x4~3x2) = 7. 

(ii) Let A bo the point (3, 4) and J3 the point (5, 2). 
This triangle is the same as in case (i), but the letters 
attached to the points (6, 2) and (3, 4) liavo been intor- 
clianged; wo tind 

AOd7?=J(3x2~5x4)= -7. 

The numerical value of the area is tlius the same as in 
case (i), but the number that measures the area is now 
'negative. If it be roinembored that coordinates are the 
measures of step-s, and therefore involve direction as wmll as 
magnitude, it is not a matter for surpriso that a calculation 
which involves coordinates should result in a negative 
number; wo may conjecture that the above dinbr(mco in 
sign will have some connection with tlio tw'^o dilleront 
senses in which the linos that bound the triangle may bo 
traced. 



Fig. 20Xa) shows the triangle of case (i) and I''ig. 20 (6) 
the triangle of case (ii). If wo describe the boundary of the 
triangle uAB in the order in which the haters 0, yl, Ii are 
written, it will bo soon tliat in case (i) (Fig. 20(4)) the area 
lies on our left hand, while in case (ii) (h’ig. 20(6)) the area 
lies on our right hand. 
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Wo shall now state a rule which is not Imrcl to prove 
by examining the sign of 

^rir2sin(02-0i), 

but which it will he .sufficient at this .stage for the student 
to verify by testing it for positions of A and -0 in each of 
the four quadrants. 

Rule. If A is the point (Xy ijj) and the point ygX 
0 being the origin of coordinates, tlio numerical value of 
the expression ~ J^lways gives the nmgnitudo 

of the area of the triangle OAJS; the sign of the oxpro.ssion 
will bo positive if, when we describe the boundary in llio 
order 0, A , 0, the area lies on our left liand, but the sign 
will be negative when tlio area lies on our right liand. 



Wo shall now use the symbol aOAJS to indicate the 
algehraiG measure of tlie area of the triangle OAB, so 
that we have 

aOAB = ^ (® i 3/2 ~ ^ OB A I (x^y^ ~ x^y^). 

In other words, an area is, lilce a stop, a magnitude which 
may be eitlier positive or negative.* 

*In applying tho foi’imilao it is convoniont to donotio tlio oooi’dinatoa of 
. point P liy tlio symliols ,rp, yp ; tlnis j 

A 0..4 A=:i(a;Aii/n~ a-nyA), A OBA =i(.^’JlS^A 
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Lot m now^ coiisidor iho triangle A BC, the coordinates 
ol whoso vortices arc (. 131 , y^), {x„, y<), (cr,, 2/a) rospcctivoly 
(Figs. 21 (tt) and (t)). Wo have the following equations: 

A OAB = i ^'2?/i)* 

A 0/16'= \ 

AGOyt^K^Js^/i-^’i/ya)- 

In Fig. 21 (ft) is OAB and hOBG aro positive and AOOyl 
negative; in Fig, 21 (/;) all aro nogativo. In both cases wo 
have the relation 

A 0x411-1- A OliG A 06'yt === a yl 110,......(2) 

a relation wliich may bo voriliod to hold whatovor be 
the positions of tho four points 0, A, 11, 6'. Jnsertiug in 
equation (2) tho values in terms of tlio coordinates, wo 
find for tho area of tho triangle ylHO the formula 

isABG^ \ +«22/.a -fK3?/2+%?/i--aJi?/o} 

= Ha5i(?/2~2/8)+^^’2(?/8“'?A)+»3(2/i--'2/2)}* •••(3) 

The second of those forms is perhaps tlio more easily 
remembered. 

Tlic formula (3) gives the area in sign and magnitudo. 

'I’ho atiidont may prove that if Lho axea aro inclined at llio angle w 
tho area ia equal to 

. M'A(//2”y3)+''»‘a(ya''.y2)l .60 

Ho may do tliia by ahowing that oquatifm (1) becomes 
A OA (.I’p/a — av/i) sin w. 

Ex. 1. rind lho area of lho triangle tho coordinates of whoso 
vortices, taken in order, are (2, 7), (fi, - i), (-I, -4). 

Tho area is, by foi'miila (3), 

i{2(- i +4)+5(~4-7)p( -1)(7 +1)}« -28f). 

Ex. 2, Find Die area of the quaclrilatoral AJiCD^ tho coordinates 
of A , /?, O', 1) being (2, i), ( - 2, 2), (- 1, - i), (h, ~ 

The quadi'ilatoral is tho aum of tho triangloa A Jiu and A CD. 

A/i;iC7-H2(2+l)h(~2)(-l-l)-K-l)(l“2)}-6i, 

A A on » ^ {2( - M- 2) 4- ( -1)(- 2 -1) -I- C (i -h 1)} = 7^. 

Tho area of the quadrilateral ia Dioroforo 13, 
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Bx. 3. If “quad. ABCD^> denotes tho area of tho quadvilalordl 
ASOD in sign and magnitude^ show that 

q\iad. ABGD^ A OAB+ A OBO+ A OGDA- A ODA. 

Tli 0 proof is a very obvious extension of that given in Uio text 
foi* tho relation numbered (2) j it can clearly bo extended to any 
polygon. 

Ex. 4, Plot tho points A (2, 0), B{S, 0), G{8, -2), D(% 5) and join 
AB, BC, CD, DA. ^ 

It "will bo noticed that CD crosses AB between A and B\ a 
quadrilateral of this kind is called a orosa-quaflrilatoral. Its “ai'ea” 
calculated by tho rule of Example 3 is 

A OABA" a OBG A OOD~\' A^ODA =0■h(~ B)-|'(22)-l'( — I5)=a0. 

Ex. 6, Plot the points A(«, 0), B{h, 0), C(J), c), l){a, and show 
that tho ai’oa of tho quadrilateral ABGD, whotlior “cross” or noh is 
^(6-ct)(d+o) or ^ AB{AD+BC% where AB, AD, BG are stops. 


EXERCISES VI. 

Calcnlato tho aim of each of tho triangles and polygons wlioso 
vortices are apoeifi od in Exam plea l-O; tho poriiuoLor is to bo Unicod 
in the oi'dor in which tho vortices are named. 

1. (6, 7), <-3, 4), (0, -6). 2. <3, 1), (4, -2), (-~1 ^2). 

3. (1, 6), (e, -3), (-3, -4). 4. {x,y), (0, h), {a, 0). 

6. (4, 4), (-3,0), (-6, -5), (5,-3). 

6. (2,3), (6,-2), (-2,-4), (-5,0). 

7. (3,a),(l,4),(-3,2), (-2,-2).(2,-3). 

8. (3, -1),(Q,-1), (-1, 1),(3,3). 

9. (4, 1), (-2, 6), (0, -2), (2. 6), (-4, 1). 

10, Tho coordinatos of A, B, G are (G, 3), (-3, 5), (4, -2) tmpeo^ 
bivoly and P is tho point (a’, y ); show that 

APBG_.v-\- V-2 
A ABC' V ' 

11, ^ B and G aro any two points on the straight lino given by Wjfi 

equation oA'+by+o—O^ and i/,), < 2 (.r 2 , ■?/») aro any two potiifi 

that do not Ho on the lino ; show by considering the sign of tho ar®^ 
of the triangles DBG, QBC that the oxproasions j 

cMj + byi+o and av^-hbyg+c :| 
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arc of tlia sanio sign or o? opposite signs according as P and Q are on 
the same side or on opposite skies of the line. 

12, If {Xyij) is any point colli near with (.ri, ?/]) and (%, y^^ prove 

.r(?/i - 7/2) - y{.v^ - .ra)+ A'ly^ ~ = 0 , 

and find the equation of the join of (2, R) and (-7, 1), 

13. From the fornnila for the area of a triangle deduce that if a 
variable point (.r, y) moves on a straight lino, then Ax^-By-\-G~% 
where Ay By 0 are constants, 



icil. IV. 


CHAPTER IV. 

REPRESENTATION OF GEOMETRICAL LOCI 
BY ANALYTICAL EQUATIONS. THE STRAtGHT' LINK 

23. The Ectuation y = mx. Axes and Hcalo-unita being 
cboaori or assigned, a stmiglit lino fchrongli tlio origin is 
complotely specified wlioii its gradient (§ 17) i.s spocifiod. 
But wo know tliat the same straight lino may bo ropresontod 
by an equation in «!, y. Lot a straight lino tlirough the 
origin have gradient m; it is rccpiirod to translato tho 
doflning conditions o£ tho lino into an equation. 

Lot Q{x, y) bo any point on tho lino (Eig. 14). Lot Jlf bo 
the projection of Q on X'OX, 

Tho gradient of tho line is or 


y~mx. 

Since (aj, y) is any point on tho lino, 

y—mx 

is tho equation of tho lino. 

24 The. E(iuation y«3nx+c. Lot a straiglit lino Iw 
Hpociflod by its gradient and itsintorcopt c on tho i/-axiflj 
to find its equation. 

Lot y) bo any point on tho lino (Pig. 14). 

Lot tho lino cut tlio iz-axi.s in G. 

Lot OQ bo tho parallel to tho lino through tho origin. 

Lot MJ?t tho ordinate of P, cut tho parallel in Q* 
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ShicG the Hnes iiro parallel, tlioir gradienia are equal (§ 19). 
gradient of OQ —m; 

. 

But MP^MQ-\-QP\ 

PlP^n)i.OM-vOO] 

But (ft!, y) in any jioint on the lino; honce 
y = mx+o 

is the equation of the apcciiiod lino, 


EXERCISES Vn. 

1, Find the o^nation oC the h(, raisin lino whuih pasHos through fcho 
point (0, 2) and riHoa fi in 3. 

?a“gradiont=^/i i 0“2; 

iionco bocninea j/£=pj,i'.pa or 6.v-3?/-hG=0, wliicli is Iho 

I'ctpiirGd ecjuation (hgo b’ig. I'l), 

2, Find tlio equation of the straight liiiowliich passos througli bho 
point (0, “ 2) and falls 4 in fi. 

TO~gradionb» -j; fl=s ~2 j 
~ j that is, is the equation of 

the lino. 

3, Find the otiuation of tho stnught lino of gradiont - ^ whoso 
intercept on tho ?/*axi8 is I ji, 

4, Find tlio ofjnation of tho straight lino of gradiont J wlioso 
intercept on tho 7y«axi8 is -2|. 

6. Find the equation of tho straight lino drawn through {0» 2) to 
make an anglo of 30® with X'OX. 

G. Ifind bho equation of tho straight lino whoso intorcopt on bho 
y-axia is -2'2 and which makes an anglo of -00® with A’'0A, 

7, Draw bho graph of 

(i) ; (ii) 7/=-•3 aM* 2; (iii) 

(iv) 1 (v) 2i/t=3.v>M. 

[(i) passes through (0,1) and risos 2 in 1.] 
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8 . Wliab are the gradionfcs of tho following linos ? 

(i) y=2.fH- 3 ; (ii) y - 2.v -1; (iii) y 7 . 

(iv) 2y2 ; (v) 3?/ = - %v +4; (vi) 2^ - .i-=3 { 

(vii) Ti'+3 »+1 = 0 ; (viii) 3.^■ - 4 ^-|*6 =0 5 (ix) 7 a’+ fy/sO. 

9, Whafc is tho gmlionfc of tho lino «.r+iiy+o=0 ? 

10. Wlmt is til 0 gradient of tho lino .r/a+y/ 6 =l ? 

11. What is tho gradient of tho lino (y-3)=«i(aj-2), and of tho 
] ino y ~yi =a»i(iB - .Vj) ? 

12. ITso the gradient fonnula, viz, —^'=jn, to oatahlish tlio equation 

y=mx+o. ^2 *1 

"-^—gradient of tho lino joining ( 0 , 0 ) and (.r, y) 5 honco 
or 

13. Draw^ tlie graphs of 

(i) 2 .®-y +1 = 0 ; (ii) 3a’4-4y = 7 ; (iii) C.v>« 2 y +3 ; 

(iv) 3,jf+2y'|-4»«0. 

26. Tho Iiinear Equation. Every afcrai^rlit lino, conflidorod 
with roforoiico to a system of rectang'ular axes and scalo- 
nnita, has a definite gradient and makes a definite intercept 
on tho y-axis. Honeo every straight lino may bo ropre- 
scntccl by an equation oJe tho form = which is an 

equation linear in a>, y (§ 16). OonvorHoly, any equation of 
the form 2/=m!»+o represents a straight lino. '.I’o prove 
this wo liavo only to reverse tho stops of jj 24. Thus, lot 
P (Fig. 14) bo any point on the graph or locus of Tz-wfc+o. 
Through tho origin draw tho straight lino OQ of gradient m. 
Lot G bo^ blio point (0, 0 ) and let jlfp, the ordinate of 
moot OQ in Q. Then 

m = gradient of OQ 
_JlfQ, 

MQssm. OM. 

But 2/«7?wj+e; 

MP = m.0M+00; 

MF=:MQ+OOi 
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.% MQ~\-QP=MQ^OG\ 

QP^OO. 

Also QP is parallel to 00, 

OP is parallel to OQ. 

Therefore the locus of P is the straight lino through tlio 
fixed point 0 parallel to the fixed lino OQ. 

Now the general linear 0 (pmtion Ax By-{'0—0 may bo 
written in the form 

y-i-iy+i-ri)’ 

i.e. in the form y—mm-ho. 

Hence the conclusion: any slraiyht line may he repre¬ 
sented by a linew' equation in x, y, a/)id, conversely^ miy 
linear equation in Xt y represents a straight line. 

The cases of linos parallel to the axes may bo treated 
separately; a similar conclusion holds. 

26. Tlio equation y—y^ = m(x—Xi). If we write the 

equation ^ ^ ^ ^ j 

in the form 

X-'X, 

wo SGO (§ 18) that the gradient of the straight lino joining 
(ajp yO to (.i;, y), any point on the locus or gi’aph ropre- 
sonted by the equation, is the constant m, 

Hence (y—yi)—m(X"-Xi) 

veyvesenis Ike straight line, of gradient m, ihrotigh ilic 
fixed point (.'B^ yf), 

27. The equation y-.y^i=^L-„.^8 (x-xj. If wo writo tho 

equation 2/- 2/i=(a;-flJi) 

OJ—O), ftJi—tBjj 


in tho form 
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we see (§ 18 ) that the gradient of the straight lini’ 
the point (%, y^) to (x, y), an^ point on tlni lotnis nr 
represented by the equation, is ecpial to tlio gniilimJ »'i? 

Hue joining {x^, y^) and (Wg, y.^). 

Sence y- Yi = (x - x^) 

X| Ao 

represents the straight line Uiroagh ike 'points 
and (ojg, j/g). 

Ex. 1. EiiicT tlio equation of tlio Hti'aight lino wliioii pii^Mr * ft 
the point (2, 3) and rises 2 in 1. 

In tlie equation y ~~ i/i=«i (.r -> .r,), 

put iVi = 2, 3^1 = 3, m = 2/l=:2. 

The required equation is j/"3«:2(,r-2) 
or 2.^;-^-l=0 (Fig, 22), 



Flo. 22, 


Ex. 2. Find the equation of the straight lino whicli 
the two points (-4, l) and (7, -5), 




In the equation y - y, 
put a‘j= ~4, yi=al, A’a—7, ^ 2 *“ ” l^* 


(.'t' “ .Vj), 
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Wo got, 


wliioh bocojiios 


U, y-l=-^(.v+‘l), 

G.v+lV+i;i==0 (Fig. 23). 
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Fiu. 23. 

As a chock, nolo llial G(-4.)H-U . 1>|* 13=0, 
am! G.7^f-n(--5)H-'13=0. 


BXBEOISES VIII. 

1, li’intl Iho o([ualioii of llio alniighl lino 'wliicli yiisHos Ihrongli 
( —0, -2) aiitl falls 3 in 2, 

2. Find the ofjnations of tho two straight linos '.vhich both patfs 
through tlio point (4, -r)), one of gradioiit 3/4, tho othcf of gradient 
- 3/4. 

3. .Kind tho oijiiation of tho join of (2, 3) and (7, D). 

4, Frovo Llial tlio join of (-3, 7) and (-1, 3), and tlio join of 
(2, -4) and (-5, 3) arc parallel, and (liid tho ccinationa of tho hnoa. 

6, Trovo that tho lino joining tlio points (-2, 0) and (0, 4) in 
porpondicnlar to tho lino joining (2, 4) and (>-0, -3), and lind tlio 
oquaUona of tho linos. 
ci.A.n. 


1) 
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6, Tlu'ougl) (0,1) iii (li‘juvji tlui paralltil Lo Urn lino joining (0, 0), 
(3, 4) 5 find tho ccpiaUnn of tho jjiimllul, 

[Use y-yx~fn(.r -a’l). ,t'i —0, ,?/i =!,?«=4/3.] 

7, What is the giwliont of each of tlio following linos ? 

(i) ?/=2,1’ - 3 ; (ii) - 3,v=1 } (ii i) 2//+4 a’=7 ; 

(iv) 2.}.’-5^+l~0 ; (v) 3.i;'i-2//-2==0 ; (vi) 

8. l^rova that blio following pairs of lines avo i)arallol: 

(i) 2.r-3^+l=*0 and 2,r“,3?/”G8 = 0 ; 

(ii) A’ + 2^ = 7 and 2,^' + 4// '-13 = 0; 

(iii) ft>P+i'^+<3=0 and o.rH'%'|'rft=s0. 

9. Prove that bho following pairs of lines aro porpondiculur: 

(i) 2.v+3?/'|-a=0 and 3a’-2/yH-]7 = 0; 

(ii) 5.y~2^-p3 = 0 and 2.r'|'rn/—11 =0 ; 

(iii) c!a’ + %+c=0 and kv-' 

10. Pi lid Iho equations of fcho sides of tho trianglu whoso vortices 
aro (3, 2), (6, 7), (9, 1), 

11. Find tho oqnations of Lho medians of bho trianglo wlioee 
vortices aro ( —--2), (4, - 6), (1, 7). 

12. If A, € aro bho points (1, 5), (3,1), M, B) res])octi\'ol.y, what 
is tho gradient of BG and of the por])ondionlnr A I) from i'l 'to'JSCI 
Pind fcho equation of AO. 

13. If d, 23, 0 aro tho poin ts (5, -3), (-5, 3), (4, 7) rosneclively, 
find tho equation of tho lino joining tho middle iJoinbs of ^17/ and dG 

14. Find tho equation of tho porpoiidicular bisector of tho join of 
(2, 3) and (&j -2), lloes tlm point (8, 4) lio on tho hisootor? 

16. Which of fcho following sots of points aro collinear? 

(i) <1, 1), (2, 2), (0, 6) ; (ii) (f., 4), (0, 1), (4, -4) 5 

(iii) (fi, -2), (-4, 1), (i 0); (iv) (1. 3), (-2, -0), (4,12). 

16. Find tho point of intorfioefcion of fcho linos 2.v-3y'hl»s5CI^ 

••<fc*hy-2=0. 

(Solve tho equations as alnuiltanoous equations.) 

17. Find tho point of intorsection of tho join of (5, -2) and 
(-2, 4), and the join of (3, 7) and (-11, -2). 

18. Find tho orUioeontr*o (i.o, iiitoraoction of povpondiouliii'ia) cit 
triangle A13Got Fx. 10, 

19. Find tho orbhoconbro of triangle AJ3G of J’lx, 11. 

20. Find bho intorsootion of fcho medians of trianglos ABO iKk 
Kxfl. 10,11. 
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28. Parallel through (h, k) to ax+l)y+c = 0. In geometry 
it is fi’G{[uontly noeGSHaiy to con.stnicfc a parallel through a 
given ])oint to a o'ivcn straight lino. If (/t, k) is any given 
I)oint and ax-^-hy-l-o — O is any given straight lino, tho 
iollowing rule enables ns to write down at once tho 
equation of the parallel through (//, k) to ««; + ?n/+ cj = 0 . 

Buie. In the aqnation = 0: (i) delete the 

ulmluic term g\ (ii) replace fr hy {x — h) and y hy (y—k); 
ills eqmilion »(x-h)+l,(y_l:)=0,..(1) 

«o obtained, is ike. parallel throuyh (h, k) to 
aa)+%“h6‘ —0. 

lM)oJ\ The gradient of tho straight lino aa54-iy+o = 0 
is—a/y. 

The gradient of tho straight lino a(o>'-h)-\-h(y — k) = 0 
is —ajh. 

I’lnu'oforo the lines are parallel (§19). 

Again tho lino (1) passes througli {h, h) if 

a{h~-h)-^h{h-~h)=-0, 

and this is true. Tho rule is thoroforo proved. 


Ex. 1. Ki)ul Lho oqiiiiLioii of the imvallol to Z.v~9>y-\- 

V).. 

Jly the vnlo, tho orpuitioii ih 

3(.r-2)-20/-7)=0, 
that is 3x - 2y -I- a =0. 


= U (/Jll’OUgll 


Ex. 2, Eiiul blio equation of tho parallol; 

(i) through (h, 3) to 2.r-i/*|-l=0, 


(ii) 

» ('t 1) )i 

,y==3.r+4, 


(iii) 

» (-1/^) o 


-0, 

(iv) 

0 (2,-1) „ 

3x~2y-3 

= 0, 

(V) 

H (-3,“_1)„ 

y=»2.r-I, 


(Vi) 

„ tho origin „ 

2.r-7?y'|'0i 

=0. 


29. Perpendicular through (h, k) to ax-|-by+c = 0. It is 
nocossavy to bo ablo to write down the 0 (ination of tlio 
porpondicnlar let fall from a given poinl; to a given 
straight lino. TJio following rule is used for writing 





52 ANALYTICAL GR0M15T11Y. [OH. IV. 

down the oqnalion of the parpcndicnlar from (/t, k) to 
fix ~i” hy "p 0 5= 0 * 

Rule. In the equation ax-^'by-^-G^O'. (i) ddete the 
absolute term g ; (ii) Ghaurje Uie sign before the term in y ; 
(iii) interchojnye the coeffieiavts of x and y ; (iv) replace x 
by (oj —/t) and y hy {y~~h ); the equation 

5(X”h)”-a(y-k) = 0,.(1) 

so obtained, is the peipendicular through {h, h) to 
aX'^hy'\-o = 0. 

Proof The gradient of ax -\~by + o — Q is — a/b = m^, say. 
The gradienb of 5{«; — h) — a{y — h) = 0 is 6/a= ni^, say. 

And x!i.; 

^ ^ b a 

bhevoforo the lines are perpendicular (§ 1.9). 

Agaiu^ the line (J.) passcH through (h, h) if 

6 (/t — A)--a (/fi ~/i;) K=: 0, 

and this is fcriio. The rule is thorofore correct. 

EXERCISES IX. 

1, Find the equation of Llio poipendleular Uirough (r>, 1) to 

2,v--y;/-|-'{ = 0. 

Uogi n w ith -I* 4=0. 

Following (i) of Rule, wo got. 

» (h) „ „ a.rH-:V/^0, 

„ (iii) „ „ 

.> (iv) „ » a(.r-5)-l-i{(?/~l)=0.^....(A) 

Lfl, 3.vp2^“17=0, 

With a Hbtlo prnelioo equation (a) emi bo written down at onco. 

2. Find the oquatioii of tho porpondicular; 

(i) thi^ongh (fi, 2) to 3.r“4?/-|-l =0, 


(ii) 

„ (3, 1 ) 

„ 2.r4-r,y 4.7 = 0 , 

(iii) 

» ( 2 , 3) 


(iv) 

.. (-2,1) 

„ .t'4*3yv.-.4, 

(V) 

» (2, -3) 


(vL) 

(-1,-2) 

„ 7.v-h2y-a=0j 

(vii) 

„ tho origin 

,, d.r Ay =6. 
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3, Find fcho oquatinim of the pamllel and porpondiciilar llirougli 
(-4,1) to 7a--%-l-3«0. 

4. Find tho oquatioiiH of tlio parallol and porpondiciilar Uirougli 
(-2, -5) to 3.r;-l-8y“4 = 0. 

5. Find tho conrdinatos of bho orthorontro of the trianglo ivlioso 
vorticori aro (0, 2), (-1, 1), (2, 7). 

6, Find Uio onoi’dinalcs of tlni foot of Lho ])orpnndionlar loL full 
from (I, 2) to !U‘4''ly+t)=0, Find alao Uio length of tlio porpoii- 
dicnlar, 

30. Length of Perpendicular. 

If (I 'parpendloular hr, leL fall from the povtii (%, yf) to 
l.hr fttraiffht line rtfl) + /ji/+c = 0, Ikmi Ike numeodcal value 
of the lenyth of ike perpendietdar is 

axi+hy^-f c 

Lot 1/a) in Fig. 24 bo tlio foot of Uio porponclictilar. 

Tho oqufttion of Uio porpondioular from yf) to 
ax-hhy-\-o~() in (§29) h{x-Xi)-a{y’-y^)^0, 



Now (f«g, yf) liea on tliiR lino; 

tlioroforo h{x^—Xj)~a(y 2 ~~yi)-^^ .(1) 

Again, (^ig, i/.g) lioa on tlio lino ax-\- &i/ + o = 0; 
tlioroforo +c = 0. 

.Subtract rtaq+61/14-0 fvo'P i^otli aides: 

then a(«i 2 —£Ci)+?>(i/ 2 ~-i/i)=••(2) 

But, by (1.), 6(a)2*-tt;i)-a(i/2“"2/i)=’^^‘ 



64 


ANAIiYTICAL geometry. 


[0«. IV. 


Square and add ; 

thoft (tt® 4- ^>^) {(««-- HVi ^ Vxf} ^ (««i++«)® > 


bj'- Bisfcaneo-Fonuula (§ 9), 


aquaro ol distance how (co^, to (aJg, 

i.e, length of porpendiculav from ((Vl^ yj io ux-^hy-^o^^iQ 
ia the numericat value of 

oft't H* ^'//i "h 


EXEROISES X. 

1 , yiiul tiio porjoondicular distance from the jjtnnt (-S, 3) to th^ 

straighb line 3*’ - +2 » 0. 

Use t|Jo fannuin, porp, clisU 

0(ks3j C«“4, tf«s2j .rj=s-~2, 

Tlierofore poi'p, clist. iiiimoricallj'j 

Ifl 

SSi^^^0 

6 

2. Find Uio disiaiico from (i, 7) to 3.v-<I//'I*2mO. 

5, PjikI fcho disfcanco from (4, 3) bo t)io Jiiio .^•s=,y. Vori/y 

goomobrically, 

4. fc'md the dislanco from the origin lo .v*hy')'le=0. VoW/y 

gooiftcti'iciilly. 

6» Pro TO tlint llio points (1, 3) and (~7, -3) ftro cquuliHlujit fitnn 
the iiti 0 3.» - dy -f 7 » U. 

6, Find b ))0 distance botwoen tbo parallel linos : ■ 

(i) A’~ 1 «=0; (ii) 3.i*- <1,;/+0 ~0, 3.v- 4// 1 cj 0 J | 

(lil) 2.v~%-H«*0, 4.v--fjt//~ 7*^-0. 

7, Tiio sti'ftiglit lino 3,if'{-4?/-&aaO tonclmn a (drclo whoau 
(2, -3). Fincl Uie radius of the ciix'lo. 

fit. .ProTO timt tho linos 4.i >- +5 »= 0, 4.v ^ 3//- 6 s-i0, iiv41/ 4* 6 0, j 

all boijcli Irlio oii'ulu wlnwo conlro )« Iho origin inul wltoao'f 
dins ia uni by, . 3 

■f 

■ ■■ s 

.! J 

I 
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9. Provo iliat ono of iho conunon tangents to the circle, cenbro (0,0) 
and radius 2, and the circle conlro (4, 0) and radius I, is 

3.v4-N/7.y"8=0. 

10, Show that 4a’-3?/—20 touches Iho circles whoso conti’es ai’o 
(I I, -2) and (-11, 2), and whose nulii aro 6 and ID rcspoctivoly, 

11, Kind the value of c if 3,t’+4y"0 is a common tangout to tlio 
circles whoso centres aro (I, 3) and (-3, 1), and whoso radii aro 
1 and 3 respectively. 

12, Provo that bho product of the perpendiculars from (c, 0) ninl 
(-C, 0) to tho straight lino Lvcon 0-\-ai/m\ 0 = (if) is wlumi 

13, Provo that tho point (2, 2) is equidistant from tho lines 
2a’ - y+2=0 and .r - 2// -I- 6—0. 

14, Provo that the point (1, 1) lies on ono of tho bisoctora of tho 
angles fonned by tho linos 4.i' - 3y *1-1 = 0 and 3,{,'- 4y 4- 3=0. Illustrabo 
by a figure. 

16. If tlm point (. 11 ,^ 1 ) lies on a bisector of tho angles formed l)y 
tho linos ,l.?;-p/l//4'(7=0 and fl.v-p&y+c^O, prove Lliut I— 

and aro numorically equal. ** 

16. Tf tho noint (,i’i, ?/i) lies on ono of tho bisoctors of the angloa 
formed by tlio lines 7.t'-Dy-t-l=0 and 6 .i’H' 7//-|-3=0, prove that 
7.v, — 5yi4-l and D.Vi-|'7//i'|'3 aro numerically equal. 

17. If tlio p{>int (.Vi,yj) lies on ono of tho bisectors of the angloR 
formed by Oho linos 4'.r-3y-!-2=0 and 3.v-|-4y+3=0, prove that 
4.r, - Si/i -b 2=4: (3.Vi 4- 4yi + 3). 

18. If the point (.I’l, yi) lies on ono of tho bisoctors of tho angloa 
formed by lliu linos 3.r-y4-2=0 and .r-b3y4-3=0, provo bhab oitlior 
2x\ - 4y 1 = 1 or c i so 4.Vi 4- 2y 1 4-5=0. 

19. Provo tliat tho equations of tho two hisciitors of Iho angloa 
formed by Uio linos r).v-3//-!-2=0 and 3,r-5y4-D=sO aro 

D.v - 3y -1-2=4: (3.r - 6?/ -1- 5). 

20. Provo that tho bisGcbors of tho angles forinod by the linos 
2.v-|'3y-l-l=0 and .w-y-l-4=0 aro givoii by tho equations 

2.v-|-3y-|-l , .«-y4-4 

-7Tr"“*'“vr' 

21. Provo that A’'t-y=3 and ,}.'-,y-l-l=0 aro tho hiHOolors of tho 
angles fonned by tho liiioa 3,v-2y-l-l=0 and 2.v-3//4‘4=0. 
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22. Pi’ovo Umt tlio bisoetorH of tho anglos foi'inocl bj)( llto lines 
ff.i''+&y + c»0 and are the two Hugh Hiioaifiod by tlio 

equations + Ax■\^Jhf^' 0 

-H //*■ '' 

31. Th« Freedom-EqviationB of a Straight Line. 

Lot A (Fig. 25) bo the point (a, c). Lot F (ai, y) bo any 
point on the locna apocilicd by ilio G(jmiti()nH 
y — o-i-cU, Join AP. Lot ilio pavallol to X'OX Uiroiigli 
A moot tlic ]mvallcl to Y'OY tlirougli P in Q. Tlien 
AQ=:x — a and QP^y — e, IMt = or x — lc = U\ 

and 1 / = c+ dt, or y—a ~ di. 



Konco AQ===U, ^V^dl. 

Thorotoroj gradient oi! AP 

Thoroforo tho gradient of AP roniaiiw coimtant whilo P 
inovo.s along tbo Iocuh. Konco tho looiiH of P is fclio 
straight lino tlirongh o) of gradient d/b. 

TJiat isj tlio J;L'ocdoin-G{|imtion.s 

K = aA-hii y~G-\-d/. 

roprosont a straight lino through tlio point (a, g) bl 
gradient d/h. 



FREIilDOM-IilQUATIONS. 


67 


§ 31 ] 

Ex. 1. Malco a tablo to show covrosponding vahios of f,y when 
,r = 2+‘i;, ^ = 1+3^. Draw a grapli of ,v, y aiid find tho constraint* 
cquatioii connecting .r,;/, 


t 

-2 

-1 

0 

1 > 

2 

X 

-6 

-2 

2 

6 

10 

V 


_3 i 

1 

4 

7 



Fio. 20. 


C'orrospoiulin^ valnos of .i;, y aro plotted in Fig. 26; tho graph of 
;/ is tho straight lino of Fig. 20. To iiiid tho constraint-equation, 

wo have and j honco or 3,r-4;/-2==0. 

Ex. 2. Provo til at tho straight lino whoso froedotn-equations aro 
.usa -34-3^, 9/t-“3~rni passes through tho points (-8,13) and (—1’4, 2) 
roforrod to a.\os DA', DT; and find tho corrosponding values of t, 

AVlion ”8, we havo “-R — - 2q-3^ or >-2; 

Wlion y5“13, wo havo 13 = 3-f)^ or - 2; 

Wlion .r= wo havo ] '4s=> -2-f'3i or ^=0’S ; 

Wlmn ;/=2, wo havo 2=3-Bi or i=0'2. 

Ex. 3, Find tho equations of tho parallel and porpeiuliciilar to 
-.2-I-3/, v/i.i -R-'D through tho point .t’=2, -3. 

'I’ho gradioiit of the given lino is “./■ or -'/i, by above aoction, 
llonce tho roquirod jiarallel is 0/-h3)«: .-4- (,v-2) or irpS^+l =0 j 
and tho roquirod jiorponclicular is 0/-t-3)«=|- (.r-2) or 3.r-4^-18=0. 
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EXERCISES XI. 

1. Prove thiit Iho straight lino whoso froodom-oq\iaLMHi!H are 

y=3+2^ passes Uirougli tho point (1, 3) and has gnuliont 2. 
Draw tho lino. 

2. Write down froodoin-oquations for the straight lino which 
passes throngli (3, 5) and has gradient 1-. Draw tho lino. 

8. Provo that l)iaa point on tho straight lino 

a'=2d-3i, 2/=H-2 i!. 

Draw tho graph of tho lino. 

4, Provo that tho straight lino 

.v=3+2^, 5-r 

is parallel to tho straight lino 

.v=2 —'ht, y~\~\-2u. 

6. Galoiilato Uio coordinates of tho point of intorsoolion 
(i! = — 3 q.2^, y ~2 + 3< and .v*= 4 5?<, ?/ = 1 - u. Grapli tho two striiiglht 
linos. 

[NVo require -■ 3+2^=4.-h5?t and 2-l-3<=l-?t siimdLiui«ou%. 
Prom tlio corrospoiiding values of t (or w), oaloulato x, y finnn l&a 
giYoii equations.] 

6, Pind tho point of intorsoction of 

.t’=2 - 31, y=1 + ^ ; and 1 - 2 m, y ~2 -l-3tt, 

7. ^ Provo that tho Ihroo straight linos, spocilicd by tho fnllowib|; 
oquntioiiB, aro concurrent, and llnd thoir point of inlorscctitm ; 


aj=2-hi!, j/=8q-2f; .J 

y=3+-^M3 . 

4 - y=f) q- 3w.(3) 


84 Pind tho coiistrainl-oquntion of tho lino ruprosontod l»y 
.t.=4-h3<, y«-3H>7<. 

j^Proni Hrsb oquatlon, i——™; from soeond, llertis? 

i.ft 7A'-3ys=3V is equation required.J 

9. i'incl tho consbrauit*oquation of tho etraight lino givim hy 
- 2+3^, y~l-f. 

10 . Pincl tlio constraint'cquation of tho straight lino 
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IV.] RXI3RCISKS XI. 

11, Trovo that Iho alraiglit linos 

,v<=a+ht, 7/=o-\‘dt 

and X = a' + b'u, ?/ = o' + d^i 

aro (1) parallol if djh—iljh '; (2) porpondicultvi' if hh'•{-dd' 

12, ]*'inil froGclom-otumtioiiH for (1) Uio parallol, (2) Uio porpon- 

diciilar througli (1, 2) to ^=3+2^ 

13, I’rovG that Iho straight linos 

X =r> - 2i, y=4 -t- 3^ j x='l 'h 0?i, y = -11 -I- 4w 

aro norpojuUoular, and find tlioir point of intorscction. Praw iho 
graplia of blio linos. 

14, I’rovo that tho parallol through (/i, k) to 

x~a-\-htt y=o~ydt 

may havo its froodoni-equations written in tho form 
x—h H- hu^ y~k -|- du. 

16, Provo that tho froedom-oquations of tho porpondicular through 
a -I- htt y=0 H- dt 
may ho written x—h 4- du^ y=k- hu. 



Ipn. V. 


CHAPTER V. 


THE STIUIQHT TANE {Gontinuetl). 


32. Diiferent Forms of the Linear Equation. Tho following 
six I’orms of the linear equation are im¬ 

portant I 

( 1 ) ysmx + c; (2) y-yi =sitt(x--xi)} 


(3) y-yi „ yg~yt . 

^ X-Xi Xa-Xi’ 

(6) XQOsa + ysinoLssp; 


(4) 


2+Z 

a b 


ssl; 


x-"Xi y-ya 
oos 0 “ sin 0 




(1), (2) and (3) have already boon explained in §§ 24, 20 
and 27 respectively. 



(4) The equation -4’?'==1. 

a D 

Lot a straight lino not passing through the origin mooL. 
the ftj-axis at A and the jy-axis at Jh Lot OA~a, OU^h. 

Lot P(flj, y) bo any point on the lino; then 

0/ 0 
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pvq)oobion of on tlio /»-axi« 

(Jig. 27). 

Then Ah OAB, J\1AP are o([njangulav and therefore similar 
rn, p MP MA 

J. lioroioro ^oi‘ all po.sitions of P, where MJ\ 

OP, MA, OA are all Htops. 

i/P_04^0j¥ 

Oli 


Hence 
hhab IN, 
or 


OA 

J"* 7 r~' 
(6^6 


of equation 

.Tlot’O tfssg, 6=3 j l)ou(U) becomes or 3.t'+2,j/«G, 

winch is tho cij^natioii of J /j, 

of 'IV’ equation 

3 V 0^* flonco Uio I'equived equation ia -^+~= 1 , or 

'13x. 3. Find the equation of tho lino joijiing (-3, 0) and (0, -0). 

15x. 4. Find the equation of tho lino joining (2, 0) aiul (0, -4). 

Ex, fi. Find, ill «ign ami inagnitudo, tlio intorcopta on tho nxoa 
of .^’ and;/imidob^r the linos 

(i) 2 .t;-l> 3^ = 15 .(it) 3.v- 2^^«4 > (uq 5 .v+ 7 ^ + 4 = 0 ; 

(iv) 3.v~r>y+4=a0. 

(i) 2.v.|-3y«»l may ho writtou |+?*« 1 . 'fho iutorcopts aro ^ on OX 

and J on 0 V. (Othorwiao, ptit «« 0 in 2.r+3««1, thou 2.r = 1 or a-« i ; 
ngam piit a 0 m 2 . 1 ?+%»»1, thon 3y =« 1 or y « J.) 


33. Tho Equation x coo a+y sin a «p. Lot a flfcr/righfc lino 
cut tlio ftj-axiH at A and the ?/-axis at P (Fig. 28); lot N ho 
tlio foot of tho poj'ponclxcular From' Iho orighi 0 on AP: 
Jot anglo X0J!T=s=(x and 0Ns:>p. If P(x, y) ia any point 
on tho lino, 

thon a? cos a 4 * y sin a 
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Lot N be tliG point (a)i, i/i); then ='p coh cl , =?? Hin a. 
, Hence the gimlient of PiV (or 

^y^ pnmcL ^ ^ 

fc—2'^cosa* .^ ' 



But fcho gradient of ON =tan cl 
_ sin g . 

”cosa’ 

tlioroforo the gradient of PN = -• .. .( 2 ) 

From (1) and (2), wo got 

y—pmn CL_ CQsg . 
fu—^co.'sa” Hina’ 

tlioroforo oj cos a+^ sin a = 71 (sin^ a+eos^ a)^ 

or a; cos a+ 2/ sin cl 

since sin® a+cos® a — 1 . 

Con. 1 , If ax-\-})y=c (c positive) bo put in tho form 
tt)cosa+i/sina=s;p, then and tana=--. 

For if tana—-, wo may put cos aand 

h 

sin a a ■ 






63 


§33] THE EQUATION (C cos a + y sm a =^. 

But rta)+ 62 /=e. 

Divide belli aidcM by then 

X 


_^_^_ . . ('S'l 

'M+P Vaa+t®. 


Therefore 


or 


X COM a -h If sin ; 

X cos oc+ 2 / sin (x.=_23, 


if 


OoR. 2. 


is 


Tlio length of the perpendicular from ((Wj, ff-^ to 
X cos oc+?/ sin a. —p =0 

a;, cos a+ 2 /i 



First, lot us lind tlie eiiuation of the parallel through 
(^1 * yi) i"® «} cos a+2/ sin a ~p =0, 

that is, the parallel CD through P(ajp y^) to AB in Fig. 29. 
By g 28, the equation of OB is 

(«;—OJi) cos a 4- (i/ 2 /i) siu «. := 0 
or ft) cos a+ 1 / sin a=cos a 4- 2/i sin a. 

Hence OK «length of perpendicular from Iho origin to OD 
«a}i cos a 4 - 2/1 siwoc- 
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Bub ON =longbli of pcrponcUcular from tho origin to AB 

bhercforo HP = length of porpondiculav from (a)^, i/i) to il./i 
^NK 
=^OK~ON 

R= ojj coH o, 4- 2/i sin cc —p, 

Cou, 3. Going back to equation (3) of Cor. 1 we aoo 
that the length of tho perpendicular from (a'l, ?/i) to 
fW)++ 0 = 0 is ^ g 

Ex. 1. Writo Lho oquuLioii 3./.''i'4//=7 in tho form 
, .j; COH f/.+.y Hin (x =p. 

Lot tail IX—-ii', HO that wo may writo Bin«.=4 i^nd eosa.—- b* 

Now divide both sides of 3.v+4^=7 by B. 

W0 got X . Tj- -vy .’k=r 

or cos CL + 7/ sin a.=■^. 

Nx. 2. Find blio length of tho porpendicuhir from tlio origin to 
tho lino 4.v-|-;h/=8. 

Fatting tana=f, nnd prncooding aa in Ex. 1, wo writo tho cipiatuni 
thoform ^^,^o,cL-\-ymncL^-l 

whoi’o fcaua.=-;|'. lionco tho length of tho porpondiculav from tho 
origin to 4.v+3y'=8 is (Op, § 30.) 

Ex. 3. "Writo tho oquation 5.v4 12 y =8 in tho form 
.If eoa (x-Hy sin fx—y). 

Ex. 4. Writo each of tho following equations in the form 
.t’coaa-i-y Bin tt=^i j atato tho valuos of tan a and p. 

(i) 6.r+12y«i;}; (ii) 10.1;420^»= 54 j (iii) 3.r-4;y«.7; 

(iv) a2a’-6y=slOj (v) 2.if'|-3y=4 j (vi) 3.r-|'y42«0} 

(vii) pio+qy~r \ (viii) Z.v4?iyy4n>=0. 

34. The equations —= 

COH 0 sin 0 

Lob A be blto point (a’l, 4/^) (Jfigs. 15, 16, pp. 28, 29); 
thi’ougli A draw tho straight lino of gradient tan 0; then if H 
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^ 33-3t)} ANC4LE BJilTWKlilN TWO LINKS. 


is any poinC (.t, y) on iho lino and AB = ry wo have 


coH Q sin Q 

Lot //, K ho tho projootions of 7? on X'OX ; let 0 bo 
the projection of B on the parallol to X'OX through A. 


Tlion 


__AC_IIK_ 077_a;-a;i 
~'AB~AB'"~^ Air"'~ r ’ 


Thcroforo 


CO.S Q 


0 ) 


Similarly, 

'Phoroforo 


. . GB KB^KG KB-HA y-y^ 

Ali ~ r * 


sin 0 


.( 2 ) 


From (1) and (2), wo havo 


cos Q sin B 


Ex. 1. Through tho point (3,1) in drawn tho Htiiiiglit lino making 
an anglo of < 115 ° with tho .^^axifl. It moots tho lino ,v+y^lQ at li ; 
And tlio length of AJ). 

Ex. 3. Ay B aro tho points (a, 0), (i, 0), and /^is tho point abovo 
tlio .V'axia such that tho trianglo BAB is o(pu]atciral; nnd tho co- 
ordiimtos of 1\ 


36. Anglo between Two Linos. If the ocpiations of two 
linos arc given, tho linos could bo graphed and tho anghj 
botwoon thorn measured. Hence from Clio eipiations it is 
po.ssiblo by calculation to find the anglo botwoon the linoH 
roprosontod by tho eipiations. Tho rulo is as follows: 

If and m„ aro tho gradients of two straiglit linos, 
and B is tho angle botwoon tho linos, then 


tan 0“ 


IH-mjnia' 


0 boing moasurod from tlio positive diroetiou (§9) of tho 
second lino to tho positive direction of tho first lino. 

Lot OP bo tho positive direction of tho lino of gradient 
(Fig. 30) and lot anglo A''OP *=01. 

O.A.O. K 
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Let OQ be the positive direction of tlie line of 
Wg, and let angle iL 0 Q=d 2 . 

Then 0=QOP=XOP-XOQ=di-02. 

TUorotoro tan e=tan (0,_0,)=^’A:^^. 

But tan0i=Wi^ and tan @ 2 =mg) so that 


tan 9- 


mg 

I H-mi-Jn/g* 



The numerical value of (m.—mgVCH-mimg) is o(|Uiil 
the tangent of the acute angle hotwoen the linos of gi’mliof 
Ml and mg. 

Cott. If 0 i.s the angle between the linc.s whoso oqiuilic; 
are a® -1- 6y 4* o «= 0 and a'x + h'y 4- c'« 0, 

then tan0»-~ ^'^?j,^ . ' 

a«'4-oo 

]?oi’) gradient of aa) 4- % 4- o ~ 0 is - ajh =; , say; 

and gradient of a'®4- &'i/+c' =* 0 is — idjh' => , wiy. 

7%--mg 


tan &■ 


Id-mjmg 


Hence 
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iix. 1. Pincl tho tangent of the angle between the lines 
anti ?/“A*+G. "VVitb the help of tables, (incl tho angle, 

Itoro and ; therefore tan 

X?roin tho tables, 0 ^ 18” 26'. 1 +«h »»2 1+2.1 3’ 

blx. y, b’ind tho tangent of tho angle between the lines 2a-«~3 
aiul :i.r'h+//=«r). Also llnd tho acute angle between tho lines. 

I'nt «b"=gradlont of 2.^’-y=3, so that ; and m^^gradient of 
3 . 1 '-I-'!//=« G, no that afg— -|. 


Then 


tan 0- 


m 


_2 + 1 ll 


I+mj?B2 1 — 2.1 

Tlio aouto angle is nmghly 70” 42'. 

i'lx. 3. l.b*ove that tho two linos y=2.?>+4 and y=3a'+4 are 
ijudinod at the saino angle as .V “ 2 /+ 2 a =.0 and 3.r“-4y+l=o. 
liOt = angle botwoou lines,?/=52.r+4 and ^=3.v+4. 

« m,-OTo 2-3 
‘ 1 ■Y'm^vu 


'J.'lion 


^_1 

•b>nj7/i3 ’l-f2.3^ 7' 

Tiot ^la = anglo between lines .‘r-2/4'2=0 and 3.t;-4?/+i=:0. 


1.1 , A wtf-wia 1-3 1 

U.o„ ‘''"<’«=rtS,„?rf+T4-7' 

irciioo tan ^i==tan ftj, mnnoricully; that is, the first pair of lines 
in inclined at tlio sanie angle ns the second pair. 

T»lx. '1. If /Y.v, y) in a point above the axis of and A and B are 
tlui points (I, 0) and (-1,0) respectively, prove that 

.t-2Hy=,2y+l, 

if tlio angle A PH is half a right angle, 

V 

Lot =*gradient of PA = 

Lot Mjs=gradient of 

1 f (? in the angle monsured from tho positive direction of PB to the 
pOMitivo dii’ootion of /VI, tj»on tan 


AIbo 


tan O’ 


1« 


1 

JL _L. 

1 . _2L 


,.p9.py8ja2y+l. 


UuH roducea to 
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Ex. 5. If P{a\ y) is bolow the axis of ,r and A and B avo tho 
points (1, 0) and (-1, 0) respectively, prove that 

if tho angle APB is half a right angle. 

Ex. G. If A, By P hftvo coordinates (1, 0), (-1, 0) and y) 
rospectlvoly, and if tlie angle APB is a right angle, prove that 

Ex. 7. Erom tho formula tan dedneo the condition 

that two lines of gradients Wi and should ho parallel, and also the 
condition that they should bo ijorpondicuhir. 

Ex. 8. Find tho tangents of the angles of tho triangle whoso aides 
are the lines 2a'—3w--B=0, 6a'-7/-3=0, and A’'l-,y'l-f>=0, Also 
calculate tho angles of the triangle, 

Ex, 0. Find the equations of tho linos through (2, 7) which aro 
inolinod at an angle of 413" to the lino ,r+2//=4. 

Ex. 10. Find tho oquations of tho 8idc.s of an isosoolcs triangle 
whoso vertex is tho point («, h\ whoso base is the lino 
and each of whoso base angles is a. 

Ex. 11, If the angle monaurGd from tho positive dirootion of tho 
lino 2 a'+3v«= 7 to tho positive direction of a lino passing through 
(3, 7) is 46 , find tho equation of this lino. 


_ Ex. 12. If tho angle measured from tlio positive dirootion of the 
linoto tlm positive direction of a line through is ot, 

prove that tho equation of this lino is 


_ „J[Md[uia 


(.r-.ri). 


36. Bieectors of Angles between Two Lines, IT any two 
intevaecting straight lines arc drawn, Unin two angloM avo 
formed, each of which han a bisector. Wo know from 
oioinontary geontiGtry timt any point on oitlior bisector ia 
equidistant fi'om tho two linos. 

Lot = 0 ...(1), Aca+ByA-O^O 

bo two intersecting straight lines; it is i' 0 <inircd to form 
tho oquations of tlio hiscetois o£ tho angles between thorn. 
If yx) is a point on oUhor bisector, then 

length of i)Qrpondicular from (a;,, y^) to lino (1) 

»length of povpondicnlar from (oj^, y^) to lino (2). 


BISEOTOBS OB ANGLES. 
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§§36,30] 


But length of perpendicular from (ajp i/i) to c«e + 6?/+Oi 

acCj-Oi/id-c 


is, by § 30, 


And length of perpendicular from (a)^, to Air+i? 2 / + (7= 0 

Hence ±£ -- + 

”=*= VZqrs^ ' 

the double sign being nece.sHary, since the left-hand and 
right-hand expressions may be either positive or negative. 
For iTi, write «3, y, and wo obtain 


ax + by + c _[_ Ax -h By+0 

ns the ecjuations of the two bisectors. 

The reader should revise Exs. 13-22 on p. 66. 


Ex. 1. Bind Uio oquatioua of bho bifioctov.s of tho angloa bobwoon 
tlio lineK 2.r-?/-|-2=0 aud .i‘>|-‘2y+7=0; and draw tho four linos in 
Lho samo diagram. 


LoiigUi of porpendicular from y) to firal lino 


2.r~'y+S , 


and longth of porpondicnlar from (.r, y) to second Iino=i ‘- -' *^^ - " -. 
Honco aquations of bisectors are 


that is, 
or 


2.r-7/+2 , .ij-|’27/+7 

2.r-y+2=> :l;(*r'f-2,y-i-7), 
.r-lby=r) and 3,r-t-7/'l'9=!0. 


Ex. 2. Bind tlio equations of tho bisectors of tho angles bobwoon 
tho linos 7.r-3^4'l=0 and 3,v-7y'l'2=0; and draw blio four linofi 
in tlio samo diagram. 

Ex. 3. Bind tho oqiiations of tlio liisoctors of tho angles formed by 
tho axes A"OyV and Y'OV, 

Ex. 4, Bind tho equations of tho bisectors of the nngloa bobwoon 
tho linos 3.r-4y“hl«0 and G.r-f'12y-|-4«0, 

Ex. 6. Bind llio equations of tho bisootors of tho angles formod by 
tho linos 8a;-15y-l-20ei0 and Go-’-l* 12,j/»20. 
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Ex. 6. Eincl the intorcopta made on the a-’-axIa hy the bisoctora o£ 
the angles between the linoa 15 a*+ 8^-1-30=!0 and iav+6^=25. 

Ex. 7. Find the equations of the bisoctora of the angles botwcon 
the linos 3,v—y+2=0 and 2a.'H-4;/=7. 

Ex. 8, Provo that 1 is equally inclined to tho linos 
4.v-3^+2=0 and 
and passes through their intersection. 

Ex. 9. Provo that 12.v-2?yH'7=0 is equally inclined to tho linos 
&.«“7y+4=0 and 7.^+5^+3=0. 

37» Intersection of Lines: Ooncixrrency. If two Htiaight 
lines bo spociiiod by equations in x, y, roforred to rcctatij[rular 
axes, then as far as tho coordinates of their point of inters 
section are concerned, tlio two o(iuationa niay bo regarded 
as simultaneous equations. P'or example, if wo solve the 
simultaneous equations 

2 a}— 1 / = 7; 4.'c+3y+l£=:0, 

wo find 05—2, 3. This shows that (2, —3) is the 

point of intersection of tho lines speciliod by the o(]Uatioiiy 
2 / 0 — 2 /“7 and 4a}+3i/ + l = 0. 

Again, if we have the throe equations, 


2a}-32/= 12,.(1) 

3a}q-22/ = 5,.(2) 

7ftj+102/ = l,.(3) 


and solve ( 1 ) and ( 2 ) as simuHanooiis equations, we find 
'Bt= 3 , 2. If wo now substitute a) = 3, y~—2 in 

7(B+102/, the loft of (3), wo lind Vaj+lOi/ —I, so that tho 
three equations are simultaneous oquatioiiH for «}— 3, 2 /~ — 2. 
Tliis means that tho throe straight linos ropresonted by 
equations (1), (2), and (3) are concurrent at tho point (3, —2). 

More gonorally, tho intersecting straight lines speciliod 
by the equations 

aa;+ 62/+(!=0 and a^aJH-Z/i/Tc'^O 
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Fm'fchor, fcho tlireo afcraight lines specified by the equations 

« 2 «J + % + C 2 = 0 , 

, ^<'3®+^a2/+^8 = 0 > 

aro concurrent li 

a^{h<^c^ - (o^ag - o^a^) d- (a .,63 ^ a^h^) = 0 . 

Kx. 1 . Find the point of intorscction of the lines 

2A’-3y=n. 

JOx. 2. Prove that the following equations represent three con- 
curi’onfc Htraight linos, and lind tlioir point of intoraoction : 

3a'P 4^+2=0; + ; 3.r+72^=3. 

Ex. 3. Draw tho straight lines when mi=1, w~-2, 

j)i,= 33 . Find thoir common point. 

K X. 4, Draw the linos ?/ - 3 == m - 2), when w=1, ja « -1, wi = - 2. 
Pi’ovo that tUQ.ao three lines are concitrront, and find their common 
poillk. 

Kx. 6 . Dra^v tho two linos ropresonted hy 

(2.V+;/-?)+A {3x ~ - |j)=0, 

wliou and ^‘as - 3. Find their point of intersection, 

Ex, 6 . Draw tho thrco linos speeifiod by 

2.V - 3^ -* 12+I:(7.w + lOy -1) = 0, 

wlion jfc=l,^=s-2, ii!«3, Provo that they are concurrent, and find 
t-hoir point of intoraoction. 

Ex. 7. Provo that tho two straight lines 

(2.t‘-;/ - l)+ij(.v-7/+l)=0 
and ( 2 .i*^y-l)-f-< 7 (.v^ 3 ^+l )=0 

intorsoct nt tho point (2, 3). 

TUX, 8 . Ih'ovo that tho two straight lines 

(.V -1 )+/j(4.p+32/ ^ 6)=0 

and (A’-l'7/-l)+?(4aH-32/-6)=0 

inhoi'flocb whoro and 4 ,t’-t' 32 /-'G =0 intersect. 

Ex. 0. Provo tliat tho straight lines obtained from the equation 
(.'0—7/ "■ H" 1*) "h ^‘('V+y(* "■ h) == 0, 

hy giving various values, will pass through tho same point, and find 
tho oooi'clinates of tho point. 
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Put ^s=p, thon k=q, Wo obtain 

{x~y~a^-h)'\-p{x-[-if. ... 

and {x~y■~a-hh)‘\-<ilv-\~y-a-[>)r-.-.0 .. 

To sol VO thoao equations, ilrst Hubtraol: 
then' p{x-\-y ~a-h)-~ f/(a' -Vy - a - h) - 0, 

that is, {p - q) (.r -[-y - fc)■-0 

or x-\-y~a-h=^-0 .. 

Now substibuto from (3) in (J), ami obtain 

X'-y~a-\^h==--Q . * 

Wo liavo now to solve (3) ami (4), 

Add : thou 2a’ - 2ft ^ 0 or a* a. 

Subtract: then 2// - 2A 0 or y h, 

H(3nco, wlmtovor viiliio 1: 1ms in the given nijniition, nil Hu- S^sr';^«w 
roprosontod by tho equation pass tbrougb tbo aamo point (ff, /»), 

Ex. 10. Provo that all tho liiuis roproHontod by the equal inn 
(.r ” ?/ H' ft - >1- 4 {x 4- y -- a - /f) =-- 0, 

by giving k various values, pass through a llxcd point, and rin»i 
coorclinatos. 

Ex. U. Tf tho two straight linos fl.r-b?u/4-ot.'.:|) uiul h'l/ i «'' — 
niQOb at tho point (p, ty), show that (p, ry) lira <m nil Oi*'’ 
mprosontocl by >1), 

whoro k is a varying constant. 

Ex. 12. li’ind whoro tho linos 2.r4-»y~3t»jO nml n 

Provo that all tho linos ropresonted by 

(2A-4-y-<3)4./(A’-;V/>b2)-dl, 
whoro k ia a varying oonstant, puss throng)) the poiijU 

Ex. 13. Provo tliut, if k is a varyiiig fsnistant, tho Hyslein nf 
(3 a' —2y/4'4)'(-i(2A’-'i*4y‘-r))=() pasHOH through tho intorMm'ii*t»*a» 

3.V - 2j/+4=0 and 2 a’ q- 4y ~ h 0. 

Ex. 14, Intorpvot gooniotrienlly the equatifui 
(2 a’ - y - 3) -h 3// -h 2) r=0, 

wlioro i ia a varying constant. 

38, Systbin of Ooiioiirront LinoB. If two 
Hfcmight linoH aro fipedlimi by tbo uijuabionN 

m )'h hj -hti =a 0 and a'iv .>}- h'y -4-/s.-- 0, 

thon all fitmight Hnoa through tlioir point of 
aro spool fled by U\o equation 

ax -bhy cd-k(a'x -J-b'y o')0, 
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wliere h is a varying constant (pararnoter). The paramotor 
h is constant for any ono lino of tho systom, but varies as 
the lino varies. 


Proof. Let tho straight linos 

ax + hy + G — O and ciJX’\-h'y'\'C'=0 
meet at tho point {]}, q), so that 

a^ + ^)g + c~() and + + = 

^Of course, p stands for 


oJV) 


Then, whatever constant value h has, 

(vp + hq-\'G H- h (C6'p 4- h'q + o') = 0. 

Therefore, whatever constant value h has, tho lino 
ax+l)y-ho+h{a'x + h'y +o") = 0 

passes through tho point {p, q\ that is, throiigh the 
intersection or tho linos 


ax+hy+G—0 and a'x + h'y +a'=0. 


Again, lot tho throe equations 

%«J+&i2/+Ci==0, (1) 

a^x-^hzy+c.2=0, .( 2 ) 

a^x 4* h^y +Cg ~ 0 . (3) 

bo such that 


l(a^X‘\’hiy -h Cj) +m{a.pi+h^y -h (^ 2 )4- Cy) - 0,. .(4) 

for all values of a; and y, whore I, m, n aro constants othor 
than Jioro; then tho tlirco straiglit lines (supposocl not 
parallel) represented by (1), (2), (3) aro coneurronb. For, 
lot tho iinc.s (X) and (2) meet at tlio point (p, q), so that p 

stands for q 

Then a , 7 ) 4 - h^q 4 - Oj == 0 and a,^p -h h^q +Cg—0. 

But, by (4), 

l{a^p T h^q 4- Cj) 4 - m{a^p+h£ -b of) +h^r/ 4 ^ c.,)=0. 
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Tlieirofore 'n{a^p-{-\q-\-G^)=^0, 

that is, + b^q +c, “ 0, sinco 71 =]= 0. 

Hence the line a^G-\-b^y-]-c.^=0 imsacs through the point 
(p, q), that is, through the intersection of lines (1) and (2). 
Hence the lines (1), (2), (Jl) are eonciUTcnt. 

Ex. 1. Find the equation of the lino joining tlio oiigin to tho point 
of intersection of 3.r—,y4-2=0 and 2.?;+,?/+3—0, 

Tho ecjuabion S.?;—y+2-|-/.'(2.J-’+»/q-3)=0, for varying values of tho 
constant k, roproaonta all straight linoa through Iho intorseotiou of 
3.r-,?/H*2=0 and 2.eq-y+3=0. Tt remains to find the piirtufular 
value of k which gives blio lino through tho origin, ihit .v=0, y=0 
in tho oqnation containing k ; then 

2+3l;=0 ; 

Ilonco 3a’ - +2 - ^ (2;r -I- 3)= 

that is, {><v - Cy=0 or x - //=0 

is tUo lino roqwirod. 

Ex. 2. Eind tho equation of tho straight lino joinijig (3, -2) and 
tho point of inlorsection of Sa'+h^-V—0 and 2.r“3//-pl=0. 

Lot tho equation bo 

3.V+% - 7+I’(2.r - 3y -I- 1)=0.(1) 

The point (3, —2) lies on tho lino. 

Thoroforo 3.3+5( - 2) - 7 -I-/■•{ 2. 3 - 3(^ 2)+11 == 0, 
lhat is, -8+13/;=0 

or k — 

doing back to (1), we aoo that tho required ocpuition is 
3.t’+Cy - 7 -I- ilv (2.r - 3^ +1) 0, 
or 5r)A’H-4l2/'-83=.0. 

Ex. 3. Eind tho equation of tho lino joining tho origin to tho peunt 
of intorsoction of fu’-7;?/q-2=0 and 2.v-|'8?/=ll. 

Ex. 4. Eind llio oqimtions of tho linos joining tho following points 
to the intoraoetions of bbo following linos: 

(i) Point: (1, ~1); linoa: a--;/+!*= 0 ; 2.r-y»l; 

(ii) Point: (0, 0); linoa: 3.v-l'4//-7 ; 2r-5?/==8 ; 

(iii) Point: (3, 2); linoa; 3.v~%=12; .rH-;/+3!=(). 

I5x. 6. Pind tho equation of tho parallel to 2.v-3_y-1-1=5 0 through 
tho intoraoction of .r-h//-|-i=0 and 2.r——0. 

Lot bh 0 1 in 0 b 0 .v -1- 11 / H-1 -|- k (2a’ “•;/ 4* 5) ==» 0.*.. ♦ IV < n .(1) 

1 -I- 2/‘ 

Thou gradiont of tho )ino= - j . 
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Bu fc gradion t 0 f 2.v - 3// -{■ 1 s= 0 is §. 

Honoo 

that is, /{;= -J. 

Going back to equation (1), m-d obtain 

that is, Oa’ - 9^ -I- 21=0 

or 2.a’-3^ + 7=0. 


Ex. 0. Eind the equation of tbo lino drawn through tlio intor- 
sectioii of tho line.s 3.r +-1^ = 7 and :=:0, (0 to puss through 

tho point (“2, -9) > 00 ptvraUol to 3.v-2^=l • (iii) porpondieulai* to 


Ex. 7. Straight linos a\’o drawn through tho vortices of tho triangle 
fonned by tho linos 2,r-y'f-l=0, 3.r+2//”‘l, .?.’“//= 2, (i) parallol to 
the opposite sides j (ii) porpondionlar to the opposite aides. Eind bho 
ocpiations of tbo two syatuina of lines. 


EXERCISES XII. 

1. Bind the intercepts made t)ii the axes by tho lino 2.v — 3y=4. 

2 . Bind the intercepts made on tbo axes by tho lino joining tbo 
points (>Vi,?/i) and (.Vit.ya). 

3. Bind tho intensipLs made on tlio axes by tho lino whoao frcocloin 
ecpiations are x—a-l-bi, ^==c-\'d(, 

4. Bind tho coordinates of tho point of intersection of tho two 

linos x---a+b(, and .r=a'-|-/>'H, y=c'~\-c{'iL 

6, Bind Ian and ju if the Hue aj!~l-b^^~c=0 ho oxprosRod in tho 
form ,1’cosa-t-,?/sill 

6. IVovo tlnit tlio line .r“-rw/>|"G=:0 passes thi'imgli tho point of 
intorsoclion of the liinm 3.v-2yP2=0 and 2;t’H-3y-4=0, and hisoetB 
tlui angle between them, 

7. Provo that bho equation (a’'“.r,)(w-?y 2 )-(a’~.r^)(y~ 2 ^i) ropro- 
Rents the straight lino joining (.rj, j/{) luul (.rg, 

8. Prove that the oipiution 

6'(cf.}; -I* I)}/ '1- fl)" -I- 0) 

roproHonts tho lino joining the origin to the point of intorBoetion of 
n.r-l- bi/ * 1 - 0=0 and yl.r-l' Bt /-|- 6'=0. 

9. Ropresonb graphically tlio linos of tho systom 

y - 2x -i* kji “ 3 -I* Z:=0, 

for ~2, 3, - ‘I. Show tliat all bho linos pass through a eonnuon 
point. 
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10. Ifincl the condibioiia that tho two ayatoma of oquatioiiH 

iV=a-^-bt, ^—o-hdt and x«=a'-]-h'u, 

should represent (i) parallel lines; (ii) porpondiculiu’ linen ; (ilO **'ff^** 
and the same straight lino. 

11. Find the condition that tho lines 
A.-r+%+C'=0 should bo (i) parallel; (ii) porpondicular.' 

12. Find the point of intersection of tho intoi'MCicUng lineH 

* a)=a+btf ^=o+dc and d'C'=0. 

13. One lino of tho .aystom 

2.0? - ?/+4+I;(a’* 1-4?/-|-5) !=i 0 

meets the .t’-axis at A and thd Jz-axis nt 71, If OA => ~ 2, lincl ft H. 

14. Use a book of Tables to lind tho an/!flo fanned liy tlis* 
4a‘“2y+3=0 and 2,r-‘j;/'h7''=0. What aih Uio oquatiiniH •"■f 
bisectors of the angles so formed ?' * 

16. If h is positivoj prove that is poaiLivn mi’ r'a 

according as (^i, 7/i) is above or below the lino -1). 

16. Is the origin above or below the lino 1 

17. Provo that tho origin and the point (~1, -2) avo (»ii 

sides of the lino 2.v-f3//4-r)=0. Find tho point where tl»n j»**»■« 

(0, 0) to (-1, - 2) moots 2.V •[- 3;/ H- 6 0. 

18. If b is positive, prove that Uio point (a-^f, a-\~b) 11(‘h 
lino ax+hi/+l=0, 

19. Prove tlmt tho origin lies below tho lino 

20. Provo that tho origin lies within that angle, fornunl l»v- 
linos 2:»-;y+3=0 and.^’-2y4-f)=0, in which lioa tho bisoelnr 

21. Provo that tho threo straight linos 

a'-|-Tyw2, ‘ 

(6 - o) X -i- (o ~ a)y (« - ft) k= 0, 
a{b -o).r4'ft(o- n)y 4 *(!{a - ft) == 0 

aro conourront. 


22, Verify that 

2 (2,V - y/ 4-1)« 3 (.V 4'y --1) - (.r - n?/ -1- r») r-j 0 
for all values of x and y ; and dedneo a pntpnrty of the Lliri'ti I 
2a'-j/4.i=^0, .v4'.y= I, 


■ equation of tho lino joining the iutoiwcfrilsridR-iii 

i.« 3/74-4=0 and a‘4*7y-2-.-0 to the inlovKoctiou of » ... | 
.nrt 3.v4-2y=0, 

24. Tho equations y= ax -I- ft, y ^ c,v -h d ro) U'oh 
m terms of a, (jhvhon tlio linos avo parallel; 
wpondicuiar; (lii) whon tho linos form an aiu 




n'o Htni 11 w f > 1 1 n oM. 1*J g ^:?s( 

(ii) when Llitt 
aiiglo of 45“, 





EXERCISES XII. 




V.l 


25. Find Iho equation of tlio straight line OP which passes through 
bbo ni'igin and also through 1\ the point of intorsection of 4a;-2tf=S3 
and Rjy - 3.i?=4. Wvito down the oquation of the straight line through 
tbo origin at right angles to 0P\ and find the coordinates of the 
■points in which it iulorsocts the given lines. 

20, Provo that the lines of the system .»/«=(!all pass 
through a fixed point, ami. find the coordinates of the point. 

27, If, in an isoacolos triangle ABQ, the angle at /I is a right angle, 
and if (3, 7), (0, 1) the coordinates of A and find the coordinates 
of inioh possible position of G, 

28. Tho coordinates of vl, 7?, P are (a, 0), (ft, 0), (.r, y). Provo that 
bho tangent of the angle APB is 

_ 

20. Find the condition that the throe lines 
«.t?+fty+c—0, 
ft.r'|-cyH-a=aO, 

moot in a point. 

30. Porpondicnlars are drawn from the origin to the straight lines 
wlioso U(Illations are .v-i-2(f/«3 and 2.t;H-3y«.^5 find the equation of 
tlio straight lino wliicli joins tho foot of the perpoodiculavs. 

31. Find tho tangent of the angle between the lines joining (je, y) 
to (it, A), (o, d). 

32. Find what value p must have in order that the straight lines 

3.r-l-4yssr), 2.v-l-37/=4 may moot in a point. 

33. .,-1, B are tlio points (9, 0), (0,12). Find the coordinates of the 
point of intersection of tho medians of tho triangle OABf whore 0 is 
Uio origin. 



CHAPTER VI. 


PAIES OF STRAIGHT LINES. ILVRAtONIO 
AND PENCILS. CHANGE OF OKTGIN AND 

39. The Eauation uv=0. Goi-tiiin (MiuubioiiM in nM»t ^4 
of higher degree ihan the IivHt- eiiu l)(i graphically 
sented by moans of two ov more straight liiies. 

For example, consklor the equation 

W ~ 2x'i/ -10/ - fU'-l-17,y - (k-= 0. f i # 

Put .^’= -2 in (i); 

then '18 +‘hj -1 Of -1-12 -M 7,y - (1 '---= < )j 

^Yllich vecluces to 10.?/“ - 21.?/ - Txl. 

that is, (2?/'lA)(riy.^lH)-0, 

so that ?/= - I’G or 3'(l, 

Hence .t’= -2, ;/=« - Tfi and ,r=! -2, arn jioiiiU on I lio 

of (i). To obtain an idea of the graph of (i), eoiirtlriiot a ful-U- 
fo^o^Ys, noting that to each valuo aHsigiiod to . 1 ; in (ij t 
correspond two values of t /: 


x 

1 -2 

1 -1 1 

0 1 2 

y 

' -I'O 
or 3’Q 

1 

--0-ri 
or 2M 

0*1) If, 2*n 

(ir 1*2 or t) (ir-'l'i 


giving A, A' ./i, ff 'e, C /), JY ‘ A’, A' "of sig ^ 

Htraight liiui IIlilt !! 

pojncs .d , , 6, //, liQ on a socond straiglit lino, it is luiwfiPiiU** 

all tlie pomb-mirs bolonging to (Hpiation (i) alno bnloiig m „jrtnr. 
other of thoso linos, It is easy to show that Lliin is tnic. 

For 12.r“ - 2,r?/ ^ 10,?/^ - f j,r -l* 17// -- fj 

can bo factorised and oxprosssod as a ])i'oduet thiiH ; 

( 2 a'- 2 y.M)(na;-l-fi 7 /-- 0 ), 
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If then (a’, y) is any point on tlio graph of (i), it follows that 
(2,v-2?/-|-l)(Ga’-pCy~6)-Q. 

Ifonco 2.r-2y+l=0,. 

01- 0.^'+ry/-0=0. 

oi* ^oth 2.v-2y-{-l=0 and 6.i’+r)y-6=0. 
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l?io. 31. 


.(ii) 

.(iii) 

.(iv) 


If (il) i« brwo> (.I’j 1 /) imist lio on tho straight line Fig, 31; if 
(lii) in U’lio, {.t’, w) imist lio on tho straight line A'JS' \ if (iy) is true, 
W point of intersection of J^^ancI Honeo tho 

gmjm of equation (i) is completely roprosonted by two straight lines, 

Moi'O goiioivilly, if u^O and 'y = 0 aro linear equations 
in ni and y, then tho equation 

uv^O 

ronvoaonta the two stvaiglit lines it—O and v = 0. 

IT uksO, 'y«0, w=sO aro linear equations in x and y, 
fclion tho equation uvw-0 

roprcaouts tlio ihroo straight linos i;-0, - 10 = 0 . 
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VI. 


(err. 


Ex, 1, J?ind an cq^mtion wljicli ropresonfcs Lho lines 
.t’-2y + i*0(i) and 2.r+3^+l«0 (u). 

Multiplying ii;-2y4-l by S>t’+3!/+l, wo obtain 
2 a’® ~xy- 0;/ 3,r + ?/ -P1. 

Tbo equation .i/y-Cy^+Sa'+y-l-l—O ropresonta Uio Lwn |i***'■’'* 
(i) and (ii). 

Ex. 2. Eactoi’iso - xy + iv + b// - 0; and fi ad fcho t\V( i n h »‘ * * 

lines represonted by 

2^('^'~.i;y-y®-|'4.v+r)y- G —0. ....( aJ 

Fine Step', Foctoi’isw ^-xy-y '^; wo gob (2a‘'l'y)(.r"-y), 

iSecaiid :S((^ i No vin fclio product (2 a* -I- y 4' m) (x >- ?/ -1- n). 

Third Step : Multiply out J 

2 A° - xy - yH (m+2a).A+(- wt+ n)y -h mn. 

Fourth Step ; Comparing tho coofTicionta of a and y, and alw# tVi«> 
absolute terra in this exproasion with bhoao in tbo given 

m+2?i.=4. (i), «-m4-n>=5 (ii), m7i«-0(ili). 

Fifth Step ; Solve (i) and (ii) aa aimnltanooua ocjuatioiin in m nM*l 
getting m= ~2, ; and verify that (iii) is then aatlHllod.* 

Wo find - iVy - yH 4.x +by - G=( 2 a -y y ~%){x^y4, !l). 

Tho two stmighfc linos ropresontod by (vi) arc %v-yif 
.A~-y+3==0. 


Ex. 3. Factori 80 Ga®+13a^ 4- ij/ -1 8 .a - 32y U, 

Ex. 4. Factorise - OBa.?; - 88y^ >- DSa+ 107y ~ 0. 


Ex. 6. Show fcimt the following oquationa roproHout twn 
hues, and find their oguations: * «*■ 

0) (A+y-- l)(a>-y+1)=0 ; (ii) x^-f .p a r-,p. 

(ill) 2 a^ -xp - ay +1 = 0i (i v) q- 5.yi/ - 0/ - 3.?; -i..■ S*C:» ^ Cl; 

(v) T6.A3+19.Ay-10/+7.t’+22y-d«0j 

(vi) . 

(vii) 3 a 8_ lo.ty+3y2*=0 ; (viii) »hv'^-{a^.y h%)xy .y «/,/H,tj - 

(ix) o!( 6 - o),a 2-f 6(0 - a)ay+e(a6)ya=*0 ; (x) 2Ai;y 4- 


other number, then (ni) would not ho satiafiod foi' w.ts> 

shows that (t is oxoeptional for anoh nxpreselS to l.avo faolmu ™ 
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4:0, Condition that ax®+2hxy+by®4- 2gx+2fy+c=0 should 
rej>x> 0 Qeiii> two Straight Lines, The necessary and sufficient 


<^<^ixclifclon that tlio ociuation 

«a )®4 'i.hxy 4 hif 4 2gx 4 2fy 4 e =0 .( 1 ) 

stiould ropreaont two straight lines is that 

aho 4 2fgh - af ® - bg® - ch®=0.(2) 

(i) ttH= 0 , instead of equation ( 1 ) we may con- 
si<dor hho equation 

f(,®a;®4 ^ahxy 4 ahy^ 4 2«(f/aj4 2a/^ 4ac = 0; .(3) 


^or> (3) may ho derived from (1) by multiplying both sides 
of (1) by and (1) from (3) by dividing both sides of (3) 
hy cCt since a=hO. 

Ii"i' om (3), wo have 

a®a:® 4 ^(.thxy 4 "^.ayx = — aby^ •— 2afy — aa. 

-A-cld /t”'i/“ 42 ^% 4 i/’^ to both sides in order tliat the left 
siclo may bo the scpiavo of ax-}-hy+(^y then 

-4 /fc®2/® 4^* 4 ^cthxy 4 "^.agx 4 2^/% 

=- at) 2 /® 4 2 (yh - af) 2 / 4 (/ - ao), 

fclmb is, 

(aaj -4 hy ■^gf-{{h^-aJ))y^+^gh~af)y-\-(cf~- ac)) =0. (4.) 

ISTow (/t®—at) 2 /® 42 (f//t —a/')y4(f/®~ac) is a perfect 
srjxiai'o as regards y (that is, is the .square of an expression 
of -fclio first degree in y) 
i f 4){gh - aff =4(/t®— ah) (f/® - m\ 

wlxicli reduces to 

(j^ho 4 2 a/] 7 /t ~ a®/® — ahg^ -* ac/t®=0 
or, ainco a=l=0, to 

aho 4 2 //// 1 —a/®— hg^ —c/t®=0. 

Tliia is the condition that the left-hand expression of (4) 
ceLrin bo factoi'i,sofl* Hence it is the condition that equation 
(X) Bliould ropresout two straight lmc,s. Since the stops of 
blio avg^nment are I'evorsiblo, the condition is both necessary 
aitrcl anfHciont. 


O.A.G. 
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(ii) If a = 0 and &=|=0, by mterclianging tx and h, and 
03 and y> we see that the same condition holds, 


(iii) If (X —0 and h~0, but /t=|=0, then (1) becomes 

2hKy + 2fjx + 2fy + c = 0 
•/* 

01 - 

sineo /t=|=0. 

(Since the left-hand must factorise, there must be numbers, 
p and q sa5^ sucli that 

/* 

xy+X 7/ + ~ (r« d-p) {y-\-q) 


that is, such that 


Hence 


= 031/+ (/.'c-1-^52/4-M, 


a f G 

Tr^> 
^^0 X 

2h h h 


or 2f(jh — oh^ = 0. 

Hut this is what (2) becomes when a. = 0 and Z) = 0, 

Hence condition (2) still holds. 

(iv) If a=0, Z) = 0, /t=0, equation (1) becomes linear in 
03 and y, and therefore drops out of the discussion. 


41. The Equation ax®d-2hxyd-by^ —0. Equation (1) of tlio 
preceding section, when // —0,/~0, e = 0, takes the form 

auy^ d- 2hxy -h hy^ ^ 0, 

which is of special intcroBt. ddiis ctj^uation always roprosonta 
two straight linos through the origin; if is positive 

the lines can be graphed and are real, if li^ — ab is negative 
the lines cannot bo graphed and are imaginary, if Iv^—ah 
is zero the two linos consist of the same lino twice over, 

For oxainplo, the equation 

can bo written in the form 

(3.r - 2//) (.r 4- 3?y) >= 0, 


d) 
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and thorefovo ropi’csoiita Uio Uvo linos 

3.V - 2^=0 and -H Zy =0, 

that is, tlio linos through bho origin of grudionts j| and --J. 

Tho equation . 

can ho written in tho form 


( l+zV3 \( ,1-W.3 \ ^ 


_ 2 -VV" 2 

wlioro i=V-l, and thoroforo roprosonts tho two linos 


.r-[- 




y=0 and .y-t- 


l-zVa 


2 ^ .. 2 

thcso aro two imaginary linos through tho origin. 

Tho equation 4.r“+12a7/-l-9y'‘=0 . 

can bo written in tho form 

{%.v H- 3;/) (2.1?+3?/) ~ 0, 
and thoroforo roprosonts tho lino 

2.r-t-.3ys=t0, twice. 


y=0; 


( 2 ) 


.(3) 


If tho equation aa5‘^+2/ta;i/ + hiy2=0 

represents the two linc.s througli tho origin of gradients 
and then tho linos aro 

y —=0 and y — m.p =0. 

Tlieso aro both roprosontod by 



(i/-mi(w)(i/~maftO«0, 


that is, 

'?/*—(mj^ H- -1- =0. 

.(I) 

Rut 

-f Ifixy d- Inf "=0 


can bo written in tho form 


r 

. 

.(11) 


Honco (I) and (II) must bo tho same equation, Thoroforo 


+Wg ~ — y and ~ .(Ill) 

Tlioso relations aro important, as tho following exorcises 
will show. 


( 
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Ex. 1. Eincl tlio condition that Ujo two linos ropt'Qsont(!d ]>y tlie 
equation ax^-\-9,kvi/-\-hy^—Q> hiay bo porpondicnlar to nno anotlioi*. 

Lot tlio gradients of tlio linos be and 

Then either Wi— ~ — or nu- 

‘ wij 

that is, +1 0. 

Honeo, from (III), |H'1=0 

or ct'|-&=sO. 

Since the stops are rovei’siblo, tho condition is gufTioiont as woU as 
nocossary. 


Ex. 2, Find tho condition that tho gradient of one of tho linos 
ronrosontod by should bo double that of tho other. 

Lot tho gradients bo and 7?i3. 

Then either or ?}i3~2?7i|, 


that is, 
Therefore 
or 
or 


7>ii-2??ia=0 or ?« 3 “ 2 ?>i^= 0 . 

(wii - - 27 >Ii) = 0, 

9»i,ma - 2(^^^^+7«3)2=0, 


or, by (Til), 


b IX 


or 8/i^=a9«&. 

Since the steps are revovsiblo, the condition is suHiciont as well us 
nocossary. 


Ex, 3. Provo that the condition that tho gradient of one of tho 
linos represented by a,7!^T2/uy+Z>jX=0 should bo tho square of tho 
grndiont of tho other is that a&(aq-i)=GaiiA-8/X Is tho condition 
suHioiont 1 


Ex. 4. Find tho nocossary and aufTiciont condition that of tho linos 
represented by a.r'‘+2/i,vyH'/7y~0, twice the gradient of one with 
thrieo tho gracliont of tlio other should ociual b. 

Ex. 6. Find tho nocossary and suiTiciont condition that one of tho 
linos ax^+2/uv^+hi/^=Q sliould coincide witli one of tho linos 
aVH' 2/i'.ry+==< 0. 

Ex. 6, Provo that tho equation 

Qx^ +B.iv/ ^ ~ 0 

represents tho parallels through tho origin to tho linos 
6a’^ 4' G.ry - 4?y^ - 7a’+9y/ ~ 6 =a 0, 

Ex. 7. Find tho equations of tho parallols through tlio origin to 
tho linos -j- 2 ■= 0, 
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R. Provo tlial- Gio pair of linos 

— 2 A,try -1- a ?/=q 

o porponclicultirs blirongh tho origin to Uio pair of lines 
flA ’®+2kvi/ -h hi/'^= 0. 

0. TTinil tlio oquations of (i) tlio parallols, (ii) tlio perpendiculars 
gli tho origin to tho lines roprosontcd hy 

aA-® -h 2/av/ -j- -I- -I- c=0. 


. Angle between the Lines ax®+2hxy+hy^=0. Let the 
lines roprcaontocl by 

ax^ -f 2Jixy + hy^ ~ 0 

.(1) and y~m^ .(2); 

.(3) and .(4), 

quation (in)o{§4l. 

3t 0 bo tho angle botwoon lines (1) and (2); then, by § 36, 


.(®) 


ub (Wi - W2)" - ('nti+—4mjm2 


4/t^ 4ct 4(/t®-a6) „ /o\ /a\ 


hcroforo 
dao, from (4), 
lonco. 


6« 
2n/F 


■ab 


Wi-W2-±’-J 

l+miW2=l+^==^. 

a-f6 
2/h'^~ah 


. bboi'oHoro, by (6), tan 0=—^;qr^ 

ho ambiguity in sign bo dropped. 

!lou. Tho linos are porpondicular ii! ad-6 = 0. 


iX. 1. 

m by 
k of Tables. 


Eind the tangent of tho nento angle botwoon tho lines 
tho oqnatiou 3 a’®— 10.i!;f/-h3,y®“«0. Find tho angle from a 







86 


ANALYTICAL GEOMETRY. 


frU VI. 


Ex, 2. Provo that tho anglo between the pair of linos 
- 7.^ y +4?/“*=0 

is equal to tho anglo botweon tho pair 


Ex. 3. Provo that tho angle between tho pair of Hik'k .1 In 

tho equation 2.i;2-r).wy-3?/+,v.|.ily-G=!0 is equal U» I In- 
between tho pair specified Uy 2a*'’-r).c^-3;/=o. 


Ex. 4. If cuv'^ +2/w;?/ + ft;/ -I- 2ff.v +2j^ -I- o=0 
straight lines inclined at an anglo 0, prove that 

tan 6~ -r?—• 

a+b 


I’oprosontH a pan . .f 


Ex. C. If Qx^ -11 .V}/ -10;/® ” 19^+ 0 =0 represents two k I. ni ig) ti 1 11 ■‘‘•■a.., 
find tho equations of the linos and tho tan gout of the anglo 
them. 


43. The Bisectors of the Angles between the Iiinofli 
ax®+2hxy+by®=0. 

Lot tlio lines roprosented by tho equation 
ax^ + 2 hxy -f =: 0 

bo y~m-jX =0 and y-on^—Ot 

so that mi+m2== —^h/b and mj^\=alb, by (III) nf .5 U. 
Lot mi=tan0i and m2=tan02* 

Then if tan 6 is tho gradient of a bisector, wo iiiity w-rsH# 
tan 20 ” tan (0^ H- 6 ,,); 

thoroforo. 

1—tan®0 J. — tan 0^ tan 02 

_ Wj+ m2 __ •- 2 /b/h _ 2 h 
~ 1 ” m^m.2 ~ .1 — a/6 ~ it—6' 

Honco (a ~ 6) tan 0=/t (I — tan®0) 

or h tan®0+(a—6) tan 0—A =» 0.< H 

If tho oquations of tho biscctons aro 

?/-%fl5=0 and y—n^i^O .. , 

and roots of (1), so that 

7?'i+')i2” and 
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But, from (2), fche equation oi! the ‘bisectors is 

or if - i- =0. 

Hence, from (3), tlio o(iuation of the bisectors becomes 

lia? '-{a’-‘h)xy—hy ^= 0 , 
x^—y^ xy 

ft—6 /t ’ 


or 

or 


Ex. 1. If (.r, ?/) iR a point on n biuootop of the angles between 
y-miX—O and y-?H 2 .r= 0 , show that 

(.y ~ _ (y ~ 

!+»«/ ” * 

and deduce the equation of the bisectors of the angles between the 
lino-pair a,%^ 4- 2kvy+hf =0. 

Ex 2. If 7a is the gradient of a biRcctov of the angles formed by 
the lines y-m\X=-0 and 2 f-»J 2 >Vs= 0 , show that 

m-taj_ Di j-m 

l-|-7rt7n3’ 

and deduce the equation of tho bisectors of the angles between the 
lino-pair +2/m/ -I- ft?/®« 0. 


44. Harmonic Ranges, 
an axis such that 


If A, Ji, Oy I) are four points on 
AQ_ An 

.^ ^ 


that is, such that AB is divided intornally and externally 
in the same ratio at 0 and D (Fig. 32), then AB is said to 

~t t B b ^ . 

no. 32. 


bo divided harmonically at 0 and JX Equation (1) may 
also bo wriltou in tho form 

aA_ CB 
AD^ '^BD' 
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so that GD is at tho same time diviclocl harmonically by 
A and B. A, B, G, D form a harmonic range; A OMiX B 
form one pair of conjugate points of tho range, O awA D 
form another pair. We also say that {ABGJ)^ is a liarmoiiio 
range. 

If Ay B, Gy J) ho on an (U-axis, origin 0, and i£ tboir 
abscissae are x^, x^y x^y rc,, respectively, then 

AG ^ 00 OA ^ fl/g 3/]^ j OB ”• {Bg I 
AD=x ^—%; BB » oJg—. 


Hence 


*®2 ^3 ^'2 ‘^‘1 


which may be written in tho form 

(^1+^2) (^3 'b ^*’4) ~ d“ *3*^4).(^) 

Since these 8tep.s are reversible, relations (1) and (2) aro 
equivalent. 

Tho relation (2) has throe important forms as folloWH. 

I. If (ABOB) is a harjiiouio range, and 0 is tho middle 
point of AB, then _ qq , qj)^ 

and conversely. 

Take 0 to he tho origin of tho axis on wliich Ho tlio 
points A, By Gy i). Tlicn wo may put ai,j= —aj or cBj 
in (2), when wo obtain, after division hy 2, 

0=> — 

or a;i®=sft!ga;,|. 

But x,^ = OGy x,^^0B. 

Hence OA'^>=OG,011 


Since tho stops arc roversihlo, tho converse liolds* 
II. If (ABGB) is a harmonic range, then 


_2^ _ :i I 

A iriw^Aiy 

and conversely. 

Take A to ho tho origin of tlio axis on which lio tho 
points. Then wo may put in (siuation (2), whou wo 


obtain 


®2(flJ3+a)4)~2a;3aJ4. 
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8d 


Divido both aides by ; 


tlien 


1 


-h 


1 


1 

x; 


But x.j,=AB, x^=iAG, x,^^AD. 


'Tlierofore 


2 _ 1 :i. 


Since fclio stops are reversible, the converse holds. 

Ill, If the roots of tlio equations 

ax^ + ^hx +c — 0 and a'x^ -h %'x +o' = 0 

are the abscissae of A and B, and G and i), whore {ABOB) 
is a harmonic range, 
then ac'+a'c~26&', 

and conversely. 

1JI 2?) 0 

X 01 ■ ’* ft/YftJo “ ” > 

^ a ^ ^ a 

, 26' c' 

d " ^-1 “ 

Substitute in (2); 



or «o'4-r'o==266'. 

Since the stops aro rovorsiblo, the cOnvorao holds. 


Ex. 1, If {AISGD) ifl a harmonic range and O' bisocls C!/J, prove 
that JiG,]}f)== BA ,jiO'i and convoraoly. 

Ex. 2. If (ABGD) is a harmonic rango, 0 and B tho middio points 
of AB and C7), prove that 

(0 AG, AO^AD, QG\ (ii) AB!^^Oiy^^\00"^\ 

(iii) AB . GD-V^AD . BG^Q ; (iv) GA . GB-V DA . Z>7J=. GJ)\ 

Ex, 3. If {ABGD) is a harmonic rango and P any point on tho lino 
of tho rango, prove that 

(i) PA . BG-VPB . AD-VPG. DBA^PD . C!d -0} 
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4B. PundEimental Theorem. Tlio following theorem is of 
fundamental importance, 

Let {ABGT)) he a harmonic ranfje, and let lines he d/tnwn 
from any foint 0 outside the line of the range to pass 
through A, B, G, 7) (Fig, 33). If any line A'B'G'u he 
draiun to cut OA, OB, OG, 01) in A \ B\ G\ B' respectively, 
then {A'B'G'])') is also a hoA'monic range. 



Through G and O' draw X.GY and X'G'Y' parallel to OB 
to meet OA and OB in X and Y, and X' and F 
respectively. 


Tlion 


AG_ AD 
GB"^ Dir 


since {ABOD) is a harmonic range; 

therefore . 

AD DB 

But AG^XG 

But AlirOD' 

since triangles AGX, ADO are similar, 


.(11 
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and 


OB_7a 

Dir oiy 


since triangles CBY, DUO are similar. 
Substituting those values in (1), wo obtain 


xa _ YG, 
OJ)~ OB' 


thoroforo XO^ - YG. 

Honco 0 is the middle point of Y.(2) 


^ . ax 00 , YO 00 , • M j • 1 

But 7yv7 = 7rn7 and n?r/> li’om similar triangles. 

U A. Uly 1 0 UU 


Thoroforo 


OX _ YO . 
G’X'~rG'' 


hence G'X'^ YO', since ObY= YO, by (2). 

We may now reverse the stops from (2) to (1), using 
dashed letters, whence wo obtain 

irir" jyB'" 

or {A'B'O'])') is a liarmonic range. 


46. Harmonic Poncils. If four straight lines OA, OB, 
00, OJ) are drawn from a point 0 to four points A, B, 0, .D, 
which are such that {ABOD) is a harmonic range, tho 
four lines, called my a, form a harmonio lumcAl ; and if any 
lino, called a Imnwmrml, ho drawn to moot the rays, tho 
four points of intor.section witli the rays form a liarmonic 
range, by tho theorem of 413. 0{AB0B) is called a 

harmonic pencil; OA. and OB i'orra one pair of donjitrjalo 
rays, 00 and OD the other pair. Certain forms of tho 
Gauations of the rays of a harmonic pencil are important; 
those wo proceed to investigate. 

I. Tho lines yrs'j^hK are harmonically eonjiigatei with 
rospcct to the lines a; = 0 and y^O for any value of h 
Consider tho four linos 

(i), (ii), a)=0 (hi), i/~0 (iv). 
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On (i) take a point A{x^f yi)', through A draw a lino to 
moot (iii) in G and (iv) in D. Mark on tlio lino tho point 
B(x 2 , y^), the harmonic conjugate ot A with respect to 
G and D. 


Then 


AG AD 


so that G is tho point 

\ m-\-n ’ m-\-n ) 

and D is the point 

/ 7n<»g—m?/g-'?ii/A 

V ’ m — n / 

It remains to show that B lies on (ii). 

(J lies on (lu), thoroioro —or —- = 
^ ^ TO + 'H Oh 


■t- -w 


D lies on (iv), thoroforo = 0 or ~ ^ 

' TO —n y^ 

Hence, Irora (v) and (vi), 


.(Vi) 


or 

^2 2/2 ^2 

But ~~h, since A lies on (i); thoroioro 

or 1 / 2 = -/(U) 2 , 

•"2 

that is, B lies on (ii). 

Tho proof does not assume tl\at the axes are rectangular, 
so that wo have at tho same time an analytical proof of 
tho Fundamental Theorem, If tho axes are rectangular, 
there is an easy geometrical proof depending on Hue, VI. 8, 
whicli is loft to tlio reader. 


II. llho lines aa) -1- hy +c = d: + h'y -h o') fire harmoni* 

cally conjugate witli respect to tlio linos' 

axA-hy-ho^O and a*x 4- h'y + 0 ' = 0, 
for any valuo of L 
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Considor tlie four liucM 

ate++c = k{(t'x + l/y -f o'),.(i) 

(ix-^hy-^-G^ ~k{a'o} + h'y + o'),.(ii) 

a{c-\~hy + o = 0, .(iii) a'(c -f -f o' = 0.(i v) 

On (i) take a point ?/i) P- ^0)3 through A 

draw a lino to moot (iii) in 0 and (iv) in .D. Mark on the 
lino ilio point wiiicli in tho liaruionio conjugaio of 

A with respect to G and JX 

rn]_„ AO Al) m 

ihon ■ 

and thoroforo tho coordinates of 0 and D have tho smno 
form as in Case I 

It remains to show that B lies on (ii), 

0 lies on (hi); thoroforo 

hjmy^ -jrny j) ^ 

01 ax.^-^by^-\-d .' 

D lies on (iv); thoroforo 

a'jom ^~ '^^i) , -ny{) ^ 

m—'Jt on—01 ' 

on + h'y^Ad 

n “"a,'t%+6'2/2+V. 

Honco, from (v) and (vi), 

(.iXr\A>yi~\-o 

atv^ -f’ /h/jj+ 0^” 7i'x ^+ b% + o' 

tt'Xi’T'b'y^'^'C co'XoAto'y^'^ o' 

] 3 iit ji lios on (i); thoroforo 

that is, B lies on (ii). 


that is, 


that is, 


..(vi) 
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Note that thia is also an analytical proof of tlus t* 
mental Theorem. 

III. The lines 

= (i) and (ii), 

are harmonically conjuj^ate with respect to the lincM 
a'x'^-\-^h'xy~\-l/y‘^^0, (iii) and (iv), 
if fi?/+a7;5=2/i/t''. 

Let the transvoiml ?/ = l moot the linos (i) ami < *'* 
points denoted by their abscissan and ir.,, mid (Ii*" 

(iii) and (iv) in and (l^ig. Then (i), (ii), (i i i ’ ''J 



form a harmonic pencil if (rrja’.,£W„a;_,) is a harmonic 
Biitaji and X 2 arc the roots of ux^~\-^2hx-^}> = {); and ir!».n*i 
are the roots a'x'^-{'2h'x+h'^i). M'liorufoni (;»•,./>^ W 
a harmonic range if ah' + a'h = 2/i/t', by Si 44, Tft, 

The method of proof nscd in I and II may Lie usi^il lir*r«^ 
also, and is loft as an exorcise t(J tlie reader. 


BXERO.TSBS XIII. 

I. If fcho lino joining ?/,) and y^) moot tl 10 line 

in C, prove that I' ^"6 d: f, 

CJi tuiYi-byybo 



UUiNdUWATlli J^AiKS Ul*' ijlJNJitt. »0 

2. If ft tmnavoraiil DJUP moot tl>o sicTos BC., C'yl, AB of triangle 
ABC in i), A’, i''roapectivoly, prove that 

m GE A^__. 
jJO'EA'im~ 

and conversely (Menelaua’s Thooreni). 

3. If tlio line joining and 7 J(.t’ 2 , bo cut in G by the 

lino joining (.T 3 , y^ and (a-j, y^), prove that 

Uli “ *4y3+-‘^4.'/3 - 

4. Tf tlm lines joining the vortices A, B, G of triangle ABG to any 

point B meet the opposite sides BG, GA, AB respectively in J), E, 
prove that jjd gjc AE 

DO' jsA' Fir 

and couvorsoly (Ceva’B Theorem). 

5. {ABGD) is a harmonic range on the .r-axia, Tlio abscissae of 
A and are the roots of tho ocj nation —0 and tho abscissa 
of <7 is — 1 5 lind tho abscissa of D, 

6 . Tho points on tho .v-axis denoted by .v‘^+3.r-2~0 are harmoni¬ 
cally conjugate with respect to tho pair denoted by 5 

find tho value of q. 

7. The points 1\ Q are harmonic conjugates with rospoot to tho 

points .r.=4 and and also with respect to .ra=:-5, 

wlioro all the points lie on tho .r-axis; find tho abscissae of P and Q. 

8 . Tho throe pairs of points .v ~2 and .v—0 ; .^=3 and .r=4 ; 
,v~ -1 and x=k have a common segment of harmonic section ; find the 
value of 

9. Provo that tlio pair of points denoted by 

(«.v 'I' b){b'x -h o')=(ft'.v-l- b')(bx +c) 

is harmonically conjugate Avith roajioct to both pairs of points 
denoted by o.^•®+ 2^».^’^-^(=0 and 

10. If tho points .r,, .Vj, .r,( on tho .«-axia form a harmonic range, 

so do the points ;/i, y,,' on tho y-axis, whore 

^ __a^+b 
c.v~\~d' 

11. Provo that tho lines 

2.^2 - 2.vy ~ //‘^= 0 and x ^+3.iy -y^—Q 
form a harmonic poncil. 

12. Tlio linos 

fw® - xy “ y®» 0 and 4.v® - 1 - kxij - 3y ®=0 
form a harmonic poncil; find jh. 
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13. Tho equations of tlu’oo rays of a harmonic pencil aro 

2.v-2/+3a=sO, 3.a;“4,y + 7=s0, .«-y-|'2=0 5 

find tho equation of tho fourth ray, the first two rays being conjugate 
rays. 

14. Provo that tho four linos 

O.t; ” 2y+1 =0, ii?+2y - 4 "0, 

13a’ -10//+11 «:0, Mx- 2// - f)« 0 
form a harmonic pencil. 

15. Tho linos //—jmj.v and aro harmonically conjugate with 

respoot to and ?/=wi.j.r, if 


y^t - ffla Wj-ffla 
mg-Wa'yn,-m4 


16, Tho linos y=m^ and aro harmonically conjugate with 

respect to tho linos ow;2+2/w;y+6//2=0, if 

a -h A(W|+yJia)^ =0. 

17. liy~ Wi.r, y = y =y» 3 .r, y =form a harmonie ponci 1, so do 


where 


//=7iia’, y=n.^\ y=%r, y^'ihx, 




18. If one pair of conjugate I'ays of a harmonic pencil aro at right 
angles, they aro tlio bisectors of the angles formed by tho uthur pair, 
and conversely. 


47. Three or More Linos through the Origin. 

Lot 1 / “* mi®=0 (1), -y —mg®=0 (2), y —mg® = 0 (8) 
bo tliroo linos through tho origin. Then tho equation 

{y - m^x){y - 'm^){y - 4%®)=0.f4) 

ropresonts tho linos (1), (2), (3). 

If (4) bo oxpanclod, it takes tho form 
?y® -* (mj+m, -I- mg)i/®®++mgmi+ 

—mim2m8®®«0, 

This is of tho form 

a®'’ -f- bx^y + oxy^ + dy ^» 0,...(0) 
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fchttfc (5) rcpyoaonis tlireo slmight Hne.s tl>rono-h the 
of gmdionfca on,, on„ wliero ^ 

->^1 -f'??? 2+7n3 = - ^; on^on^i ++ on^on ,=- ; 

ct 

m^on,on,== . 

the orpiatiou 

ax^ + hic^y -f cx-y’^^ + dxoj^ -J- ey *=o 

vei:>i-’0.sontHfour atraighl lines fclirougl] tl.o origin; and so on. 

JiJx. 1. l-‘’ind tho coucliUon Unit t\Yo of fclio throe lines 
a.r*> H- b.x^y -j- =0 

slioxild i>o at right an^le.s. 

.IjC 3 t» the gi’iulionls of tlio lino.s bo w,, vii, 

Oithoi- a + »<,»,)»0 )=o „.. (l+„.,,„,i=o 

a-l.oi'ofo™ (l+»l,».,)(l+»w,,)(!+«,,„,)=o, 

blioi'oJfoi’O, by (0) above, 

1 , & , « c «3 ^ 

'+S+S'<7+yi”“ 

**•' «®+rtcH-M+c^2=o. 

Mi'diiioii is aufflcioiifc as wall as 

»o ociiiiil to tlio proflnot of tho other two. 

-Tt/X. *}. If tlio gracliont of ono of tho lliroo linos, 

1/ ~ p^7/lv -|-p2.y.r^ -P3.^■3« 0 
o oqiKil to tho aum of tho other two, provo that 

ncl hIiow that blio condition is sudiciont. 

JKx, «J. If tho gradioiita of tho four lino.s spociflod by tlio equation 

?/'* "•^>i?y'*-V'l'?Ja?Ar3 - -l-p.j.f'=0 

i aotl provo that this condition 

o.A.a. (( 
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48, Change of Origin. Let X'OX> FOFbn a 
svsfcem of reference, and lot ifw) ho o<o»( I ' 

angular system of reforonco, the aj- and ^-axfK 
parallel and the and y-axes also parallel (hV fL'* >- 
^ Let (o), 1/) be the coordinates of a point 
X'OX, T'OY; let (£, v) bo coordinates of I* 
to j/wy; lot {h, h) bo the coordinates of (o 
X'OX, TOY; 


then X = ^+li and y = y + k. 

Proof. Let y'wy meet X'OX in If and U^b M/\ 
the ordinates of P referred to tho two sy.stcnim, At 
X'OX and N on ^'co^. 



.V 

V‘ 


P 



0} 

1 

N 


X' 0 

H 

y ' 

M X 


Pia. SB. 


Then 0 =OAI = OH + HAT = OH +=; A ^ r.v.i ^ ^ <li 
y = il/P = j)fiV+ HP = Hu> 4- HP ==: h 4- ,/ ^ 


For examnlo, if tlio biaootor of Uio aiiglo bo rofermrl t,«i# iwsfrf.lsth 
axes through (2,1), its equation rofovrod to tlio now axen ^ 

For ?/=.'« (i) is its equation roferrod to tlio first axes ; put 
^=^H-/i=^+2 and y<=y-t-it«'y-hl 
in (i); then we obtain 

ij+1 = ^-I-2 or 

as the equo.tion of tho lino roforrod to the now axon. 
yonfied from a figure. 
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^ 48, 'iOl CHANGE OF OKIGIN AND AXES. 

49 , Eotatlon of Axes. It is sometimes useful to change 
fuon'i one sysiein of rectangular axes of reference to 
^i^other formed by rotating the old axes tlirougli an angle; 
\vo proe(!ed to /iud the formulae nocessary for the trans- 
jloi'ination of equations. 

ihjot i'O^, j/Ot] bo rectangular axes obtained by rotating 
roetangnlar axes X'OX, y'03^ tbrough an angle d 
{y’iK* i coordinates of a point 

P i*eforr(!d to ilio two Hystonis. 

tl.'i mn X = ^ cos 0 — sin 0, 

' y=^sm 0+^/003 0. 



Fig. ad. 


luot iOF^i/y. 

Then «;=OPcoa(0-|-0) 

~ Oi^(coH 0CO8 0-sm Osin r/i) 

={0F cos f />). cos 0 - (OP sill 0). sin 6 
K^cos0 —j;sin 0. 

Also y— OP Bin (0+^^) 

~ OP (sin 0 cos (/>+cos 0 sin 0) 

= (OPcos r/j) .sin 0 +(OPsill .cos 0 
= ^sm0H->/cos 0, 
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Vf. 


[■(til. 

Ex, L What is tho equation of Lho lino 2.r-3?/w=d (j) *■** 

parallel axes and ■q'T) drawn tlu'ougli llio point (-1, -3) 
to the w and ^-axea 1 

Put and i/=7;-}.X’=s 9^-3 in o(jimUnji (i). Wo 

2 (^^ 3 )_ 3 ( 7 j-. 3 )=c 5 or 2^~3rj+2«0 as the (equation of lino (i), 
referred to tho i- and tj-axos. 

Ex. 2, Find tho (equation of tho lino 3,v~2,}/=ir) rofori'oil |.t) 
axes and tj't? through tho point (1, - 1) roforrod to tho old nK^^'r*' 

Proceeding as in Ex. 1^ wo obtain aa Lho equation 

S(^+l)-2(tj-l)==r) or 3^=37;.(»•) 

It appears that tho lino passes ihrougl) tlio now orif(in, «« {(• 
since 1) lies on Since lho gradiout in oaoli »»* 

3/2, it 'is clear that equation' (ii) is correct. 


BXEEOISES XIV. 


1, The two lines 3.'r--4t/'l-2=«0 and A’-?/-!-! i^O, whon l«:t 

parallel axes and avo voprosoulod tho crjuntionH »J »/ **»»»! 

I'^spectively, ITind tho coordinates of tho now origin rt'h^n *'>*1 
tho a' and y-axos, 

2. The linos (.r ~ y+2) (ai q- 4) =? 0, 

when referred to parallel axes througlr tho point (/(, X;), are rojipi 
by tho equation 
Find A and A, 


3. Provo that the parallels thi’ough tho origin to lho Hik'-h 

2.7?®+d.ty - 3y- 3.r 5^ - 2 « 0 
ai’O the lines 2,r^ -b B.i/y ~ 0. 

4, Find the equation of tho parallels through tho origin to 1,1 1 *' I 

+2A.'i>j/+ by^ + ^2ff.v ■)* ^/}/ -I- c» 0. 

6. If 0 is tho angle betw(ion tho linos 


cc.v^^hxy +6?/8+ 2gx q- 2/}/ q • OBbO; 
prove that tan $ * 2\/A^- ahj{(i q- 1), 

Provo also that the lines aro porpendicular if rt-i-hcaO. 

6. Provo that tho equation 

«(a’ ~ pf’V U{x - p)(?/ - p) + h(y - p)« «w0 
represents two straight linos passing tlnoiigji tho point (;>, p). 

f. Prove that any pair of porpendicular linos through thw 
\P\ ?) can he ropresontocl by tho oquation 

(.r - pf -b 2 A(^ ^p) { 2 i^q)-{y^ qyx ^ 0, 
where h is a varying constant (pai’anjolor), 
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If suul) a pair intorsoct ilio .r-axis in A and d', and the ;/'axifl in 
B and B\ prove that 

(i) OA . OA’-p{OAA-OA')+p'^+q^^Q, 

(ii) OA,OA'lOB.OB’=^~'i, 

8. If tlio lino-pair 

-f 2hxi/ -p ^ 2(/x +2/^+c=0 ...(i) 

bo rofoiTod to parallel axes Ihronjjfh (p, q) ho that their equation takes 
the form 

find p and q in terms of the cooflieionts of (i), 

9. Parallels to the lines 

(uv^ 2/<.v// H-=0 

are drawn through the point (p, q) ; find the equation of the bisocLors 
of tlio angles formed Iiy the parallels. If porpondieulars are drawn 
instead of parallels, Had the equation of tho bisectors of the angles 
BO formed. 

10. If a given lino bo ref erred to parallel axes through any point 
on a lino parallel t«i the given lino, then tlio now oquabiou of the line 
is of the same form wiiatover be tho position of tho origin on tho 
parallel lino. 

11 . Pind tho oqiialion, referred back to tho .r- and ^^-axos, of 

a straight lino wlioso e{pniLi(m referred to parallel axes and pl'q 
through tlio point //=-2 is = 

12 . Tln’ough tho ])oint ^=^-1 are drawn and p-axoa 

paraiioJ to the v- imdp-axos. Tho equation of a lino-pair roforrod to 
tho and ^j-axos is 

45'-h‘l^7“V“2^H-iip-3 = 0. 

What is tho equation of the lino-pair referred to tho x- and 2 ^-axos ? 

13. Pind what tho ccpuition 2.i'-y'|*3=0 becomes when tho axon 
are turned throtigh -ID’', 

14. .Pind what the equation 

-/~2V2 .v- I0 ^/2p-l-2«=0 
bocoinoa if the axes are turned through 45". 

15. Transform tho equation 

to an 0 (piation roforrod to axes wliich bisect tho angles botwoon tho 
original axes, 

16. Transform tho oquatipn to another sot of roctangnlai' 

axes wliich liavo revolved in a negative direction through an anglo 

j from tho given axes. 
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. 17, Transform the equation 

{a? + +f) +2(a2 - h^)x ^= 

to axes bisecting the angles formed by tho original axes, and 
it to its simplest form, 

18, Transform tho equation a-®-25;»/cotSm.by turiiitij.; i Ik^ 

axes through an angle and thence graph tho ociuation, 

19, Transform the equation 

-»/ - 4 v/2.r - 8 ^/2)/+4 0 

by turning tho ejces through 46“ and then moving tUo origin It* * 
point (-2, -6) rofeiTod to tho axoH so turned. Show that tlm 
tion then becomes ^}j = 14, and thonco graph the given equation, 

20, If tho expression 

+2/w‘y -h +217.1? -1- 2/)/ -1- 0 

be transformed, by turning tho axes 40) through an anghi (}, ii*l« 
the expression 

+2A'^>j+ b'lf+ 2/^+2 f'l) d- 
prove that a'==acos2i)+2AMin flees O-phsin-fl, 
sm®(?- 2/i sin 0 cos 0-\~ h cos'^f?, 

—«)sin flcoH fld'A(<’.os®(? —nin‘‘^(l), 
and then show that a-\-h~a' -I- h\ ah - A^ «'// ~ J>!'\ 
whatever bo the anglo 0, 

21, If 7.t’®+4.v^+4y‘* becomes a'^“-l-fAy^ by rotation of tlm 
show that a'=8, 6'=.^ or a'=3, 

If bocomos hIiow tliat a^^O, // - T m 

a = -7, 6=6. 

22, If the axes are turned through 45", show tliiil tho equali«»i» 

becomes 3f (.^2.«+2^)=3^/2. 
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GHAPTEH VIl. 

THE CIRCLE. 

BO. Equation of a Circle. A circle ia specified when wo 
know the po.sition of fclio centre and the length of the 
radius. 

Let axes X'OX, y'OFho drawn, and scale-units fixed. 



Fia, 87, 


I. Suppose the origin 0 is the centre of tlio circle. 
Lot radius of circle. 
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|Vli. 

Let P{h, h) bo a point on the circle (l^iy. ^7), iM t. I'O 
projection of P on X^OX. 

Then Qi\P+MP^^0P% 

that is, 

Writing x for h and y for k to intlicato a varial)l<i ]»< 
on the circle, wo got 

x2 + y2 = r^ 

as the equation of the cii'clo. 

II. Suppose 0, the origin, is not the centre of tho <'ii*«*l*** 
Then the centre of the circle, as well as tho rmliuM, 
he specilied. 



lOfl. 38, 


Let (a, h) bo the coordinates of tho centre. 
Lot r=radius of circle. 

Lot P(/t, h) be any point on tho circle. 




















^60] EQUATION OF A CIRCLTD. lOD 

Wo have to translate the defining property of a circle 
into an equation connecting h and h with tho constants 
et, by r which specify tho circle. 

Lot G bo the centre of tho circle. 

Lot H, M (Fig, 38) bo tho projections of 0, P on X'OX 
Lot the parallel to X'OX througli 0 moot J\fP in W. 


Then 0E==a. HG^hy Oilf-//, JlfP-k 

Honco GN=^mi = 0M-0H^li-a\ .(1) 

and NP = MP ^MN^MP--IIG^k-h .(2) 


But tlio defining property of tho circle gives tho equation 

GF^^vK 

Thoroforo GN^ + NP^ = r\ 

or (/fc — +(/(;—6)2=by (1) and (2). 

Writing for h and ij for h to ropresont a variable point 
on tho circle, we gob 

(f»-.a)2+(2/~6)2=r2 

If then a sy.stoin of rectangular axes bo chosen, so that a 
circle, radius r, has its contro at the point (ft, 6), tho circle 
can bo represented by tho e(|uation 

(x-a)2-l-(y-b)2=r2. 

If (ft)—a)2, (y —6)2 bo expanded, wo shall obtain an 
equation containing terms in ft), y and an ab.Holnto 

term; hut the eoe(JiGientft of and y^ ^viLl he equal, and 
the ecniaUon wili contain no ieimi in xy. Hence a circle, 
specified witli reforenco to rectangular axes, can be ropro- 
sonted by equations of tho throe forms, 

(x—a)2+(y—b)2= 
x8 q-y2 4-2gx “P 2fy-h c — 0, 

Ax2 q- Ay2 q> 2Glx q- 2ry 40 = 0. 

Ex. 1, iriiul tho equations of tho circloa apocifiod aa followa: 

(i) contro (0, 0); radina 2. 

,^3s=! hocom CH -I'.y®='!■. 

(ii) contro (0, 0); radina 4. (iii) contro (0, 0) j radiuB D, 





106 


ANALYTICAL GEOMETRY. 


[VAU Vfl 


(iv) centre (-3, 1); radius 2. 

(x-af+(2/- ® becomes (.r+3)®+(y - 1 )®=- 2 ^, 

that is, a; 2 + 7 /a+av- 2 y + 6 - 0 . 

(v) centre (-2, 2); radius 2. (vi) centre (2, 1); radiuH 3. 

(vii) centre ( 0 , 1 ) j radius 1 . (viii) centre ( 0 , - 1 ) j radius S. 

(ix) centre (2, 0) j radius 3. (x) centre (-3, 0) j radiuH f*. 

(xi) centre (2, -3) j radius 1. (xii) centre (-3, 4) 3 radius 

(xiii) centre( 2 , " 0 ; I’adius-^. (xiv) centre( — fj, radin*^ 

Ex. 2. Eind the equation of the circle whoso centre is the 
and which passes through the point (3, 4). 

Ex. 3. Eind the equation of the circle whose centre is the iM^i***- 
_ 1 ) and which passes through the point (- 10 , 11 ). 


Ex. 4. Eind the equation of the circle whoso eontro is the 
( 1 , —1) and which passes through the point (0,14). 


Ex. 6 . Eind the points in which the circle, centre (2, —3), ruili'*** 
cuts the A’-axis. 


Ex. 6 . Eind the points in which the cii’clo, eontro (5,1), 
cuts the 2 ^-axis. 

Ex, 7. Eind the points in which the circle, eontro (-1, |^), 

2 ^, cuts the lino 31 '+ 1 = 0 . 

Ex. 8. Eind the points in which the circlo, whoso centre is C"* 
and which passes through (—c, 0), meets the lino 


61. The equation +y®+2gx+2fy+ 0 =0 reproBenta a elirel 
The converse of the preceding .section Is tia lollowH j 


Any equation of the form 

+2^35+ 2 / 2 /-fo—O ... - 1 I 

or . 

referred to rectangular axes, roprosoiits a cii’clo. 

For (1) and (2) are equivalent to 

(®+fl')H(2/+/)2-27®+/2-o .< 1 r 


ana 


(?\2 , /]iy 


G 

I’ 


■*» 
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and tUoroCoi’O ruprcHoul circles whose centres are respectively 
C ■~'7j ”“/) ~!z)’ whose radii are respectively 

and JU'^-\-M'‘^-A0jA. 


Ex. 1. 1 1'OVO thiit UiG equation tA +.v3+2.^■ 4- 2^+1 = 0 represents a 
cirelo wliomt wmtro ih the lumil (-1,-1) and wliose radius is 1. 
Colleetiiig the tenns in .r, and the terms in \Ye got 

-}- %v) + (?/H 2;j/) +1 0. 



Corn pie ting tlio Hi|\i(ives, wo have 

{x^ H- 2.r H-1) -I- Q/3 ^ +1) -j-1« g, 
that is, (a’ -h 1)® H- (?/+1)^—1^, 

or dintanoo of (.r, ?/) from (-1, -1) is 1. 

Ilenoo locus of (.v, ,y) is tho circlo contro(-l, -1), radius 1. (See 
Fig. 39.) 




Ex. 3. CIiooso axes and acalo-nnils, and draw Um oirrlna 
by the following equatiouB. Specify tlio centre aiid mdiuM nf 

(i) A-«+y*=4; (ia) I) ^=0 ; 

(iii) a;®~ 2a.'++1=0 ; (i v) (ifl -1- ?/2 ~ x ~ 0// ~ 3 f I j 
(v) a,^2 .V~ 2y sa 2; (vi) 2,r^+2?/'* “ 0.r >- 2//*1-3 v-.- <'► j 

(vii) 2 iJ;®+ 2^2 q, ioa> - Gy -1 = 0 } (vlii) 3.V'' -I- 3/“* - 2.>; -h ‘V/-' (»; 

(ix) 6a.’^++Ba* H- By=8. 

JVofe', (vi) may bo writton in tlio f»n’in (.v-- 1 , w is|^ 
represonts tho circle of Eig. <10. 

Ex. 4. Eiiicl tho equation of tho oirolo doscribod on tho Una 
(-1, ~ 1) and (2, B) jia diameter. ^ 

Let (/i, k) bo a point on tho cirolo (Fig, 41). 












J'AAMPLKS ON OIUCLER. 
o jjji'JuIkhiL of join of (A, i) Lo (-1, -1) ia ji: 
rt griulionl. of join of (/«, to (2, 6) is 



mm\ 

3isiH;33 

HS«3SS»| 
]SS5S8SSS:| 
,i^;SSSSSS!8 

lSi*">***l 
iSH&SSSS 


ilHfilHil 


J'lQ. 41. 


li those linos form an angle in a aoinicircle, or a right angle, 
fore A®-|-X:“-'A-4^'~7 = 0. 

■ito J.', ;/ for A, /: to roprosont a variable point on the circle j 
niuired equation is 

.t?—<)jy=7. 

. Worked ExampleB. Wo shall now work some examples 
10 mode of translating into an analytical equation the 
ilaons that spoci Fy a circle geometrically. 

.1, A and /i aro tho points (2, 0) and (-2, 0) respective!}', 
liable point P moves ho that \ wove that the 

of P IS a circle of radius 2, whoso centre is 0, the point of 
fcion of A If noiti’osb to 7i. 

> {/(, k) bo a jjoint P on the locus (Fig. 42). 

311 A12^(A-2)HA«5 P#:=(A+2)*+A2 
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iMH2/Yi2=22^ i 
(/i-2)2+i"+2(/(+2)2+2^2-23§, 

3A2+^ +4/i = iO 5, 

A2+*2.j..iA=3g, 



Via. *12, 



Wi'iiing .^•, y, for A, h bo denoto a variable poinb on blio Uiciih, wp ja;*"?!’ 
(a-l-f )*+/=*!, 

winch 18 tho equation of the locus, and ropi’esonts a cirolo, riuliii** 
and contra (~ §, 0) or C, 

Ex. 2. If A and B are tho points («, 0) and (6,0), />>«, aii<) /• !«« 
a variable point above tho ar-axis such that angle APB ia -irt'’, ]»» 
that tlio locus of P ia an arc of a circle passing tiu’ough A lunl A. 

Lot P(A, h) bo a point on tho locus. 

The gradient of PA is and tho gradionb of PB ia 7 --^'-,. 

ft-a ' h—O 


Honco, using tho formula tan (§35), 

we have ^ 

h~h h-a , 


h'-h h-~a> 























EXAMPLES OP LOCI. 

Ill 

llioroforo 

k(h —«) - /’(A. — 6) 

(A-^i)(A-a) + i2'=^’ 


that irt, 

— A (a + b )+a 6 + =k(b~ a) 


or 

A®+A'® - A (a + b )+A (a - b) +a6 = 0. 



'Wi’iting .1', y for A, k to indicate tlio Tariable point jP, Tve get 
-1- 2/8 - +ft) -p y (a - &) -p «6 = 0, 

Tho lociiH of P ia thevofoi'o a circle, passing through («, 0) and (6,0). 


I'/X. 3. Xi'ind tlio ocpiiition of the circle which passes through tho 
tlirun points (1, -'I), (X> 'Ot (‘b “2)- 
Jjot tho rwpiircd oipuition bo 

.p 2//.^+2/y d- c=0, 

80 Unit it vonimns to dotormino </,/, o. 

Siuco (1, -1) lies on the circlo, we have 

l + l+ 25 r- 2 /+o =0 

oi‘ 2<7-2 /+o4-2-0.(1) 

Similarly, since (1, 4) and (4, - 2) lie on the circle, 

%+8/+c+17=0 .(2) 

ftnd 8.^-4/+c+20==0.(3) 

(I), (2). (3) are throe aimnltanoous equations in </,/, c. 

Vroui (2) subtract (1); then 

10/+15=«0 or 


h^'oin (3) aubtract (3); Uien 

0 ^-12/4-3=0, 

thah'ia. 6/7-1-18 + 3=0 or 

Qo back to (1) and substibuto . 17 = - 1 ,/'^ - ^ ; tken 
--7 + 3 + o+ 2=0 or e=2. 

Qq back to .ra+?/«+2.(7.K+3/^ + c-0 and substitute /=-'§. 

<3 = 3 ; then tlie roejuired ocpiation is found to ne 

.-t?‘‘*+i/® —Vn/—3^+2=0. 

' T . 5^/2 

Tho centre of tho circle ia (J, §); tbo radius is —g—* 


EXEEOISES XV. 


(2, ~ 1 ), (2,3) and <4, -1) 
of tho contrci 
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2. Find Uio equabioii of tlio circlo wliich pasaos llu’oiigli llio origin 
and makes an inlorcopt 2 on eiicli of tho axes. 

3. Find the equation of the circle which pasaoa blu'oiigli the origin 
and makes intercepts of 2, -0 on tho axes of .v and i/ respoetivoly. 

4. Find tho centvo of tho circle which passes thi'ough tho points 
(2.1), (-2, 6), (-3. 2). 

6. Find tho equation of tho cii’cunicirclo of tho trianglo wlioso 
vertices are (2, -1), (0, — 4), (~1, ~1). 'VVhat is the radius of the 
circle? 

6. Find tho coordinates of the centres of the circles which pass 
through (7, 1) and (9, B) and have a radius 5. 

7. Trace on tho same diagram the loci whoso equations are 

2.»+.?/“3f .r3+2/®t=i2, (a;-2)®+(,y-])2=l. 

Find the two points oonnuon to the three loci. 

8. If A and if are the fixed points (1, 0), (~1, 0) and T’ is a 
variable point (.r, y), bucIi that angle APB is lialf a right angle, jtrove 
that tho equation of tho locus of P is .t’®+y®-2y=;l or 

accoi'ding as P is abovo or ho low the .^•■axi8. JJraw the loci. 

9. A and B are the fixed points (3, 2), (7, -1); find tho equation 
of tho circle dosoribed on AB as diameter. 

lOi Prove that the eqxiatioii of tho eirolo described on tho join of 
i/i) .%) diameter is 

(x ~ xi)(x ~ A \)+(y -yi)(y -y^) =» 0. 

11, If the coordinates of A, 5, P are (a, 0), (6, 0), (a*, y), whore P is 
a variable point such that angle A2*B is oc, prove tlial tlio tavo loci of 
P are given by tho equations 

(x — a)(x - 6) +y® i (a - b)i/ cot a.=0, 
and assign each locus to its equation. Draw tho loci. 

12, A variable point P moves so that tho sum of tho squares of its 
distances from the jjoints (2, 0), (-2, 0) is 18 { prove Unit tho locus 
of P is a circle, centre tho origin, radius 2. Draw the circlo, 

13, A variable point P moves so that ZPA^-\'ZPIP is 10, wlioro 
AfB are the fixed points (I, 0), (-1. 0) rospootivoly} prove that the 
locus of P is a eirolo wlmso centre is at C? in AB, wlioro AG^^AB, 
Draw the oirclo, 

14, A variable point P moves so that PA^-ZPB'^ is 4, whore A, B 
are the points (1, 0), ( -1, 0) respoetivoly j prove that tho locus of P 
is a circle whoso centre is tho point obtained by producing AB its own 
length through B. Draw the eirolo. 
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§63] 

16. By G ave the poinln (1, 0), (-1, 0), (0, 3) I’capectivoly, 
auc! the vaviablo point P inovcM ho that ia 11 j prove 

that the lociia of P is a circle whose contvo is the point (Oj 1). Draw 
the circle. 

16. A variable point P moves so that PAjPB^Sj% whore A and B 
avo the points (- 5, 0) and (B, 0) respeetively ; ])rove that the locus 
of P is tno circle, centre (13, 0), radius 12. Draw the circle. 

17. A point moves so that the square of its diataneo from tho origin 
is twice its ordinato; find tho equation of tho locus of tho point and 
discuss the equation. Draw tho loons. 

18. A point P moves so that the rectnnglo contained by its distances 
from tho linos .r-?/=0 and .v+y«0 is equal to the square of iln 
distance from the line .t’w2 ; fiiut tho equation of tho locus of 7^ and 
discuss the equation. Draw tho locus. 

19. Prove that tho intersect ions of .r-2,i/-l==0 and ii?+;y-2=0 

w ith 2.r+ 1 /- 3=0 and x -~ I=0 lio on tho cirolo - 2.v - y +1 *= 0. 

Draw tho linos and tlio circle. 

20. Provo that tho two linos specified by tbo equation 

(2.r - 1 / +3)(Bi»+32/ - 20)=0 
intersect the two specified by 

(.•i? - 32/-hU)(A’+4?/-l-1)=0 
on tho circle whoso equation is 

+ f) - 63a’ ~ ifiy -1 OX « 0. 

21. Solve graphically the simultaneous equations 

.r*‘|'V/'*=r) 5 
3.^''|-%=4. 

22. Solve, graphically and algebraically, tbo simultanoous equations 

.r®+2/2 — 4.»—2?/ +1 = 0; 

-1-2/2 - B.v q-y -6=0. 

23. Pind tho equation of tho common chord of the circles 

,|.2 yi .1,^. _ 42^ q, 7=0 5 

q-y® ~ 6 a‘+22/ - 3=0. 


53, Equation of the Tangent to a Circle. Wo proceed to 
find tho equation oi‘ the tangent at a given point on a 
circle specinod hy an equation with rofcronco to rectangular 
axes. 


Q.A.O. 


U 


lU 


analytical gbomktry. 


[oir- 

tlu» 


I. Let specify a circle whose ccnti’O 

origin 0, and whose radius is r. 7 > 7' ufc 

Let P(a5t, 'III) he a point on the circle and draw J- • 
right angles to OP J then I^T is the tangent at I, 


* 7/ 

We have gradient of 0P~^^ 
But FT is perpendicular to OP ; 


therefore gradient of PT~ 

Hence is the lino throngli Vi) of gradient — 
Therefore the equation of 1 T is 




that is, 
or 


y-Vx 

xxi+yyi=i»i^-\ryi^ 

xxi+yyi=r2. 


II. Lot -h yH 2^/a) + 2/<i/ + e = 0 represent tlio circla ^vl u imo 

centre is 0, (-([/,-/). 

Let P(!ri, iji) be a point on the circle and draw 
pendicular to GP j then PT is the tangent at 2^, 


: tangent 

N ow gradient of OP == ; 

and PT is perpendicular to GP. 

Therefore 


gradient of P'P^ 


Hence P2Ms the lino through (x^yi) of gradient — 
Therefore the equation of P2’ is 


X-I+Cfy V 

that is, (a; -- x{) (aii+fif) + (2/ - yMi +/) = 0 
or xxi -h 2/2 /i -\rc/x -\-fy =+ gx^ 4-/2/i. 
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§§ G3, 64] 35QUATION 01? TANGENT. 

a^»i+l/'!/i+y(«+«j)+/(2/4'i/j) + o 

y^2 ^ 2003 ^+yhj ^ +0 

Ol' ^l + yyi-fe(x + Xi) + f(y-|.y)^C^O. 

It iR iisoful to noto tliU/t tliG cc]\if\itioti 

a)H'2/H 2003 + 2/^ + c =* 0 
^Vifxy bo tranRtorincd into 

Q.’^h + l/?y J .+0 Ow+ft3i) +/(^J 4-1/^) ^ C « 0, 


I3x, 1. ‘J?i’ovo that 3.v-l-4^»:25 is tlio tangent at (3, 4) to 
15x. 2. I'iiKl Hio 0 (iunlion af the tangent 

(i) at (2, 3) to ^'2H-/=, 13 ; (ii) at ( -1,1) to w^-hv '^=2 ; 

(iii) at(2,- 1 ) Io,v 2+//'*=:5 } (iv) at (3, 6) to .r2+?/2L2.i.-4w«8; 
(v) at (1, - 2) to - 4,t’+G^+11 =0 j 

(vi) at (2, — 3) to x^+i/‘‘+4i/^l ; 

(vii) at (-3, -2)to.v2Hrya+10.^>+2?/+21«:0j 
(viii) at(ff, 'i) to 2.t’34-2^a-h2a-+e?/=a21 ; 

(ix) at(^, - 5 ) to 30(.r’*-l';/®)+2<ie-3G^=:l67. 

l^x. 3,^ Show that tbo o<iuation of tlio tangent at tbo point (a*,,y,) 
Oil tho uii’olo whoso oquutioji is 

(.%’ - a)^+(?/ - i)® =» 

rimxy bo jhiI In Uio fonn 

(.t’l - «)(.t' - a-i) H<(yj - Z))(y -^j)« 0. 

_ :Bx. 4. Show (i) that tho point (ce-prcos 0, h+rsind) lies on the 
oircle given by tho equation 

’SvlmtovQv ho the value of 0, and (ii) that the equation of the tangent 
at tho point ia eoa0+(^~-fc)8in 0-n 


B4. Equations of Secant and Tangent, We may obtain the 
oquation ot tho tangont to a circle without assiuning that 
ib is tho porpondicnlar to the radius to the point of contact, 
lint wo muat in that ciiao have some other property of the 
taugoufc on which to base our roasoning. 
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Suppose the secant FAB (Fig. 43, p. 121) to turn about 
P until it takes the position of the tangent FT ; in tliis 
position the two points in which tiiiO line cuts the circle 
have become coincident. We may therefore dofino ^ Uio 
tangent at T to bo the straight lino which inoets the circle 
in two coincident points at T, 

We shall find the equation of a secant in two ways, 
taking the circle whoso equation is 

= .(^) 


Gradient Method. The equation of the line joining 
(iKp y{) and {x^, y^) ia 

2/ ~ 2/i = . 

EJquation (2) is true whether the points lie on the circle 
(1) or not; we must transform equation (2) ho that tho 
points y^), y^) may be restricted to tho circle. Tho 

conditions that these points lie on tho circle (1) are 

and .(3) 

and therefore, by subtraction, 

or (a)j ~ asgXiTi -f- -- y^) (y^ + y^) = 0 

so that the gradient of tho secant is given by tho equation 

y^+y,^ . 

Equation (2) now becomes 




2/i+3/2^ 


•ajj) 


or {<«i+o}i)ix+{y^’\^y^)y^r'^+x^x^+y^y^, .(5). 

since Xi^+y^>==r'^. 

It is easy to verify that oquation (5) represents tho line 
thi’ough (ftjp y{) and (ajg, ^ 2)1 provided these points lie oil 
tho circle (1); apart tliorefore from the particular proce-HH 
by which the equation has been readied, wo know that ifc 
roprcsoiits tho required secant. 
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It m now mippoao y^) bo 'bceorao coincident with 
{cOj^ j Vx)> cquo-bion ol fcUe tangent at (aj^, y-^, 

2(0^x + t= 4- = 2r^ 

fcUetfc iB, a\ai+yiy^T^ .(6) 

MoMiod, The following ingenious method is 
tlvic to Binnawdo (Salmon's Conic Sections, §85). 

''niouiiiiationoC the secant through the two points (£C^, y^} 
VLTTid (^<^2, y>i) on li\o circle (1) is 

(a; - - ftjg)+ iy - yC (2/ - 3 / 2 )=+ 2/^ - . O) 

Thin ecpiation, though a^jpareiitly of the second degree 
iia ftj, y, is roally of the fti'st, because the tevmfs in x~ and 
wniicol; it is Uiorofovo the equation of some straight line. 
ISToxt, Hince {o\, 1/1) lies on the circle (1), the right side of 
ct I nation (Y) wiil be zero when cc;==a;^ and y^yc, but the 
lo£b side is also xoro when {» = fCj and y-Vyfind therefore 
hho stvaigiit lino x:)asscs through (ajj, y^). Similarly it may 
Ijo proved to pass ihrougli (a;., y^). .0. ,y,s 

liipmtion (7) when simplihod is the same aa (5); ii m (7) 
wo put rt)2=^nJi mdjj^^yi, we get ecination (6). 

When the equation of the circle is 

+2{ya>+ 2 / 1 /+c=0, . (V) 

wo find for the gradient, instead of equation (4), the equation 

!»i+%+2^y Y4,/^ 

.^ 

and thon» instead of equation (5), we obtain 
(fUj-h 2|f/)a; -f (2/1 + 2/a + 

= iw/ + Vi^ + ^^^1 + V2/i+“1^2 + 2/32/3 

^ ~o + c»ia;a4-2/i2/2. 

Wo then deduce the equation of the tangent 

+y iV +/7 T iOi) +/(2/ + J/i )+0 - 0. 

IuHtead of equation (7), we talcc now ^ 

which is readily ocen to give the secant through y^), 


m 

.( 6 ') 
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[cii. Vii. 


Vi)' Vi=Vi> sot tlio c{iuation of 

fell© fcang’ciib. 

66 , Coincident Points. TJio idea of eoiucidout iDohits may 
be iibilised in other ways when treating of prol)!©!!!.^ on 
tangents, For oxamplo, consider the eqiiation.s 

3/=:2!»+c, . (1) (B®-I- 2/2 „ 20.(2) 

The lino (1) intersects the circle ( 2 ) in points whoso 
coordinates are obtained by solving ( 1 ) and ( 2 ) as sinuil- 
taneous equation,s. In equation ( 2 ) put 2 {b4-c for i/, and wo 
find for the abscissae of the points of intersection the 

equation 4 ca)+- 20 = 0 .■.( 8 ) 

Equation (3), being a quadi'atic, gives two values, aji and 
ojg say, for x, and then equation ( 1 ) gives two corrosponding 
values 2 /i aud 1/2 for y ; the lino is therefore, in general, a 
secant which cuts the circle at tlio points (aJ,, y^) and 
(aig, 2 / 2 )’ values of aJj, 2 /i, are 

- 2 o+ 7 ( 100 - 02 ), ^__ 2 o- 7 ( 100 -c 2 ). 

®1 - 5 > ® 2 ~ ■■■ 5 .’ 

,, c+ 27 ( 100 -c 2 ). o- 27 ( 100 -c 2 ) 

-- , 2 / 2 - 5 

IE e* < 100 these values are real and uno(]ual, and tho 
secant cuts the circle in two real and distinct poiiibs. 

If o*>-100 tho values aro imaginary and the line does 
not meet the circle at all; but just as equation (3) is said 
to have two i'inagi'iUM'y roots rather than to have no roots, 
so it is convenient to say in this 'case that tho lino inborscefca 
tho circle in two imagina/ry points, Tho conception of 
imaginary points of intersection often simplUios tho stato- 
mont of theorems. 

There is, however, another case, namely c^swlOO. 
Equation (3) is still a quadratic, but its roots are now 
equal and tho points (su,, yX (x^, 1 / 2 ) are coinoideni, tho 
point in which they coincide being 

/ 2o o' 






§56] THEORY OF COINCIDENT POINTS. liy 

the line (1) is now a tangent and (~ 2c/5, c/6) is its point 
of contact. The solution a3=~2c/6 and y~Gf5 may bo 
called a repeated solution, .since twice and 

y^cj^ twice. 

When c®=100, we have c = 10 or —10; we thus have two 
tangent lines. 

When c = 10, the solution aj== — 4 and 2 / = 2 is a repeated 
solution, and the lino (1) becomes 

2/:=2®-i-10, 

which touches the circle (2) at (~4, 2). 

When c = — 10, the solution x = 4 and ?/ = — 2 is a re¬ 
pealed solution, and the lino (1) becomes 

p=:2aj—10, 

which touches the cii'clo (2) at (4, — 2). 

Wo have thus solved the problem of finding the tangent 
to the circle (2) of gradient 2; tliore are two solutions, as is 
geometrically obvious. 

Again, consider the question: what relation must hold 
between the constants m and c if the line y~mx-{-G is a 
tangent to'tho circle 

The equation for the ab.scissae of the points in wliicli tho 
line cuts the circle is 

( 14 - 4- 2cma; 4 - c*—r^=0. 

The two points will bo coincident, and the line will there¬ 
fore bo a tangent if this equation have equal roots. Bub 
tho condition for equal roots is 

4c^m’^=4(14-'ni’*)(c^~-r®) or 

Thus the lino y is a tangent whatever 

he the value of m, and since tho root may liavo either tho 
positive or tho negative sign Ihoro are two tangents for 
any one value of m. 


Ex. 1. Eind tho equation o£ the tangonU from.tho point (7, 0) tn 

.(i) 

and state the coordinates of their points of contact. 

Tho equation of any lino through (7, 0) is of tho form 

y-0»=w(.r-7) or y=snj.r+(0~7m).(ii) 
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The abscissae of the points in which the lino and circle iiiloi'*^*^** 
are given by the equation 

(1 +m'0.«®+ 2 j»( 9 -* 7w).t.'+(f) - Vm)2-13 = 0, .<Hi 

and the roofs of this equation are equal if 

4«i=*(9 - 7w)s=4(l +mi2){(9 - Ivif -13}, 
that is, if 36in^ -126»i+08=0, 

that is, if w =5 or y. 

TtVlien m=l equation (ii) becomoa ?/—^.e+V* which is ono 
To find its point of contact, note that whon wi=|J equation (iii) 

.«=—2 twice, and then (ii) gives y—Z twice, so that tlio ])oiiit nf t*tin 
tact is (-2, 3). 

Whon «i= V the tangent iRy=V‘'*'’“1f’» point of coiilJi*'*' ' 

(Y> 

Ex. 2. Sliow that 3 ^=.v-l is a tangent to the circle 
.v2+«/2-aa'-2y+l5=0, 
and find the coordinates of its point of contact. 

Solving these equations as sinmltanooua equations, wo liiul 
the abscissae the equation 

.t^-6.t'+9=0, 

that i a, (.^• - .3) - 3)=0, 

The two values of .r, and thoi’oforo also, since y=.r-l, llii* 
values of y, are equal. The line is thus a tangent, and (3, 2) i' 
point of contact. 

Ex. 3. Show that the tangent at the origin to the circlo 
.^2 +2/2+2^r.r+2jry=0 

is gx-k-fy=Q. 

If these equations be solved as siinnltaneous equations wo ntMii til 
the solutions are a*=0 twice, ,v=0 twice; the line thoroforo tl 

circle in two coincident points and is tljoroforo a tangont. 

Ex, 4. Eind the relation botwoon the constants of tho otpiitliMJ! 

+ y" + 2 //.}; + + 0=0 

if the a*-axis is a tangont to the circlo, 

Tho circle meets tlio .r-axia whore 

,r*+2(/.r+o=0; 

if the .u-axis is a tangont, the two roots of this oqnation mimt Im tujm 
and thorefoi’e 0 =^*, This is tho required relation, and 
.*8 + ?/2 ++ 2 /y + 2/8 == 0 

is tho equation of a circle which touches tho .r-nxia at (-(/, 0). 

Ex. 6. Eind the equations of tho tangents to tho circlo 
.t-2+2/2 - 6.t' - 8;/+23=0 

fch«T,(i are parallel to the line ,v+y=0, and give tho coord iimtOM of i.la( 
points of contact. 
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§§65,C6] LENGTH OP THE TANGENT. 

Tho two tangonts aro 

, 1 ? 4.y = r> and x -h;/=9, 
and tlio poinla of contact avo (2, 3) and (4, 5). 

Ex, 6. For what values of a will tho civclo 
7y2 _ 2(1,V — 4 = 0 

have tho lino .r=2^-G as a tangent? 

Tho ordinates of the points of intersection are given hy tho criuation 
(2,y - 0)2 +,f ~ 2a(2?/ - G) - 4 = 0 
or 5/ - 2 (2a -\- 12)7/ 4- (12a + 32) = 0 ; 

tho points of iiitorsoctiou will be ooiiicidont if this equation in 7/ has 
equal roots, that is, if 

(2rt4-12)2 = r)(12a-h32), 
or if (a—4)(a+l)“0, or finally if a=4 or -1. 

Tho lino .r—2y-G is ihoroforo a tangent to each of tho circles 
p 7/2 ~ B.i' -4 = 0, a’2 + 7/2 + 2.r -4=0. 

Tho points of contact aro (2, 4) and ( — 2, 2) reapOGtivoly. 

56. Th .0 Square on the Tangent from a Point. Lot P{xi, yi) 
bo a given poiirt outGido the given civclo 

-p 1/^ 4- +2/;y + c = 0 

whose centre is (7; it is required to find an expression for 
tho square of the tangent PT from P to the circle. 


Fiq. 43, 

The angle PTG (Fig. 43) is a right angle, so that 

PT‘i^OP^--OT\ 
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[(;u. 


Now 

C/P^ = Hquiu’o of cUatance between (ajj, y,) anO ( —-•'/ * 

GT'^ = aqnai ’0 of radiua of circle 

ao that GP^ — (7= aJi^+?/i^++ 2/V i “h ^• 

Hence: the square of the tangent from (aq, /o I hr j I 
{jj2 4.2^2 _j> 2^a + ' 2 'fy +c ~ 0 
ia x-f + y.^ 4 2gXi 4 2fy. 4 c. 

If a secant PAB through P cut the circle in d, ^ 
(Fig. 43), then 

PA . PB ~ PT^ =4 yf 4- 4 2/i/j 0. 

N 



If P Ho within the circle (Fig, 44) and a Hocant PA P 
drawn to cut tlio circle in A^ B, and also the cl lord MP^ 
bo drawn perpendicular to GP, then (attending to aign) 

PA.PB^PiM, PiV= ~Pi}P^ ~((?ilP-aZ'«) 

=(ah +of +(2/1 +/)’* - (<f - g) 

=xf 4 4 2/70)1 4 2/7/^ 4 c. 
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§60] POWICH OF A POINT. 


’When P is willvin Um cirelo is 

J^ogafcivo; whon P ih on tUc circle .'e,2+-2/84,9^..! 
act“o; whou P is without the circle 
IS xjositivo. 

The houndaiy f()v wliich this important expression 
ytiriaislies sopavatcH the region in which it is positive from 
tUo region ni winch it is negative. This is an example 
of a (je/mHd principle of sign; for instance ax.-^hiu+o 
Gliangoa Imin positive to negative as (a;,, -w,) crosses the 
oounilary line aa) -f 61/+ c = 0. 

If then a secant through a point F{o\, i/j) to tlie circle 

-1- ?/“+2r/(B+2/^ + c=0 


cut the civclo 111 A and P, the product J^A . PJB is eouul in 
sign and magnitude to 

«h“+?/1*^+2r/aji+2/(/ j 4- c; 


and . i’P iH known as tlic power of the point P with 
respect to the circle. When P is outside, the power of the 
point is ecjual to the square on the tangent from P; and 
indeed tlio phvaso " aqnaro on the tangent from a point" is 
commonly used_instead of "tiro power of a point," even 
-wlion the point is inside the circle. 

Con. 'L'ho stuuiro on the tangent from F(aii, to the 
circle i'U®-l-A?yM-2tri3j-p2Z<‘’'y4-G'=0 is 


21 •> I O ^ I o I ^ 

»l +J/l-+ 2 ; 3 %+ 23 l/l+j^. 


Ex. 1. Find iho sipmris of the tangent from (2,1) to a;8+22 ®-l= 0. 
ISx. 2. Kind tho K(]uure of the tangent from (1, 3) to 
..J.9 — 2a? - +1=0. 

j5x. 3. Kind tlio length of tho tangent to the eircie 
2a*8+— >v -I- 'iy +1=0 

from (I, -1); and show that tho other point on the lino .v+2/y+l=»0, 
from whloh a tungont to this cit'clo has tho sjinio length,is (- 2/5, — 3/10). 

Ex. 4, Provo that the iengtha of tho tangents to the two circles 
ir8+yi+2a;~45a0 and .r^+y*—3?t’-'l=0 from (0, 5) are equal. 

Ex. 5. Provo that the point (1, 2) is tangentially equidistant from 
the two cU’olos 

+2.r + 3y +1=0 , a?H?/®+A’ + 2 y+4= 0. 



124 ANALYTICAL GLOMLTRY. [OU. 

Ex. 6. Erovo that all poinU on tlio .^/-axis avo tangontially c(|ui. 
distant from 

jqI ^^3 -*4=0 and ,x' 4-v/®+Tia-+4=0. 

Ex, 7. Erovo that all points on, the lino a'+^+ 1—0 ai*o tanpton- 
tially cquicliataut from fclio circles 

a'2++7.^’ — y -1' B=0 and -t +6a’ — 2y+4=0. 


EXERCISES XVI. 

1. Kind the equation of the cireio whioh touches tlio .r-axis at thn 
point (4, 0) and passes through the point (0, 2) on tho y-axis. At 
what other point do os the circle intersect the 7/>axia ? 

2. Kind tho equation of the circle which touches tho 7/-axis at tho 
point (0, 3) and passos through tho ])oiiit (2, B). What is the eciuatinu 
of tho tangent at (2, B) ? 

3» What is the equation of tho circle which touches tho .iMixis at 
the point (ct, 0) and also touches tho lino }f~h 1 

4. Kind tho equations of tho circles which touch tho .r-axia at tho 
point (3, 0) and also touch the lino 3y-4.r=12. 

6, Eind the equations of tho circles which touch tho coovdinalo 
axes and tho lino 3.r+4?y=12. 

Q. jV is tho projection of a point E on tho lino .«+13=0 and T ia 
the point of contact of a tangent from E to tho cireio 2Ii; 

if PT^^AMPy find tho aquation of the locus of P and draw tho Ioouh, 

7, M is tho projection of a point P on tho lino .r+«=0 and 7'm 

the point of contact of a tangent from P to tho oirolo ; 

if PT^—'ip, Ml\ wliGvo Syj is a given longtli, find tho equation of tlm 
locua of P and draw the locus. 

8. M and N are the points of contact of tangents from P to two 
civoloB whoso centres aro (0, 0) and (c, 0) and whose radii aro a anil b 
rcsjjccUvely j if p moves so that PM is to PN as a is to h (aH't), 
show that tho locus of P is a circle and draw tho circlo. 

9. If tlio tangents from E to two coneon trie circles aro invorael^’ 
as tho radii of tho circles, show that the locus of P is a coneuntrus 
circlo. 

10. A point P movos so that tho length of tho tangent from it to 
tho circlo ^ q, pjt, q 

is k tiinoa tho length of tho tangent from it to the circlo 

show that tho loons of P is a circlo. Draw tho circlos for tho enne* 

o=-7, i==6,i)=0, 
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11. Find tho equaUona of tho oomnion taiigonta to the cu’clea 
Avhoso equations ai’o 

(.^•-12)2+/«0. 

12. Show that one jmii’ of common tungonta to tho civcloa whoso 
equations avo {a?>b> 0) 

~ tax -(' 6 = 0 , ■]- - tkax =0 

goes thfough tho origin, 

If theso circles cut tho .r-axia at B and A\ B’ roRpcctivclj', show 
that Od . OB' — OiV. OB^ where A is tho point of tho (ir.st circle and A' 
the point of tho second cirolo nearest to tho origin 0. 

13. Tho lino joining tho pointM P{Xi^ .j/i) .and y.^) cuts tho 

ou’clo ,'v^-\-y^—r" at A and B; show tnnt tho ratios J*A : AQ and 
FB : BQ aro tho vahica of tho ratio m : n given by tho ccpiation 

-hy./ - r'^) + 2»m(.v,.r2 -hyjyg - r^) - r^)=0. 

If FQ is a tangent to tho circle, thou 

(.r,.a'.j+y ,2/3 - =(.r,- -(-.//i® - r'^){x.i^ -\ry.^ - r^). 

Deduce that tho equation of tho ])air of tangents from to tho 
circle is (x\x-\-y^y - {Xi ^-(-?/,«- r^)(.r^- r^). 


[on. VIII. 


CHAPa’ER VI n. 

COAXAL OIRCL'ES. POLE AN3) POLAR. 

67. Radical Axis, Deflnition: If a vaviaLlo point move 
so fcliat tho squares on the itingcuits from it to two circh's 
are equal, tho looiia of tho x)oint ia called tlic radical axia o£ 
the circles. Note that tho phrase " square on the tangent 
from a point to a circle” is to ho understood in the sen,so 
explained at tho end of § 56, 



Let H-2/2 /-ho =0 .(1) 

and a)®+2/®-h 2f/'«5-f 2/'i/+o' = 0 .(2) 

represent any two given circle.3; it ia required to lind tho 
radical axis of tho two circles. 

Lot ill, k) bo a point on tho radical axis. 
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m 

Then the sqimvo of the tangent from (Ji> fc) to (1) is 

•+• ^yk + y'k c \ 

and the aqnavo of fcho tan^ont from {k, h) to (2) is 
/t® +2gli +2/7c + c'. 

Therefore 

k^ + ¥ +2^/t 4- ^fk 4 c = h? +/i;^ + +2/7c+ d, 

that is, 2(f/~-f/)/fc + 2(/-/)/ii + (c-c') = 0. 



Writing («j, y) for (li, h) to denote the coordinates of any 
point on the radical axis, we gob 

2(i/-f7>42(/-/0^/ + (o^o0-0 

as the equation of the radical axis, 

The radical axis is therefore a straight lino perpendicular 
to the lino of centres. 

For example^ draw the two circles 

«J^4j/®+7aJ46 = 0 and aj^42/‘'^~-Ga546»0 (Fig, 45). 
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The radical axis is given by the equation 
q. j/2 ^ q-6 = - 6a)+6, 

that is, a) = 0. 

Again draw the two circles 

— —4!~0 (Fig. 46). 

The radical axis is 

2^2 _ 4 = ^;2 q . 2/2 — 3 ^ 4 , 

that is, a) = 0. 

Note, When two circles inter.sect thoir common chord is 
the radical axis; because each point oi! intersection lies on 
the radical axis, and tlie radical axis is a straight line. 
Even when the circles do not intersect, the radical axis is 
a real line and is still called the coininon chord. 


EXBROISES XVII. 

1, Provo that the radical axia of the circles 

and 7/'‘*-6y+6—0 

is the .r-axia. Draw the Hgurcs. 

2, Pind the radical axis of 

(i) a;®+2/^+3.'r-y+2=0 and .^'2^'2/^•|-2.^’-y-3s=:0; 

(ii) - 2,r - 3^ =* D and -l-y® 1,v 2^ - 4=0 j 

(iii) ~ 3 . 1 ?+ 2y -4«0 and S.r*+ 2 y 2 -.r + ?/ -1 = 0 ; 

(iv) 3.r^+3^2_4y_6jy_i_0 and 2,r^+2i/2-3,v-2^-<li=a0. 

3. If iVis the foot of the perpendicular from any point iHo Uio 
radical axis of the two circles, centres A and S, whoso o<}nationa are 

- jo.t- - «=0, .i!^+7/® - q,v - a « 0, 

prove that tho difference of the squares on tho tiuigonts from /’ to the 
two circles is 2di?. iVP, 

4 . Provo tlmt the radical axes of throe civclos, taken in pairs, arc 
concurrent. The point of concurrenco is called tho radical centre. 

6. Provo that the three circles 

.^2^^2„ 4_o, .r®+7/®- 3.1? -4=0, a?®+y®+B.v - 4»= 0 
all pass tlirongii the points (0, 2) and (0, -2). Draw tho uirclos, and 
find thoir common radical axis. 
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I’liw tlio iiii'doa 

-I./ - n.K -h » (1, ,t'2 -t--i- 7.t’+0 « 0, .-^2+- 9i’+G « 0. 
tlial tb<iy_ii!VVO a eoiumon mcliejvl axis, \Vliat two imaginary 
1 Uio y-iixiH iiro conniion to all tlm circles ? 

raw Uio circloa ropresontod by the equation 
.v2H-?/2-aa’-4=-0, 

, 1, ”2, 3, -‘I, Provo Unit they all pass through two fixed 
lul find tho eourdiiiatos of tlio points. 

raw tlio circles ropvcamited by Llio equation 

^•2 -p y 2 „ „.j, 

I, — <1, 5, —0, Provo that thoy all pass through two fixed 
ii*y) points, and find tho coordinates of tho points. 

I raw tho sysloin of ei roles roprusonted by tho equation 

„ G)=0» 

i]ig values of tlio conaUint h Provo that they all go through 
In of intorsoction of 

.^2 + 7p - -0=0 and .r® P 7 / 2 +- 6=0. 

lino is thoir common radical axis ? 

)ra\s’ tho sysLom of ciralos represented by the equation 
^■2 -I- j/2 _ 2.r) = 0, 

g various values of tho constant h What line is the common 
axis of tiio system? 

)raw tho ay stem of circles represented by tho equation 
A'2 P "* O.!? d' 8 -|- -p ^2 -p CJ,^' -p 8)=0, 

g various values of tho constant k, Tlirough what two fixed 
ary) points do all tlio circles pass ? AVhat line is the common 
iixiH? 


Oooxal OircloB. A syatani ol circles, every member 
oh pasHOH tlirongli two fixed points, is called a coaxal 
1 of circles. Tho lino joining the two fixed points is 
tlical axis of every pair ol tho circles. 

'ho ocniatioii 

= .U) 

h is a iixod constant and a. a vaijing “ftant ov 
.otor «!!«) voiivnacnts a aystcn;i of coaxal cnaUs 
all mas tlivough tho two fixed points (0 Jb) 

/()i Tlioao noiiita aro real and distinct ii b is a 
VO iunnboi'i tlioy are roal and coincident i£ h la zor'®! 

A.a. ^ 
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thoy are imaginary if ?* is nogativo. The coimnon radical 
axis is tlie y,-axis. 

Fig. 47 represents tho system for the case in wliich tasQ 
and a lias the values 0, 2, —4, 6, —7. 


s|}»|s;;Es::iin»;::{{|K;saiS3K; 
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Fig. 48 represents tho system Cor the case in 'whicli ?)*= —4 
and CO has the values 5, 6, 7, 8, —5, —6, —7, —8. 



When h is negative, say 6 = — equation (1) may bo 
written 2 

.( 2 ) 

When a=2o tlio radius of tho circle is zoro; tlio cirolo, 
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has become the point (c, 0). Similarly, when a«: —2c the 
circle rcclucos to the point ( —c, 0). Those two pointa 
(c, 0), ( —c, 0) arc eallcfl the limiting pointa ot the .system ot 
coaxal circles given by (1) wliou h is negative and equal to 
— c®. Tl\e pointa (2, 0), ( — 2, 0) are the limiting pointa of 
the system represented in Fig. 4'8. Evidently the limiting 
points of the system given by etpiation (1) are real when, 
and only when, h is negative. 

11. The equation 

^.2 _p qf 2gx + 2 / 1 /+c +h {x^ + 2 / 2 +2ry'a;+ 2 / 1 / + o') = 0, 

where k is a varying constant and ry, /, c, r/', 0 ' fixed 

constants, represents a system of coaxal circles wliieh pass 
through the fixed pointa in which the fixed circlea 

(w® -t* 2/®+"b 2 / 2 / d- c = 0, -p 2 /^+2<y'?w -p y'y +c'=0 

intersect. (Compare § 38.) 

Ex. 1. Tho equation ax - 4=0 roprononta a syatoin of coaxal 

circloa j Oncl the equation of tho oirclo of tho ayatein which paaaoa 
through tho point ( 1 , 2 ), 

Ex. 2 , Eind tho equation of tho circlo coaxal with 

-t-a .p y 2 _ 7 ^^. + 12=0 and + 8 .r H- 12 = 0 

which paaaoa through tho point ( - 2, 3). 

Ex. 3. Tho equation .r^+y^-fla’-O^O ropreaonta a ayatom of 
coaxal circlca; fiud tho oqnationa of tho circloH of tho ayatom which 
lonch tho lino .U'l-3//=li. 

Ex. 4. Find tho equation of tho oirclo coaxal with 

— 2 .t?-h 2 yH-l =0 and .r 2 + 2 /**l'fi‘r— 0 .y =0 
which paaaoa through (- 1 , — 2 ). 

. Ex. B. Find tho equationa of tho circloa coaxal with 

.x.a ^ _ (5,.p q. 4 =Q an ^a {-, .j. .|, _ q 

which touch tho lino 3.r-'4y=lB. 

69. Orthogonal Oiroloa. Lot P bo any point on a circlo, 
centre A (Fig. 49), and lot B bo any point on tho tangent 
at JP. With B as centre and radius BP describe a second 
circlo, The radii APy BP to the point of intersection of 
tho circles are at ridit angles; tho two cirelos are said to 
cut orthogonally at P. 
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M d denote the distance AB between the centres A anti 
o£ two orthogonal circles of radii (i and h, then clearly 

and conversely. 

Let 2^/05+ 2 / 2 / +0 =0 

and aj 2 +i/ + 2 (/«J+ 2 / 2 /+^'"® 

be two circles; it is required to find the condition that tl 
be orthogonal circles. 

Let tZ=:distance between centres.^ 

,, square of radius of first circle, 

„ = square of radius of second circle. 



Now the coordinates of the centres aro (—< 7 , —/") and 

-n 

Hence = g'f +(/-/T. 

Also s= g'^ —G 

and b^=>g'^-{-p’-o\ 

The condition that the circles bo orthogonal is 

that is, 

or 2([/</ + 2// = o + o'. 

Ex. 1, Provo that tho cireloa 

.i;24*y2-.5^^4.BaO 

are orthogonal. 



o] OBXHOaONAL CIRCLES. 

Provo that fcho circles 
and 


13B 


ihogonal. 


,r2+.'y®~6fA’ + 4=o 


а, Provo tljat ovDiy circle through fclio points ( 2 ,0) and 2 0 ) 

ogonal to ovory circle of the system ’ 

4. Provo timt tho circle f ■\-7f -=0 is orthogonal to tlie 
tlii'ougli the ptnnts (&, 0), (-6, 0), (0, o). 

б . Pintl the equation of the circle orthogonal to the two circles 

.^’3 - £>.r 4-14 = 0, +?/^ +16^' 4-14 ~ 0, 

iSHing through the point ( 2 , 5 ). 

0 . Give gcoiuofcrical Holutioiis of the questions in Exs. 1 - 6 . 

7, Ih’ovo that ovory circle of the system 
_ 2a.r + _o 

logonal bo each circle of the system 

q. ^2 _ 2 l,y „ (^3 ~ 0, 

I ft and h are varying constants, Draw diagrams of the two 
ns referred to tlio rriuo axes. 


. Inverse Points. Definition, If 0 is the centre of a 
I of radius r, and P and P' two points lying on a line 



ugh 0 such that OP.OP'==r2, then P and P' are called 
rse points with respect to the circle. ^ The ^ constant 
0^' is soinetimoa called the constant of inversion. 


m 
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Pt F aro invorao points with I’cspect to a circle, radius 
r, whoso Centro is the origin, and {<&, y) are the coordinates 
of P; to find the coordinates (re', y') oF P', 

Lot Jlf, ilP be the projections o£ P, P' on X'OX (Fig. 60). 

Oilf OP' OP. OP' 

Then OjW~OP“ OP^ ' 

But OM'=-x', OM^x, OP. 0P'^r% 


x' 0’^ 

ThoreFors — = —s 


or X =- 


r X 


jM'P' 


Similttriy, 


OF^OP^J^ _ i 

OP 


or 


y 


OP" 

Q'"y 




Wo may also show that 

r^x' 1 rh/ 

I£ P (.'Tj y) and P' (s', y') are inverse points with respect 
to the circle a-a ^ ^cjx -h 2/y + e = 0, 

then r^=g'^pf’^ — G, Q is the point {—g, —/), and 

Oilf =:a;'4-^, 'OM=^xPg, OP^^{xPgyp{yPj‘)% 
so that x'-j-g^ g'^Pf^-e ,j/Pf 
{XPgfPivPff " VPJ 


13x. 1. Find tho coordinates of Iho point invorao to (2, 3) witli 
roapoct to _ x. 

Bx. 2. If a point P trace out tho straight lino .v—2, find Lhu 
equation of tiro Iogus traced out hy P\ tho invorao of P wiUi roapoct 
to tho cii’olo 

Ex. 3. If a point P traco out tho straight lino find tho 

equation of tho locus of P\ tho invorao of f with roapoct to 

Ex. 4. If a point P traco out tho circle whoso equation ia 

2 .r=0, 

find tho equation of tlio locus of P\ tho invorao of P with roapoct to 


;| iNVKUrti'i 1H)1NTS. l^OLE and POMR. ISo 


. If IV point tra<?v> out tlio clrcio 
' 1*\ Iho invorw) (>f P with t-eapoct to ibo circlo ,t^+^=12. 

L If i*, P' aio iiwoi'so points -wbli respect to a cjj’cJo, prore 
ovy eii’clu tlirou/,')! 7^ <viul P' is ortlio^jonal to tlie ^ivoii civcle. 


If » {Kiiiit P tmoo out tho circle 
{;r—a)2-t.?y2='?«3, 

,luLt 11x5 of P with respect to the eii-clo a?2+-/=7; tmees 

aj a 2 ii«: , J'= „ 

.»"'+//>-3r;-,.r + ^=0, 


Polo and Polar. Definition. The perpendicular to the 
IP through P', tho ijiverso of P with respect to a 
centre 0, la called tho polar of P with respect to the 


j P /)0, p. 1B3) bo tho point yj; to find the 
.toil of th <5 polar of P with respect to the circle -wiiose 
,ion m 

0 i{wclie?it of OP (whore 0 is the origin) is 'A 

* 1 

(iieo tho gradient of the polar = — A 

*J 1 

,0 coordinates of tho inverse of P, are 






,jnco fclio polar of (a-’i, ?/i) is the line through 
(... gradient 

loroforo tho equation of tlio polar is 


Vi 


r'^Vy 




IH, 


- 


xxi+yyi’”!® 


ho point PCiti, ?/i) i« tl'o 
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Similarly, it may bo shown timt tho polar of 
with respect to «:^+,f+2f/x+2fy+o = 0 

IB + 2/2/i+<7(03 4- x{)+f{y + y^) 4 o = 0. 

It is important to notice tlmt if (cCi, y^) Hoa without a 
circle, its polar is the chord of contact of tho tangents 
drawn from tho point to tho circle; QR in Fig, 60 is tlio 
polar of P. 

Hence, if (ir^, y^) lies wilhont tho circle 

CG^~\-y^ — 

the equation of the chord of contact of tangents from (co^ 2 / 1 ) is 

4 272/1 = ^ 2 ; 

if (ajj^, 2 / 1 ) lies without the circle 

2 /^ 4 Sfif.'c 4 2 / 2 / 4 c = 0, 
tho equation of the chord of contact is 

+VVi + <7(«3+®i) +/(?/ 4 2 /i) 4 c == 0. 

62. The Polar as a Locus. Let any secant of the circle 
cc 2 _p 2 / 2 s=r 2 through the point P(®i, 2 /a) meet the circle in 
A and R, and lot the tangents at A and P meet in Q i to 

prove that tho locus of Q is 
the polar of P. 

Let Q be the point (h, k) 
(Fig. 61). ^. 

Then AB is the chord of 
contact of tangents from 
(K k). 

Therefore tho ofuiation 
of AlP is 

xk 4 yk =: 9 ' 2 . 

But P(rcj, 2 / 1 ) lies on this 
lino; therefore 

ElU. Bl. ^ 

Writing x, y for h, k to denote a variable point Q, we get 
a;aJi42/2/i=r2 

as tho equation of the locus of Q. 
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But this is the equation of the polar of P. 

Hence the locus of Q is the polar of P, 

In Chajiter XXII. the polar is cliscnsscd from a different 
point of view hy methods which are applicable to the circle. 
See also Xxercises XVIII., Example 41. 

63. Reciprocal Property of Pole and Polar. TiiEOllEM. If 
a jpoint A lies on the pola/i' of B ivith respect to a circle, 
then B lies on the polar of A (Fig. 52). 



Draw rectangular axes of roforonco X'OX, Y*OY thi’ough 
0, the centre of the circle. Lot r bo the radius of the 
circle. Lob tho coordinates of A and B, roforred to tho 
axes, bo ^i) And (tCg. y^) rospcctivoly. 

Then tho polar of B is tho lino 

But 2/i) 1^09 polar of B ; 

therefore .(^) 

Now tho polar of A is tho lino 

xXi-{-yyi^rl 



— ri< I -r -r- 
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Hence 2 / 2 ) polar of J. if 

®2a^i + 2/23/i=^’^ 

and this is true by (1), Hence the theorem is oaUvblislHHl- 
Points such that the polar of each passen through 
otlier are called conjugate points; the pohira are etiUr*l 
conjugate lines. 


^ Ex. 1. Find the equation of the polar of (2, 5) ^Y^th ronpoiit to tl'*'* 
circle 

Ex. 2. Find the equation of the polar of (0, 0) ^vith resprut !.«» 
circle S//= 4. 

Ex. a, Taugente to the eirdo are dnuvn at llui ■* 

where the circle inoota the line a?+y=!i, Find the coordinati^rt <*f 
their point of intersection. 


Ex. 4. Find the equation of the ehoi'd of contact of tanyonta dt'fLW •* 
from (2,1) to the circle ,v^-j-,V^+5/v4-3y=<4. 

Ex. 6. From «,) and Q(;i’ 2 , are drawn pcipondioulam /*Af* 
Q/y to tho nolara of ^ and P witli rcsiject to tho cfrolo .VLlv 9^.... r'-* ; 
prove that OpjPM=>0QjC^Nx 0 being the origin. 

Ex. 6. Find the coordinates of the point of intomoctinij of 
poiars of (3, 2) with respect to the circles 

+3^® - 7a’+ 10 ^ 0 and ?p H-11 .V +10 «(j. 


point (1, V) and Q the intorseotion of tlm 
or with respect to the circles * 

a;3 + 2^2 _ 8 ^ q- 12 s= 0 and 17 .^,, .p ] 3 Ja 0 ^ 

prove that the circle on PQ as diameter is orthogoiial to thn I w*# 


Fx. 8. Frove that the poiars of (.r„ ^vith respect to tho nyt^u^tVM 
of coaxal circles specified by tho equation »t.*- 

constant, all pass through the fixed intom 0 «U*-»i» 


a'^i+.yyi+ce!0 and a'+a’i = o. 


•n touches 

illustrate by a figure. 


BXEEOISES XVIII. 

find tlio values of wt it it* I 


oi•dLw\h^poS!/£ '‘"'1 fi'xi ti'*' «— 
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4. Find tlio coordinatoa of tlio points at -which the straight lino 
^=s.«+2 emta .r'*-|-?/-=‘2(,<;+4)._ Find also the ecpiations of the tangents 
at those points and tho coordinates of tlioir point of intorauction. 

G. Find the c(piations of tho straight lines parallel to 
which toiioh .V“+y“= 8 , llhistvato by a iiguro, 

6 . Provo that 


,v -1-1 = 0, ?/ = T), 3.r+4;y=11, 3y » ix -|- 7 
arc tho four coininon tangents to tho circles 

and +7/“+8.V ” 4^/ H-11 ~ 0. 

7. Show that tho angle bot-woon tho tangents drawn from tho 
point (3, 4) to tho circle .r^+?/'‘-2,v-4i/-!-4 —0 is eos~'|. 

Also show that -.rootr/j=2-1-tantouches this cirolo for all 

values of (j), ' ^ 

8 , Find tho equation of tho common chord of tho circles 

(.r - «)'^ .'T® 4- (y - ~ h^. 

Also find tho length of tho common ohoi’d, and show that tho cirolo 
described on the common chord as dianioter is 


(f(2 -h h'^)(,v^ -1-^®)" 2({/j (h,v 4 ot?/), 

9, Provo that tho length of tho common chord of tho two circles 


))2 .[.y „ 2 ju.v 4 - =0 and ,v^ 4 -- 2 ^// — =0 


10, fi'ho straight lino 3a’-?/=2 moots 
in r and <3. Find tho otpiation of tho cir 


11, Tho equation ax+hi/<^c roprcsents a lino which cuts 
circle in A and' IS, Provo that tho coordinates of 


tho linos i/~,v and 5 's= 2 .'« 
t'clo on I*Q as diamotcr. 

tho 
the 


middle point of A/S are («!l{a^-\-b^\ it'/(«**4-i®). 

12, Show that .r’=srtcos 6 >, 7 / = ft sin 0 are tho coordinates of a point 

on tho cirolo for every value of 0, 

Tf tho extremities of a chord of tho circle are (aconO, asini?) and 
(«coa (/j, Cfsin (/j), prove that tho equation of tho chord is 

,v cos —-4*7/ sin —^ ~ ^ 

and deduce tho equation of tho tangent at tho first point, 

13, Find tho equation of that chord of tho circle a*'* 42/*=8 which 
is bisected at the point (- 1 , 2 ), 

14, Tangouls 77’ and TQ are drawn from '/\.v^^ 7 / 1 ) to tho cirolo 
.t- 24 .^ 7 y 3 »,r 2 ; find tho ociuation of the circle circumscribing the 
triangle TFQ. 
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16. Trace the loci whoso equations are 

2 a;+y ==3 5 A'a+//=2 ; (,a-2)M*0/-l)2=l. 

Find the two points common to tlio throe loci. 

16. Find the square of tho tangent from (a.'j, yi) to tlio circle 

a +//^)+'igx -S' 2 /^y c = 0 . 

17. Tho square of tho tangent from P to tlie circle - 8 . 1 ’-I-4=0 
is minus tho .square of the diataneo from P to the ]mint'( 2 , 0 ) 5 prove 
tliat P moves on a circlo whoso centre bisects the lino drawn from tlio 
given point to tho centre of tho given circle. 

18. A and B aro tho centres of tho ciroles 

A point P moves so that tlio ratio of tho sqnai’os of tho tangents 
from it to those circles is vijji ; prove that it describes a circle whoso 
senti’e 6'divides AB so that AGfBO—ml 7 i, 

19. Prove that tho equation 

.•c® -p q. + 2/y 4- 0 -h A my -I- ?i)=0 

represents a circle throngli tho points of intersection of 

x^ -f yH 2g,v -P % -H 0 =0 and lx+my -P =0 
for all values of k 

The lino .r—2 cuts tho circle .r^-py^^O in yl, /ij find the equation 
of the circlo described on AB as diainotor, 

20. If lx•\^my^^n^Q is a tangent to tho circlo 

q, 2 ^ -p 2 /y 4 - 0 = 0 , 
then it is a tangent to the circle 

4-7/3 .p 2^.1' 4 - 2/^ 4- c 4- h{lx -P my 4- 7i)=0 
for every value of k, 

21. If >S'=.r 34 - 7 / 3 -p 2 //,tJ 4 - 2 /y-Pc and 74s?,7;4-my-p^i, interpret the 
equation <S4-i*w=0 with respect to the circle )S =0 and tho lino ii=0. 

If 14=0 cuts <S '=0 in yi and i?, iincl tho value of k when /S4 -/!m= 0 
represents tho circlo on AB ns diainhtor. 

22. If A and B arc conjugate points with respect to a circlo, prove 
that tho sqnai’o on AB w equal to tho sum of tho squares on Uic 
tiingontB from yi and B to the circle. 

23. If yl and B aro conjugate poii/ts with rospoc.t to a circlo, ])rove 
that tho circlo on yl7i as diameter cuts tho given circlo orthogonally. 

24. Find tho equation of tho circlo passing through (1, 2) and 
orthogonal to tho circloa 

x'i .p 7/2 _ 5 ,^; .|. q= 0 , -p 1/^ 4- 8.V -P 4 = 0. 

26. Provo Dint ovory cirdo througli the points (A 0), (-&, 0) is 
oi’Hiogonal to^ all tho circles of the system spocifiod l)y the equation 
.v*-py3-7w-p&®*"0, whore Xris tho pai’amotor of tho sj^stom. 
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26. Provo that (/>, 0) aiut ( —fc, 0) aro invoi'ao points with respect to 

nil the circles of the ay atom -/■.<.*+&“~0, whoro k is tho 

paramotoi*. 

27. Pind tho equation of tho circle passing through tho point 
( — 1, 2) and orthogonal to tho circles 

.r®+?/" — 4=0 and — 3.® -4=0. 

28. Let ?;=0 and .r"-!-//-<ur—&=0 roprosont two 

circles. Show (1) that a circlo can ho doscrihed passing through 
(.Vi, ^j) and orthogonal to tho two given circles, and (2) that two 
cirele.s can be described touching tho lino and orthogonal 

to tho two given cirelca. Find tho equation of tho circlo in (1), and 
also tlio equations of tho two circles in (2). 

29. If (A', k') is tho invoi'so of (A, .1;) with rospect to tho circlo 

(.r-l)2-|-(^-2)'-s=r), 

.t . 7, A»-1-P-I-3A-4A‘ ,, 2/t'* + 2A2-4/i-.3i 

prove that h ~ 42 24-4/6-1-5 ’ " 4'-^+/.•«-24-4A--i-5‘ 


30, Provo that tho points (4, k) and (4', 4'), whoro 

^ ~^ ■’“(4 - ay^-{k- 6)8 ’ 

aro always invorao to each other with roapcct to a llxcd circlo, and 
find its equation. 


31. Find tho length of tho least chord of tho circlo 

.|, y2 .j. q. 2/y -[-0=0 

which passes through an intornal point (.r,, ^ 1 ). 

32. If o(. = .r-?/-l, /3HH.r-?/-2, y = .v-i-?/~3, 3F=.^■-|-?/-4, prove 
that a./i+y 8=0 is a circlo jiasaing through tho intoraoctiona of o (.=0 
and 7 = 0 , a .=0 and 8 = 0 , /J =0 and 7 = 0 , /j=() and S= 0 . 

38. If (X=at'-'?/+3,/:l = ru’-l-.3j/-20, 7 = a’-,3?/-l-14, 8s=.7;-M?/-l-l, 
prove that «./?= 7 S is tlio oipuition of tho circlo circuinscrihing tho 
quadrilateral whose sides, taken in order, aro «.= 0 , 7 = 0 , /^= 0 , o= 0 . 

34, Provo that constants jo, q can bo so choson that tho eiination 
(« 3 .i;-l- hyi -h <J 2 )(« 3 .r+ 637 / 4 - Cg)+?)(« 3 .r-l- -h 6 ’g)(a,A- -P 6 , 3 ^ - 1 - Cj) 

■\-q{a^x -I- 61 ?/ -I- Ci)(« 2 .'W 'P hiH 4* Cj)=0 
shall roprosont tho circlo cirouinscribing tho triangle wlioso sides aro 
«i.i?-p6,y-pCi=0, a3.^’4•■4l!i,'/4-Oa”0^ aa^' 4 -4^7/4-<>3=0. 

Provo that 

p (3.tf - 2 , 7 / - 3) (.V 4- 4- q (.^• 4- 2y) (2.r 4- 3y -p 3) 

-p 7'(2.r 4- 3y 4- 3)(3.v - 2?/ — 3)=0 

is tho equation of tho civcumcirclo of tho triangle whoso sidoB are 
%v 4 - 3^ -P 3=0, 3.r - 2,7/ -3=0, A' -P 2y=0, 
if p=8, ?=-l, r=-6. 
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36, If i^~0 and >S '=0 bo tho equations of two circles, intorprcb the 
equation S~l’S'—0, where A is a constant. 

If a line meet (S=0 in P and Q, >S'=0 in P' and fj)', and 
S—kS’—O ill R, show that BP, ItQ i IIP', liQ' is constant for all 
positions of the lino. 

36. Tlio tangents from two fixed points to a variablo cirolo are of 
given longtiis; show that tho oirelo jmsses through two fixed points. 

37. Tho equation of tho cu-elo whose diainotoi’ is tlio lino joining 

tho points ill wliich cuts 

a 4- 4- 4- 2/y 4- o ~ 0 

is a(jP + vi^) (.r^ 4 - - 2 (a? +/Im — g?n^)x 

- 2 {am -Vglm ~fP)y+2a+2gl +2/m -I- o 4- 0. 

38. Provo that the cireumcirele of the triangle formed by the linos 

hx 4- cy 4- a=0, ox+ay 4- 6=0, ax+by+o^0 
posses through the origin if 

(6^ 4- c®) (o^ 4- ci^) (a® 4- 6®)=«6t3(6 -h c) (o 4- fl) (« 4- 6). 

89. If P{xi, yi) is a point within tho circle 
x^ 4*y4- ‘2gx 4- %fy 4- c=0, 

and yli? a chord of tho aircle passing through P such that A P=^^PR 
find the length of AB. If APj PR—mfii, find the longtli of AJi. 

40. Through the point P(l, 1) is drawn a lino of gradient 1 to 
meet tho circle x'^+y^~%v—4y~0 in A and R ; find tho lengths of P4 
and PBy using tho equation 

(.r"iVi)/eos ^=0/-yi)/sin 0=r. 

41, Through tho point A(.ri, y{) is drawn a line to moot the cirolo 

in P and Q, and to meet tho polar of A in R j provo tliiit 
1/Ai"4-1M^=2/A7f, 

that is, provo that B is the Imrinonie conjugato of A with rcspoct to 
tho points P and Q in which any secant through A mooLs tlio eirclo. 
(§ 44, III.). 

[Use the equation (.'B-.r,)/cos 6~{y~y^jB\i\ 0=r.] 

42, Through tho point (3, 4) is drawn a chord of tho circle 

.r 2 4-y^=22r), 

so that the given point is a point of trisection of tho chord ! find tho 
equation of tlio cliord. 

43. Through the point /1(1, 1) are drawn the two chords of tho 

circle wliieh are trisected at A i find tho ociuations of tho 

chords. 
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CHAPTER IX. 

CONCHOID. CISSOII). WITCH. PARABOLA, 
ELLIPSE. HYPERBOLA. 

64. The Oonclioid of Nicomedes. Lot 0 (Fig. 63) bo a 
fixed point (called bho pole) and AB a fixed straight line 
(called tho directrix); lot OPQ bo a variable line cutting 
AB ip Q and lot tho distance QP (measured either way) bo 
constant. Tho locus of P is called the Conchoid oD 
Nicomedes. 



Lot X’OX bo drawn perpondicular to AR, mooting 
AB in G\ lot X'OXy FOP bo rectangular axes and let 
OO^o,PQ=^b. 

To find the equation of the conchoid. 

Lob (a, y) be tho coordinates of any position of P, and lot 
MP bo tho ordinato of P, 



U4 


ANALYTICAL GEOMETRY. 


ion. IX. 


The fcriangle.s OGQ, OMP are similar; thorei'ore 

CQ^MP CQ_y 

(JO~OJi G~x' 



Fia. 63 (6). Fio. 63 (<j). 

The doQniiig property of the conchoid is 


pq^»h\ 

Hence • 

which reduces to (cc^+ nf) (o )—of « 6V*. 

This is iho equation of the conchoid, 



TIIIO CONCHOID, 


U5 


^ 01 ,( 36 ] 

Tho curve has three terms according as (1) 6 •< c (Fig. 
53(a)), (2) h "0 (Fig. 63(6)), (3) 6 > o (Fig. 53(c)). A point 
0, a line AB, and a length (or parameter) h being chosen, tho 
locus may he roughly sketclied hy hand, as a circle may ho 
roughly drawn hy hand instead of witli a pair of compasses. 

The locus may ho mechanically descrihed, as a circle is 
described with a pair of compasses, with tho instrument 
sketched in Fig. 64. The fixed point 
0 is a pin projecting from a small 
wooden hoard; tho variable lino 
is a slot cut in a thin slip of wood, 
resting on tho hoard so that the slip 
is movable about 0 in such a way 
that Q, a pin lixed on tho under side 
of tho slip, movc.s up and down AB, 
a straight groove cut in tho hoard, 
while P, another iixod xhn or pencil- 
oint, traces out tho conchoid on the 
oard. 

, 66. Geometrical Problems. Tho Con¬ 

choid of Nicomedcs may ho used to 
sol VO problems, just as tlie straight 
line and circle (ruler and comxxisses) 
are used. Just as wo say, with centre 
0 and radius v deacriho a circle, so 
wo say with polo 0, directrix AW 
and parameter 6, describe a conchoid, 

Problems requiring tho use of tho 
straight lino and circle only are called 
Euolidoan problems ; problems requir¬ 
ing tho use of other loci, Huch_ as 
tho conchoid, are called Geometrical 
Problems. Indeed, loci liko tho conchoid were invented to 
solve problems beyond tho x>owor of the straight line and 
circle, such as that of trisecting an angle and that of finding 
two mean proportionals or duplicating the cube, 

66 . Triseotion of an Angle. Lot ABG (Fig. 66) ho a right- 
angled triangle having B a right angle. Describe a conchoid 
having A as polo, BG as directrix and iAG as parameter, 
a. A. a. K 
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Lot a parallel to AB tlirouo-h G meet the conclioid in JS. 
Th&n-AJU trisecla the angle BAG, 


\ 



Fiq. 55. 

Proof, Ijob cub BG in and lot G ho tho iniddlo 
point of EF, 

Then, since EGF is a right angle and EG^QF, 

GG^GE^GF, 

Bub 

EF^ parameter of conchoid 

= 2yta; 

thoreforo GA=^GG^GE, 
and 

GAF^ GGF^ WEF== ^FAB. 
80 that AE trisects angle BAG, 

67. Tho Oissoid of Bloclos. Lot 
TOX, TOY (Fig. 56) bo rect¬ 
angular axes. Lob A Iqo a fixed 
point on tho tc-axis, and lot 
OA = a, Loscribo tho civclo on 
OA as diamotor; througli A 
draw tho pci’pondicular to OA, 
Lob Q ho a variable point on this 
perpendicular, join OQ cutting 
tho circle in ' li and cub ou 
Tho locus of P is called tho Oissoid of Dioclos. 



THIS CISSOID. 


§§ 06-081 


U1' 


To find the equation of the Cwsoid, 

Let tlio cooi’diiiaicH of P bo ( 03 , y) and lot il/P be tho 
oi’diiiate of P. 


Tlien 

[I 

0 

II 


and therefore 

. 

03 

...0) 

But 0 Q 2 = 



therefore 


...(2) 


Now OQ, PQ^^AQ^, and thovofoiHi OQ . OP~ A 
Hence, by (1) and (2), since OP^>J{x^-i~y^), 




that ia, 


(o{x^-j~y^)=ay^ 


or 


2/2 =s 




a — x 


This is the ccmation of tho Cissoid. 'I'lie locus may bo 
roughly scotched by hand; its form is shown in tho figure. 

68, The Duplication of the Ouhe. Lot d donoto the edge 
of a cube; it ia rcf(uiro(l to construct geometrically f?, so 
that df~2d^ 'J'liis is tho problem Icnown as the duplica¬ 
tion or ilio cube. In Fig. C6, lot P bo tho point on OY 
aiieh that OB = 20A, and lot AJB cut tho Cissoid in P. 

Tlion, from tho equation 


wb have 


y 

il/P2 


'2 — . 


Ct —03 

__ OIP _ Oil/a 
'OA A.OM’^MA’ 
But, by similar As MAP, OAB, 
MA_OA_l 

MA^^MP, 


.( 1 ) 


and therefore 
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Substitute in (1); 




IX. 


then 




OM^ 


or ilfP3 = 20ilf8 


WP 

Now construct so that 

0M',MP=^d'.dy 
Then d^=U^ 

69. The Witch of Agnesi. Lot X'OX, F'07(‘n’i^. .')7> Im* 
ctangular axes, A a iixed point on X'OX, P tlio midiUf 

point oi' Oyi, Op tlu'* 
parallol tliroiigh U *■*» 
rOY. Lot q Go a vtKvi^ 
able point on 0.1) ami 1 <*t 
OQ moot thti cm.'lo 
OA as cliamotov iu 
Lot tho parallol to €IX 
through Q ni(5ot t.lic* 
parallel to OF tlir<jnjL;lj 
P in P, The Ioouh 
P is called tho Witcli <.»f 
Agnosi. 

To find the eoxuii lti^rn 
of Ihe Wildi, 

Lot OA^9,a\ lot ,1* Iw 
tho point (ft!, y) and Aif P 
tho ordinate oi’ it 
From similar tviaii fcjicsiis 
OMli, ORA^ ^ 

on OM 

therefore _ Om^OA.OM=>iax .CD 

From similar triangles OiiQ, OMPt, 

oq_on, 
on 'OM' 

0Q2 op 



therefore 





§ 60 ] 

that is, by (1), 
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OQ^ _ 2 «« i 3 

...( 2 ) 

But 0(|2= ; 

O^iS 

therefore, by (2), 4 - yS = ^- 

01* CO (ct^ +2/^) = 2a®. 

This is the equation of the Witcli. The form of the 
curve is shown in tlio iif>;uro. 



Fxq. 68. 

70. The Pamhola. Lot S' (Fig. /58) bo a fixed point, callod 
tho focus, Z'Z a fixed straif^ht lino, called tho directrix; 
let P be a variable point wliieh moves so that its distance 
from S is numoricalJy expial to its (perpendicular) distanoo 
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from Z'Z \ t-lie locus of P is called a Parabola. 1’lie form oE 
the. curve in sliown in Fi^. 58 when & is the point (1, 0) 
and Z'Z the line OJ— — 1 roforred to tlio axes X'OX^ Y'OY, 
■It'-.was obtained by describing circles with 8 as contro 
and radii 10 , il, 12 , 18 ... divivsiona in length to cut 
succe3.sively the vortical linea from 0 to the right; e;//. tlio 
point P on the curve is .such that radius ;SP = 15 divisions 
in length —Pjlf, the perpendicular from P to the directrix. 
The point 0 ia called the -vortex and the lino OX the axis 
of the parabola. 

To hnd the equation of the parabola in Fig. 58./ Let 
P (a5, y) be any point on the curve. , _ . 

Then ^P2 =Pj¥2; 

therefore , («; — 1 )®+=(jc+ 1 )^; 

that is, 

is the equation of the parabola. 

Ex. 1. Find tho oqualion of tbo parabola \Ylu)ao fooua ia tho point 
(a, 0) and whoso directrix is tho lino .v= - a. 

Ex. 2, Find tho equation of tho parabola whoso focus is tho point 
(2,0) and whoso directrix is tho y«axis. 

Ex, 3, Find tho equation, of tho parabola whoso focus is the point 
(0, a) and whose directrix is tho lino y= — a. 

Ex. 4. Find tho equation of tho parabola whoso focus is tho point 
(2,1) and whoso directrix is 3.r+4?/ —D. 


71, The Elllpso. Lot B and B' bo two fixed points in a 
plane (called tho foci) and let a variable point P in tho 
piano move so that PB-^PS' is constant; then tho locus 
of P is called an ellipso with foci B, S'. Tho locus may bo 
mechanically described by passing an ondle.ss string round 
two pins, placed at the foci B, B', and then keeping tho 
string, tight by a pencil moving in the plane and tracing 
out the locus. _ 

■ Fig. 69 shows the form of tho ollip.so when tho foci 8, B 
are tlio points ( 2 , 0 ), (— 2 , 0 ) and P(SM-P/S' = 6 . " 

' To fiiid tho equation of this ellipse. ' ' 
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§§70,71] 

Let P(x, y) bo any point on tlio locus; Ihcu 

Llicroforo J(x + 2)“ + if -f s/{x —2)‘^+ if = 6 ; 

or n/(!W+ 2 j “+if = 5 - >/(« - 2)*-*+ y'\ 

Squaring, wc obtain 

{x +2)2+2/® = 25 +(x - 2)2+ 1 / 2-10 7(.c-2)2+2/2, 
wliich reduces to 

8 ft) ~ 26 = -10 V(^-T)2 



Squaring again, wo got 

641)2 _ 400.T; -p 625 = tOOft;® - 400.1)+400 q- 100i/2 
or, 86ft;2+100i/2=225. 

This is tl )0 equation oi! tlm ollipso. 

A A' is cal led tbo major axis and .IIP tlio minor axis ol: 
the ollipso; the points A. and A' aro called the vertices of 
tho ellipse. 

l?x. 1. A point P inovoH ho Unit tlio huiii of its (•liHlaiicoR from the 
points (2, 0) (incl (-2, 0) is (I; (inti tlio («piatlon of tho ollipso traced 
out by P ; and draw tho lignro. 
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Ex. 2. A point P moves so that the sum of its distances from the 
points_(c, 0) and (-c, 0) is 2«, whore a>o\ prove that tho equation of 
the ellipse traced out is 



or 


’3i!+.yVi 


where 


Ex. S. A line MN, 7 inches long, slides with tho ond M on tho 
.v-axia and the end N on tho ,y-axis; P ia tho jioint on 2/iV, that i» 
8 inches from U and I inches from A''. If tj arc tho c(K)rdinates 
of jP, show that < • o ,,a »,a 

If P is h inches from # and n inches from iV, the length of UN 
being now (a+6) inches, then 



Iho. 00. 


72. The Hyperbola. Lot B and B' bo t-wo fixed points in ft 
piano (called tho fooi) and lot a variable point P in tlio 
piano inovo so that tho difreronco of VB and P»S" is constant; 
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§§ 71 - 78 ] 


then the locus of P is called a liypcrhola with foci >S'. 
The locus may bo mechanically closcribod as shown in 
Fig. 60. The rod S'K turns about >S", while a striu^^: 
(wno.se length is less than that of the rod) connooted to N 
and K is kept tiglit by a pencil P moving in tho piano 
along tho rod. 

If S i.s the point (4, 0), S' tho point ( — 4, 0) and 
PS' 2^S^4i, to find tho equation of the locus. 

Let P{(c, y) bo any point on tho locus (Fig. 60). 

SP^^J{x S'P-^^lii^'VWTf, 

If .(1) 

>J{x + 4 )^+ 2 /*^—“ 4 )’“* 4-2/= 4 ; 
therefore >J{x + 4)^ 4 3/^ ~ 4+4)ar|I. 

Squaring and reducing, wo have 

Squaring again, wo got 

4>x^ — 8a; + 41= (a; — 4)^ 
or 3a;^ — 

which is tho equation of tho hyporbola. 

Tho same equation is obtained if wo start from 

SP^ST^4> .(2) 

instead of from (1). Tho riglit-liand branch of tluj ciu’vti 
corresponds to (1), and tho left-hand branch to (2). 


73. Conic Sections. If a right circular coiio bo cut by a 
plane 

(i) which is parallel to a gonerator, tho section in a 
parabola ; 

(ii) which is not parallel to a generator and yet cuts 
only one slioot of tho comploto conical siirmco, the 
section is a cwole when tho plane in porpondioular 
to tho axis of tho cono, and an elii^wi whon it i« 
not; 

(iii) which cuts both shoots of tlio conical Hiirfaco> tho 
section is a hyperbola, 
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Fig. 61 helps to explain those statements. The pai'itholi 
ellipse and hyperbola are often referred to as conic smitioii 



(«) Tho Pfti’ftbolft, 





(o) Tlio Ilyjioi'bolft. 
Pia. 01, 


.The definitions of parabola, ellipse and.hyi)orl)i>li|, 
in §§ YO, 71, 72 do not show the conncGtion botwncjii 
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curves aa clearly aa mig'lil bo; lienee the following clolinition, 
called the fociia and direclrix definition, ia also worth noting: 

If >Sf is a fixed point, called the foam, and Z'Z a fixed line 
called the direMvix, and if M is the projection on Z'Z of a 
variable point P which moves so that SF=e.PM, then the 
locus of Pis called a parabola if a=\, an ellipse if e<]l 
and a hyperbola if 6>^1, a being called the eccentricity. 


Ex. 1. Eincl tlio equiition of tho (?onic section wlmao focus is tlio 
point (2, 0), wlioHO directrix is and wlioao eccentricity is 

The equation ia (.r — |} (■>’ “ 

that ia, +lOOy'* =225. 

The conic is the ellipse of § 71. 

Ex, 2. Find the equation of the conic section whoso focus is the 
point (4, 0), whose directrix ia .r=sl and who.se eccentricity is 2. 

The equation is {x ~ 4)‘‘^4-;/®=4(.v -1 )2, 

that is, 3.r'’ — i/^ =12. 

The conic is the hyperbola of 72. 


Ex. «3. Find the o«]imtioiiH of tlio conic sections wljoso focus is tho 
point (2, 1), wIkwo directrix ia .r~2y+3=0 and whoso eccoutricitios 
are (i) ^ ; (ii) 1 ; (iii) 2, 

(i) The equation is 

that is, 1 l).v‘^ H- ‘ix^ -1-1 - 80.i’ - 28?/ H- 01 = 0. 

(ii) The equation is 

that is, 4.^•^ -!- 4x}/ -1- // — 20.i; -I- 2y 1G=0. 

(iii) The equation ia 

(,i-2)»+(</-1)«=4(2:^|±5)', 

that is, 11?/®—44j;+38//“n=0, 

Ex. 4. Show that tho gonoral equation of a conic section ia of the 
second degree in x, ?/. 

Lot tho focus be (/?, q), the directrix if.?f'hwyH'?i=0 and tho eccen¬ 
tricity oj then tho cipiation of tho conic is 

{.V ~py^-[- (?/ - </)'■*‘ 


■ .Squaring out, collecting like terms and rcaiTangIng, wo got an 
equation wliich contains tonus in x\ xy, y\ x, y and an absolnto term ; 
tho equation ia thoroforo of tho form 

flw;® H- ikvy -I- 6//® -I- 2y.r 4- 2 +o = 0. 
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74. The Bauation of a Locus. A g<'.omoU’ical Iocuh nui^H 
OJS the straight line, circle, conchoid, ciHHoi<l, (d.c„ is (hdiiunl 
by a certain condition. A fundamental problcin^ in Ana¬ 
lytical Geometry is to represent a defined geonielrical loisiirt 
by an analytical equation. Tliis can be done in an iiilinit*^ 
number of ways; for rectangular axes of refcrenco can t»t> 
chosen in an infinite number of way.s. If (sr, y) l)o tli*' 
coordinates, with resjiect to chosen or assigned axes, of 
point on a locus, the condition defining the locus can Wu 
translated into an equation in (c, y, and certain coiiHlaiit-M 
required to specify the locus, 'fhis eiiuation is called l-Ut’i 
equation of the locus. 

75. Worked Examples. Wo shall now work soino cxaiupU'^H 
of the process of finding the analytical oiiuationH * »IC 
sjiecified loci. 

Ex. 1. I/O is the origin of rectangular axes and Q niovaa rauTtfl 
the circle .■c’*+;y®-4v«7+3=0, the eqnatioit of Um loons of i\ 
middle point ojf OQ, Draw the loci of Q and 1\ 

Let (A, i) be the coordinates of a position of V (I'Mg. 02). 



'Hien (24, 24) are the coordiiiafcoa of the ooiTOMponding 
of 

But <2 is a point on the given cirolo; thoroforo the coordinatfH f»f O 
satisfy the equation ^ 




.♦. (2A)H(24)2 - 4(24) 4-3=0 ; 
4A«+44*-8/H'3=0j 


O) 
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coordiiintca of antf poinb on tlio locus of P satisfy tho 
4lt?2+4//8-8.}<-|-3s=0, ... 

olzitiviuecl by wrilinf? y for A, k to indiciito a variable i^oint, 
this is llio e«iiiiitloii of the locus of p. 

'\Vo write (i) in tim form 

ixncl <ii) 

XToiifiO tbo locus of Q is tlio circle centre (2, 0), radius 1 ; and the 
loeitw confcro (1, o), ludtus 

lilx. 2. A variahh drde iouclm the x-aMs and the fixed circle 
raciiMs is «, and centre (0, a) ; find the equation of the locus of the 
€nsnt^’(^ o/Mo vurinhto cirvle^ and sketch the femn of the loem. 

IjQt A (Fig. 03) 1)0 tbo coutro of tho fixed circle. 

Tjot /*(/<) ^ position of the coutro of tlie variable circle; let 

Jl f P l>o tho ordinuln of I\ 



JDrftw P^) tho porpondicnlar from P to OA, 

Xlion AP'^ ^ iVA «+ lYP^ .(i) 

Also ylPwHum of tho radii of the two cii’clea 

fl.ricl iY 7 *=A. 

Subatitubing in (i), wo get 

(a 'I- ky ~ (a “ kfi+h\ 

wliich I'odncoB to k^^Aah 

Writing .r, y for A, k to clonoto a variable point on the locus, we get 

n« trlio oqnatinn of tho loons, the form of wbiob is shown in the figure. 
Tlio locus is u pavtibolii. of wbioh Ois tho vortox and OJ the axis (§70). 
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Ex. 3. A variable lino passinff tJirouyh the point (1, 1) mmfn thu 
qfx and y at M and N reipcelively. Parallels throwfh 11 and in tk** 
axes of y and x rcspcethelpy ^ncot in P, Find the equation of thn /.k-m 
of Pi and draw iko form of the locus. 

Lot Olio position of tlio vai'iablo lino llu’ouqh A(l, 1) bo .l/.LV uf 
gradient m (Eig. G4), and lot P{h, k) bo tho ocn’roniiondiiig pnim «»!( 
the lociie. 



Fia. Gi. 


Fia. Gi. 

Then the equation of MAN is 

y-l=w(.^■-l). 

Now il/, wliosQ coordinatoa avo (/i, 0), lies on the lino (i) ; 

thoroforo — 1=7».(A -1).... .< 4 ) 

Also A, whoso coordiniitoa avo (0, /Oi on (0 > 
tliovefoi’o (t-'l* - Ml... 


"Wo wish to obtain a mlalion bolwoon A, A, so divide (ii) bv 
and got I 

: ... 

thatia, l«(/4-l)(i-l) 

01’ Aiss/H-A. 

Writing x, y for A, k to do nolo a variable point on tlio Inisim, we 

xy=x^■■y . 

ns tho equation of tho locua, whoso form is shown in Eig. (i'l, 

If wo write equations (ii) and (iii) in tho form 

4=1-1 /m, A ss 1 “ m, 

WQ 800 that .V“l —1 /ot, y = l~7a avo froodom oqimtlona of the 
Eciviation (iv) is the constraint equiitioii, obtained of coviiw hf 
oliminatiou of vi. Tho locus is iv hyporbulu (§ 72). 
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§7oJ 

4, A and are the points (a, 0) and (~a, 0); and B and B' 
'i-itf 'joints (0, h) and (0, - Z»), If Q a7id mriahlo pomts m A'A. 

and internally^ m the same ratio^ and if BQ and 
^ in l\ Jhid the cq^iation of the hmis of J\ and sketch'the loom. 

Q divide A'A oxtoriially in the ratio ; 1 (Eig. OC). 

abscissa of ; 

Q is tlio point o)- 



-A.leo dividoa A'A inCornally in tho ratio ^ : 1; 
tiorofoi’o abscissa of 

. A?“l- i 

f^cl Q' ia Ulo point o). 

'X'lio oqnaUon of BQ is 

a(k+l) ' l> . 

Xlio equation of B'Q' is 

a'(A* 4-1) ?/ . 
a(i-~ir2’". 



. 0 ) 

.(») 
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Multiplying these equations togoLhorso as to oliminaLo A, wo 

This is m equation connecting p, q with tho constants 
the locus. Write x, y for p, 5 , and we obtain 


as the equation of the locus. A sUoteh of tho locus is showu 
a= 6 , 6 =^ 3 ; the vnluo of Ic for tho points g in tho (iguro 
The locus is an ellipse (§ 71). 


wIitM'n 
iM fh 


Ex. 5. Q and R are vanaUc points on tho x and y a.m, nur A 
Qlt subtends a right angle at the fixed point A («, h); and V m ^/le* A«'t 
oj the porpendiedar from the origin to Qll Find the oqnatioi^ oj 
foCM5 of F- 



Let P(/i, k) (Eig. 60) bo a point on tho locus, and lot il/, ^ Uiet 
projections of F on the x and y axes. 

Let 0Q=t ; 

than gradient of AQ~~^ I 

therefore gradient of A It = 

Hence the equation of Alt is 

. 


But R lies on AR \ substituting and in (i), wo 

0R~h^ 






or 


m % -m m 
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Now, fi'oiii tho right-angled triangle wo got 
OQ.OM^OP^- 


tliat is 

^ h . 


Prom tho right-angled trianglo OPB^ wo gob 



OR . ON^ or^ 


or 

\ . 

.OV) 

Substituting in (ii) tho valuos of i and OR from (iii) and (iv), wo get 


k h 


that is. 

{}>? k'^){hh H- ak) - (a2 h^)hk, . 

.(v) 


•Writing a’, y for /<, Ic to donoto a variable point on tho locna, wo got 
(.r’^ y^) {h,v p fly) = (fl^ + h'^) xy 
as the equation of tho loouii of P, 

Note. Prom (iv), Oit~{k^-\-Ic^)jl\ ho tliat (ii) may bo written 

h{h^ -I- aa .(iia) 

Equation (v) is found l>y eliminating t from (Ha) and (iti). 

The mothod of solution thus eonsists in lirst choosuig a suitablo 
’imramoter t, then forming two oquatioim in //, and iuially olimi- 
itating t, Tlio last two stops again illustrato tho coiinoction botwocii 
freedom and constraint otpnitions. 


EXERCISES XIX. 

1, If A bo tho fixed point (0, 2a), and <3 a variable point which 
moves along tho .r-axis, lind tho equation of tho loeiis of tlm middle 
point of AQ, and draw tho looiis. 

2, .Pisa variable point lying within tlm anglo X<9P; il/'and N 
are tho projoebions of P on OX and CiProspectivoly, If tho poriniotor 
of tho rectangle OMIW is d, Qnd tho equation of tlio locus of and 
draw tho locus, 

3, If in Ex, 2 tho area of OMPXf is 1, find tho oqimtion of tho 
locus of P, and sketch tho locus. 

4, OABO is a vai’iablo roctanglo of constant })orimotor 2fl, and tho 
sides 0/i and OC lio along tho axes of reforoneo \ find tho orpiatioii of 
tho locus of the middle point of ^1<?, and draw tho loeim when a^l. 

6, X is tho fixed point (I, i) and AB is any lino throiigli it cutting 
tho .t'-axis in P. If X(7 is perpendioular to AB and moots tho y-axis 
in (7, find tho equation of tlio locus of tho middle point of P(7, as 
AB varies. 

G.A.O. 


h 
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ft A aftA B avo any two iwints on tho axes of .v untt p re^insiTl.i \*'h 
Mcti\itWMOB^lO \ fiid equation of tho locus of tho 
point of AB, and draw the locm 

7. 


is » variable point on tho circle . 

* - ' Ti'iiuHhe oqmitmjj of thci l« «■»**» 


«at^ilQUo thethat QP^^. J}n(i the i 
of P ; interpret the equation and draw tho locus. 

8 0 is a vaviahlo point on tlio circle .'»!2q-v/3s=9; QM and /* 
drawn pnallel to the ic- and ^-axes rospeetivoly so tlmt 


9 ifO is a variable ordinate of tho circle { P 

MQ so that Kind tlio equation of Uio IrwajK of / * 

sketch the locus. Find also tho area enclosed by the hic.im. 


10. MQ is «■ variable ordinate of tbo circle ; (^>U^ /•* f « 

drawn mrailel to the n- and .r-axca resnocUvoly, no that ^/7f • 

and ilr^OMy where 0‘is tho origin ; find tho equation of Uiti I* 

P, and sketch the locus. 


11. IfO is the origin and Q moves round tho circle 
.■r**+^*-4.1*+3*^0^ 

find the equation of the locus of tho point of triscelion * »f 
nearest to 0, Draw the locus. 


12. J is the fixed point (d, 0); APQ is a variable flccant of 

circle ; find tho equation of the locus of tlio mhhlh* <At 

the chord PQ^ and draw the locus. 

13. A variable point i’ moves so Dial its dislauco from tlin» 

is numerically equal to its distance fi‘o)n Iho point (0, Uit) ; Hiiil I.!#!** 
equation of the locus of P, and skotcli the locus, 

14. A variable point i’ inovoa so that ils dislnnco from tli*' |wde,|. 
(0,4) is numerically equal to its distance from tho lino,?/- -1 * flint 
equation of the locus of P, and sketch the locus. 


IS, A variable point P moves so that its distance from iMiiWil 

(8,0) is double its distance from tho ^-axis | ilnd tho ocpmtinii i'»T 
locus of P, and sketch the locus. 


18. A variable straight line cuts X'OX, T'OY in J\ Q 
and moves ao that the area OPQ is constant (=a2); fiiul tho cti | 
of the locus of the middle point of PQ^ and skotcli tho Iocuh, 


17. A straight line PQ of constant length 2» slidon lH»twi>«»iu tJisifi 
axes ofandy; find tho equation of tho loons (i) of tho mulrtln \mimt 
of PQ, (ii) of each of the points of trisoction of PQ, Bkottth tlio 
of the loci. 


. ^^’^■^^thafc^ss.if-.ii^is tholocusof apoinb whiclnnovcw* m» tl»#| 
its *^nce from the point (1/2,0) is always equal to its i'tfmt 

^-1/2. Sketch the locus. 


EXERCISES XIX. 
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Afalce a drawing of the ellipse whoso focus is at the origin, 

0 directrix is .r~^=3 and whose eccentricity is 1/2. Eind the 
lion of tho ctirvo. 

A stvaij^ht lino rotates in a piano about a fixed point A, whose 
iimlos with re.sj)ccL to rectangular caxes OX and t^JTin the piano 
~ci and y=h, and cuts the axes in the variable points Q and k. 
iiib i.s taken on blio line so that jpQ^^IiA, Show that the 
ion of tho loons of is tho hyperbola and sketch the 

fi is a fixed )5oinb on tho ,^-axia such that OS==h 0 is any 
on the .r-axis, OJ) bi.socta tho angle £OG and meets £0 in 2>, 

7 is tho middle point of CD. Eind tho equation of the locus 
iH C moves from 0 to a point A along OX, Draw the path on 
;d paper, talcing /' ns 0 cms. and Od as 30 cnis, 

A variable circle touches tho .r-axis and tho fixed oirolo whose 
is (0, a) ami radius a ; find tho equation of the locus of tho 
on the variable eirclo which is fnL'the.st from, (i) tho A*-axi.s, 
^•axis { and sketch the foi'in.s of tho loci. 

A fixed circle, conlre (0, i) and radiita a, is drawn. A variable 
OLiclics the fixed circtlo and tho axis of a\ Find the equation of 
li8 of tho conti’O of tlio variable oirelo (i) when 6>a, (ii) when 
il) when 6 < n. 

V variable oirolo is doHoribod to pass through the point (a, o) 
touch the stfaighb lino y=a\ Emd the equation of the locus 
outre of tho variable oirelo, and sketch tho locus. 

i. variable oirelo is dcsoribod to pass through the jmint (0, a) 
ch tho straight lino Find tho equation of the locus of 

’ 0 , and sketch tho Ujcus. 

I. variable oirelo is doaoribod to pass through tho point (o, 0) 
oh tho lino .v-py-O; find tho equation of the locus of its 
nul akoLch tlio locus. 

. variable circle passes through tho point (a, a) and touches 
ifl. Find the aquation of the locus of its centre, and sketch 

1 . 

flxod cii’clo of radius a touches tho a'-axis at the origin. A 
circlo touches the y-axia and the fixed circle; find the 
of tho locus of tho oontro of the variable circle, and slcotch 

nd tho equations of tho loci of the centres of the circles 
Itch both tho a“-axi8 and tho fixed circlo Sketch 

vtid refer each akctcli to its corresponding equation. 

variable circlo ton alios OA' and tho lino 

igin to tho eonfcvo of tho circlo moots tlio oivclo in F. Find 

ion of tlio locus of and sketch tho locus, 
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31. AOA\ BOTA avo two porpendioulai’ diametera of a ciixilo whoao 
conti’G is 0, and whoso radius is unit^v. H is a inovaido point on tho 
cii'clo, A'U moots BOB' in N ; and Q is a point on Ali whose distaueo 
horn BOB' is equal to OJf, Eind tho equation of tho locus of Q, A'OA 
and B'OB hoing tho a- and //-axes of rcforence. Traco tho locus 
on squared paper, talcing special caro to show the form noar the point 
whose abscissa is unity. 

32. A is tho fixed point {a, 0) ; 9 ^ variable point on the ^y-axis, 

and AQP r\, variable isosceles triangle on ^If,^ as base, having QB 
pamllol to tho line }j=x, I’rovo that tho equation of the locus of is 

.-r®—2a,r = 

Traco tho curve. 

33. P is tho foot of the perponclicular from the origin on to a 
inovablo lino ciilliug tho axes at A and B so Hint 0^ + 071=1. Provo 
that tho locus of P is spociliod by tho equation 

Prom considerations of its geoinotrical property, sketch rouglily the 
part of the curve that lies within tho angle ATOl. 

34. OABO is a square; 73 is a fixed point on OA produced. A 
variable lino J)PQ meets A B in P and Bv in § ; prove that tho locus 
of tho intersection of OP and AQ is a straight lino. 

35. A oirclo, described with tho origin 0 as centre and radius «, 
moots the negative part of tho axis of x in A, P is any point on 
this circloj ancl Q is a point on tho ordinate of /‘such that OQ — AP, 
Provo that tho loons of Q is a circle, centre («, 0) and radius cc/j^. 

36. P is tho foot of the perpendicular from tho origin to a tangent 
through the movable point Q on tho circlo on OA as diameter, whoro 
0 is the origin and A is tho point (9a, 0). Provo that tho equation of 
tho locus 01 P is 

+y®)® - Soa’Gv®+=5 0, 

Tho locus is called the pedal of the circlo with respect to tho point 0 
on it. 

37. A circle is described on OA as diameter, whore 0 is the origin 
and A is tho point (2a, 0). § is any point on tlio circlo, It is tl\o 
imago of Q in OA, and tho diamotor through 7i moots OQ in P. 
Provo that the locus of P ia given by the equation 

3.v®- 3/® —2cf.'»=0. 

38. A is tho point (a, 0); B and G are variable points on tho 
y axis such that BQ^a, Provo that the locus of tho foot of tho 
porpondicular from O' to AJ5 is given by 

.-p (.«2 .|. yS) _ a.r (2.r y) a^(x +y) =< 0, 

39. A and B aro the points (a, 0) and (0, h) respectively, Q Is 
a movable point in tho lino/lfl, and il7aud if are its projections on 
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tlio ftxoa of A! anil ^ rospeetivoly. Prove that the equation of tlio 
locus of tho iiitui'sooUon of A2f and 2SM is 

b'iv^+ab.v^ 4- - ^ab^Ai - 2a%4- a%^^Q. 

Sketch tlio lociw. 

40t the poiiitH (a, 0) and (0, &) rospecfcively, and OACB 

18 a rcotanglo. 'i’hi'ou^n O is drawn a variable line to meet the axes 
of .V and in Q and 2i impocfcivoly. BQ and Alt meet in P; prove 
tbnfc tho oinuition of tho Iocub of 2* is 

1’2 -P « h. wy q, 

41. G in the lixcd point («, h) A and B aro its projections on the 
.■»r- and ^-axes. Q in OA and Ji in BO are such that Q/i is parallel 
to OB ; jS' in Ofi and T in AQ are anch that ST is parallel to OA. 
If Qlt and ^SV’iu’O inovahlo, pi’ovo that tho locus of the intersection of 

and JtT is tho lino A/^ mid that the Jocuh of tho intei'section 
of Sit and QT is tho lino OG. 

42. d is tho iinint (2«, 0) ; is a variable point on the circle on OA 
aa diainotni*) wiioro O is the origin. On tho lino OQ is measured, 
oithor way, a longtli QG oqual to 2«. Provo that the locus of Q 
^callod n eardloltl) is Bpocifiod by tho equation 

(.?;2 + f/^). 

43. A in tho point (fi, 0) anil B any point on the lino the 

UiftGctor of tho angle OB A cuts OJ at iV, and from jVa perpendicular 
18 drawn to OB, meeting it at l\ Eind the equation to the locus of 
J* iirt Jf moves along the lino . c 

T£ PN is priwlnced to moot tho line .r=a at (?, find the equation of 
tlio locuft of tho middlo point of PQ, and show that the locus is a 
ciasoid. 


MISOEIiLANBOUS EXAMPLES I. 


1. Provo that the points (3, 4) and (-4, 3) are equidistant from 
fcho origin. „ 

% Provo that tho points (J.% 1/S), 3), (VS, 11/2) are the 

vorticoBofan oiinilateral fcriangJo- 

S A, //, two points on an axis, havo nbscisaao (a+&), («- h) respec- 
tivoly. 0 and B are points on tlm axis such that 
AG'. OB^a : -AB \ BB i 


l>rovothafc(?7>«4rt?>V{*'®^«®)- . , 

4 A, B, 0 avo tho tUi’oo points (1, 4), (3, 3), (3, 11/3) 

A/ is tho middlo point of AB, ami AG la ^ 

to ctUouIato il/iy imd fcho xiifcorceptB made by 3fM on the axes. 
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6 . Provo tUab tho pomts (-3,1), (~ 1, 6 ), (~5, - 4 ) avo oollinear 
ancj lintl iho ratio an which tho first cuts tlie join of tho second 
and third. 


6. Provo that the lines joining (-2, -3), (0, 5) and (1, -5), (3, 7) 

are the diagonals of a parallolograV ^ 

7. If (ft, h\ (c, d) are opposite vortices of a parallelogram and 
fc, o) !S a third vortex, find tho coordinates of tho fourth vortex. 


^ Find the coordinates of tho intersection of the medians of the 
trianglo whoso vortices are ( 5 , - 1 ), (- 3 > - 4 ), (I, 8 ). 

9, Find the coordinates of the centroid of tho triangle whose 
vertices aro (.v^, (.r^,,%), (.v„ ij,), 

W. Provo that the linos joining (4, 0 ), ( - 2 , 3 ) and (- 3 , 2 ), ( 6 , 2 ) 
trisect one another. j \ / 


2)> (h 1)) (fi, 7) are tho middle points of tho sides of a 
trianglo, find tho coordinates of the vortices of Clio trianglo. 


( 


^1 1 > 2 are placed at tho points ( 2 , 6 ), ( 4 , - 
— 1, 4), find the centroid of tho masses 


13. If masses wtj, aro iilacod at tho 

(•t'si .^a)) hnd the centroid of tho masses, 


points (.^ 1 , 


?/l)t (‘^21 ^ 2)1 


14. If masses Wj, Wa, ..., w„ ai’o placed at tho points (.Vi, ?/.), 
ya)> ••• > find tho centroid of tho ninsses, 

the centroid of any immbor of fixed points A, 7i, G, etc., 
and P IS a variablo point, prove that 

where 71 is tho number of points. 

18, If 6^ is tho eontroid of masses Wj, Wjj etc., placed at tho fixed 
points Ai, dg, etc,, and P is a variablo point, prove that 

pai’biclo starts from tho point (S, 3) and moves with coin- 
of 3 <‘'iid 4 foot per second ]aarallel to tho axes A^'OX 
J 01 respectively; prove that the position of the particle at tinio 
5 seconds 13 spool fiod by the equations 


.^•«= 2 ^- 3 ^, 2 /« 3 + 4 <, 
tho scale unit of each axis hoing 1 foot. 

Giraph tho lino of motion and find its equation in the form 

AtV “P 4" G«=0. 

18. A particlo starts from the point (—4, —1) and ono second later 
arrives ivt tho point (-2, 3) j find freedom equations for its path and 
ucauco tho constraint equation. 
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19. Tlio scale anib of each of tlio axes X'OXt ia one foot. 

The motion of a particle in the piano of the axes is given by tlio 
equations .^=-1 + 2;, y=2-^, 

t being jueasnred in socoiula, Graph to a suitable scale tho positions 
of the particle wIjoh t is - 3, -1, 0, 2j 3, 4. What are tho .i;- nnd 
//-compononts of tho velocity of tho particle, ami wliat is tho constraint 
equation of its patli ? 

20. Draw two rcctiuigular axes i'Ot^ v'Ov. Lot ono inch, tho scale 
unit on the ^axis, represent ono second; let ono inoh, Uio scale unit 
on tho r-axis, roprosont a voloeity of 32 foot per second. Draw tho 
straiglit line joining tlio origin to (1, 1). The diagram is called a 
Velooity-Tlnie oi’ v-t Bingram of tlio motion of a point on an axis, 
Kiid from tho diagram 

(1) tho velocity when t is 0, 1, 2, 3, 4 ; 

(2) at wliat times tlio velocity is («) 10 ft. per sec., (6) 32 ft. por sec., 
(<j) 48 ft. por sec., {d) 70'8 ft. por sec. ; 

(3) tho acoolcration (iiicroaso of velocity per second); 

(4) tho space described in 1 sec., in 3 secs., in tlio 3*^*’ roc. 

21. Talcing tho voloeity-tiiuo diagram of JiJx. 20,^ iiiid gonoral 
formulae specifying (1) tho voloeity v at time /, (2) tho Lime t at whiesh 
tlio velocity is v, (3) the space cle.scribod in t secs,, (4) the voloeity v 
when the spaco cleacribed is ,•?. 

22. Tho velocity4iine diagram of tho motion of a_point on an axis 
is a straight lino. Sliow Unit the gradient of tlio lino measurca tho 
ttccolomtion of tlio motion, 

23. Tf is Uio equation of tho voloeity-timo diagram, what 

is tho mousuro of (1) tlio aeceloralion of tho motion, (2) tho initial 
velocity, (3) tho Limo when tho jiarticlo is at rest 1 

24. Idnd freedom equations for tho motion of a point along a 
straight lino whon tho point has at ono timo coordinates («, h) and 
q seconds lator coordinates (c, d). Dodneo tho constraint equntum 
of tlio line, 

26. Vi ml freedom equations for tho locus of a point which moves so 
tliat tho gradient of tho lino joining it to (S, 1) is constantly 3/4, 

26. Provo that tlio linos joining (-4, 3\ (-2, 1) and (-6, - I), 
(~3, -3) are both porpondiciilar to tho lino joining (5, -2), (3, - 4). 

27. Vind Iho equation of tlio porpondiciilar to 4,r-l'.y“2_=0 through 
tho point (~ 2, 3), tlio coordinates of tho point of intersection, and tlio 
length of the porpondiciilar. 

28. Provo that tlio coordinates of tho foot of tho porpondiciilar 
from tho point (,rj, yi) on tho lino o.i?P?jyH-o=0 are 
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29. A point initially at (7, 2) moves so that its distancoa fi-mn tln.» 
lines'3.v-4y+1=0, 8a’+6^-3=0 are in a constant ratio. Find tUt* 
equation of the locus of the point and the value of tho conatant ratio. 

30. Find the coordinates of the point which is equidistant from 
(2, 3), (6, 4), (3,-2). 

31. Find the coordinates of the orthocentre of tho triangle whom* 
vertices are (2, 3), (6, 4), (3, - 2), 

32. If 0, (?, S are the circumcontre, centroid and orthocentre of 
the triangle whose vertices are (2, 3), (B, 4), (3, -2), calculate (Hf 
and Gff. 

33. Find the coordinates of the vertices of the squares doscrihed t*iit 
the join of (3, 4) to the origin. 

34. A, B are the points (-a, 6), (c, -d^ roapoctivoly. Tiirougli vl 
is drawn A(7equal and perpendicular to AB\ find tho coordinatoH <*f 
the two possible positions of G, 

35. ABO is a triangle having G a right anglo. On A B is desciil » 
the square external to tho triangle. If C?A, OB are taken ae axca ••'T 
A* and.?/, find the coordinates of thevorlicea of the square other tliun 
Ay B in terms of a, b when a=(7A, b=GA. 


36. ABG is a triangle, right-angled at A ; on BOy CM, AB 
described, external to tbe triangle, squares BGDJSy OAFOy AUlfjfCw 
specified in the order of their vortices. If the figure bo referred 
ABy AC'as rectangular axes of .r, y, prove that the middle point **f 
has coordinatos ^(2?>+c), 4(5+2o> Also find tho cquationH 
BG and <7//, and prove that the join of their intorsection to A 
perpendicular to BG, 


37. If P, Q, R are the middle points of tho sides BlSy FO, lIIC * 
the squares described, as in Example 36, on the sides of tho riLfIstt- 
angled triangle ABOy prove that 

4AP(2P=2PGHl3AAPa 


^ points and G is a variable point, A f7/* 

are squares described on AG, BV external to tho trmu&sJcK 
middle point of EQ, is a fixed point, so 
V3 G keeps to the same side of tho line AB, 

If the figure is referred to rectangular axes so that A and B ar(j Utn 
joints {p, q) md (r, a), what aro tho coordiiiatos of Ml 


there ia a point such that the porpendiouhir fruiii 
>n 16 ino ^ ^ (|) c= (t 


il^ 


joinT tho value of 0, and find the coordinates cif 


40. Find tho ratio in which tho lino joining (1, 2) and Gl. J “ 
ntersLfcion and the coordiiiatos of the point 


of 
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41. If ABt GT> cut at 0 ami ^1, i?, (7, D liavo coordinates (-4,1), 
(2, 5), (G, -.3), (“1, 4) respectively, find AO:OB^ GO'.OB^ and the 
coordinates of 0 . 


42. Prove that tlie lino joining (10, h) and (2,3) is divided intornally 
and externally in tho same ratio by tho circle 

43. Find tlio equation of the parallel to 2a’~3y+ l=0 through tho 
image of (1, - I) in tho given lino, 

44. -'1, /X, O', /-) aro tho four points (2, 4), (fi, 1), (10, 6), (7, 3) 
respcetivoly. Show how to draw a lino through tho origin dividing 
^l/Zaiid GD in tho aanio ratio. Pi'ovo that there aro two Holutiona of 
tho problem, and find tho equation of each of tho two lines which 
solve it. 


40. Given one aide of a quadrilateral in inagnitudo and position, 
tho length of tho oppoaito aide, tho angle botweon thoao two sides if 
produced, and the area of tho quadrilateral, Ihul tho locus of ono of 
tho free vortices. 


46. Find tho otpuitions of tho two straight lines through tho point 
(3, 4), which aro equidistant from tJio two points (2, 1) ami (1, 2). 

47. A and B aro points on tho .r-axis, G and 1) aro points on tho 
y-axis, A ]<j(f m\(\.BFu aro parallols to tho .y-axia, CJHF m\<}. DOII aro 
parallols to tho .r-axia, and AU ami DlS moot in If !>' is tho point 
(rt, b) and G tho point (c, <^), lind tho coordinates of P in torms of 
«, c, ami prove that B lioa on tho lino OF when 0 is tho origin. 

48. Find the equation of tho lino joining tho point (-2,1) to tho 
intersection of .r-?/- I—0 and 7.r-|-y-|'33 = 0, and prove that it bisects 
tlio angle between thoin. 

49. A lino moves so that tho sum of ita distances from tho points 
(5, -1), (—3, —.3) is eipial to 12 { find ita onvolopo if tho lino does not 
pass botweon tho points. 

60. A lino moves so that tho sum of tho reciprocals of tho intor- 
copts mado on tho axes ia consfcajit and oiinal to h. Provo that tho 
lino in all positions passes through tho fixoi) point (1/^*, ^jh). 


61, .Provo tliat 


.r~ 


-p bt 


pA-qC ^ p'-\-gt 




wlioro t is a pavaniotor, aro froodom oquationa of a straight line, and 
find a ti'ansformatioii tliat would bring them into tho form 


.r=a'+/A(, y-o'A-d'u^ 
■wlioro tt is tho paramotor. 


62, Find tho iii-contro of tho triaiiglo whoso aides aro 
3a; -I- fl^ •-12 =» 0, 3,w - 4y » 0, y -- fJ s® 0. 
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63. Oho sklo of a square of side a drawn from tlio origin luia 
a gradient tan $; prove limb the equations of fcho diagonals ai’O 

y(cos d ~ sin 0)=a'(sin 0-\r cos 0), 

2 /(ain 0 + cos 0)+.r(cos B - ain 0 )=a. 

64. Find the in-coiiti’o of tlio triangle whoso sides aro 

a*—?/+l=0, a*+,?y-7=0, .^•"3?/+^)=0. 

66. Prove that a common tangent to two cireloa cuts tho join of 
centres internally or externally in the ratio of tho radii. 

Eind all tho common tangonts to tho cii’cles 

.r®+?y “ 3.r - 4^^=0 and - 21 ,v +90=0. 

68. Eind the equation of a straight lino through («, h) and inaldng 
an angle a. with tho lino t/=:m.v+c. 

Eind tho equations of tho sides of tho roctanglo which has (1, 2), 
(3, 4) us coordinates of tho extremities of one diagonal and whoso 
other diagonal is parallel to 2.i?—3//=0. 

67. Eind tho coordinates of a point such that tho lino joining it to 

tho point (/, g) is bisected at right angles by tho lino ; 

and find tho locus of tho first point vdion tlio only rcHtrictioa on tho 
given line is that it shall pass through a fixed point. 

68. A and li aro tho fixed points (a, 1/a), (h, 1/ft), P a vaviahlo 
point (<, 1/i); PA and Pli moot tho axes of .v and ,?/ in M, ^P and 
iV, jV' rospectivoly, Provo that MM' and iVM' are of constant lengths. 

59. If A and P bo two points on tho axis ().i\ B and Q two points 

on tho axis 0//, A and B Doing fixed and Py Q varying in such a 
manner that 1111 

m.~0P^0B'~'0Q' 

show that PQ passes through a fixed point. 

60, Tho vortices of a triangle lio on tho linos 

ytan 0;, y—a’ tan 0^, g=a: tan 03 , 
tho eircumeontro being at tho origin; prove that tho locus of tho 
orthocontro is tho lino 

a’(sin 0j+sin 0^+sin 0g) -y(e 08 0j + cos 02 +cos 0 ^) —0. 

81, Tho. equations of tho sides of a triangle aro 

3a*+ 42?=12, r).v-12y=20, 24y-7.i;=72. 

Eind (1) tho aim of tho triangle, (2) tho coordinates of tho in-contro. 

62, Find tho equations of tho tangents from tho point (11, 3) to 

the circle and of those from tho point (4, 6) to tho circle 

2^'’'*+2^2 - 8.r +12p+21 =5= 0, 

63, Find tho equation of the circl6 inscribed in tho triangle whoso 

aides aro ^.=,0, 2 /* 0 , ^/4py/3«l. 
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64. Draw tho loci whoso oqviatioiis avo 

A’ - y = 1, a’2 - =0, (,v - a)'^ -!- (y - bf « 0, 

(.r-l)Cv-2)+C^~3)0/~4)=O. 

66. If tljo cooi'dinates of A bo (3, 0), thoso of S (0, 3) and those of 
<7(-3, 0); unci if J) divide A7J so llial AJ}='pi/J^ and A’ divide BO 
BO tlmfc nB=‘^BG, iind tho points in which /JB outs tho coordinato 
axes. 

66, A7iG is a triaiiglo ; if tho coordinates of A, JJ bo (0, 0), (0, 9), 
and tho lengths of AO, BO bo 13, 5, iind tho coordinates of 0. 

67, Tho coordinates of P and Q, aro (0, f») and (15, -4), If tho 
point 11 , whoso coordiimtos aro (5, «), ]io.s on VO, iind tho value of a 
and find in what ratio VO is divided at ll. 

68, A and B avo two points on tho .r-axis equidistant from tho 
origin 0, and ABO is an equilateral triangle}. Sliow that a point 
which moves so that tho sum of tlie scinuros of its distances from 
tlio sides of tho triangle is 'H)A'^ doscribcis a circlo, Eind tho radius 
and tho coordinates of the cohtro, and draw tlio oirelo. 

69, Tho straight lino .v~a A ht, mccsts tho axes in V and Q \ 

find tho area of triangle OVO, wlioro 0 is tho oiigin. 

70, If .r/rt+,iy/&=l intersects .vlAa—t/fh and xj(jb<=yjAb in V and Q, 
find an expression for tho length of 

. 71. Provo that tho circles 

+//'•* 'I* and py— b^ 

touch if -h 4(f/'*/\^ 'h ^ 4(a^—0. 

72. A and B are tho points («, 0) and (0, h ); OAVB is a roctanglo 
and Q is tho projection of J* on AB. If A and B move so that 

a^-\~b^^o(d^+h% 

whoro 0 is constant, show that tho locus of is a straight lino. 

73. V, Q, It start simultunocmsly fnnn tho points A, B, 0, whoso 
coordinates aro (a, a'), (b, h'), {c, o'), If their component velocities 
parallol to tho x ami y ivxtjs aro I and I', m and ni’, n and d I'oapoc- 
tivoly, find when V, 4 ), Ii! aro col linear. 

74. Provo tlnit tho oontros of tho throo circles 

x'i -I- y 2 _ _ 2 y—7=0, x^ -Vy'^ = 2a', %v'^ 4 - 2 ;/^+4,y=3 

aro collitioar. 

76. B, C'ni'O tho points (1, 0), (0,1), (1,1) rospoGtivoly, and 0 i« 
tho origin. A point P moves so that tho product of its porpondioular 
distances to OA, BO is otpial to the product of its mu’pondicular 
distances to OB, AG, Kind tho equalioji of tho locus of /■’, and discuss 
tho equation. 



ANALYTICAL GEOMETRY. 


1’72 


76. Skotcli roughly the path of a point which movoa so that its 
tiiHtanco from ( 1 , 0 ) exceeds hy unity its distance from the y-axia, and 
JiUa tlio equation of the path. 

77. Find the equation of the parabola whose focus is ( 0 , 8 ) and 
wiioao directrix is 

78. l^raAv _ roughly tho form of the parabola wlioso focus is ( 2 , 8 ) 
£vnu wliQSQ directrix is and find the equation of tho parabola. 

79. .Draw tho form of tho ellipse wliose foci are ("3> 0 ) and (3, 0 ) 
whoii tho auin of the focal distances of any point on it is 8 . Eincl tho 
Qiluation of the ellipse. 

80. A variable point moves so tlmb tho difforonco of its distances 
from tho points (0, 0) and (3, 4.) is 3 ; draw tho form of tho locus and 
find its ocination. 

81. Tho focus of a parabola is ( 3 , 0 ) and tho directrix is a?- 2 y =2 5 
find fclio equation of tho parabola. 

82. An ollipsQ has eccentricity 2/3, a focus is ( — 1, —4) and tho 
corresponding directrix is 2aj-l-3y=5. L'’ind tho equation of the 
ollijiao, 

_ 83, A hyperbola has a focus at the point ( 2 ,1), tho corrosponding 
divoctrix ia^=3a;+5 and the eccentricity is 2 . Eind tho equation of 
tho hypQi’hola. 

84, A. variable rectangle whose diagonal is of constant longtli « 
has ono voi’fcox at tho origin 0, a second vortex A on the .'r-axis and a 
tliird vertex A on tho ?/'axis. If Q is tho free vertex and P(.r, y) the 
projection of (2 on An, ( 1 ) find the equation of the locus of Q ; ( 2 ) 
jirovo that ala~{0Ajay‘ and yja~{0J3jay ; 

(3) find tho equation of tho locus of and sketch tho form of tho 
lOOUB. 

86 . Find the omiation of tho radical axis and tlio length of tho 
common ohoi’d of tho circles 

and 

86 . Oirclos are drawn through the point (c, 0 ^ touching tho circle 
Show that the locus of the pole of tho axis of x with 
roapoefc to those circles is tho curve 

4«® (,r— oy~(a^ - c®) ja’’ ~ (c - 

^ 87. Find tho equation of tho chord of contact of tangents to tho 
oil'd 0 from the point (A, k). 

If thia chord subtonds a right anglo at tho point (/i\ provo tliat 

88 , Find tho coordinates of the limiting points of tho cirelos 
a''^+ 3 /^” 2 a? 4 ‘ 8 ^ 4 'll =0 and «^+y^+' 4 a>-h 2 ?/+ 6=5 0 , 
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89. Eincl fcho^ equation of the cireiuiicirolo of tlio trianglo formed 

by the pair of linos and tlio linoy««Ja’+tf. 

90. Find the oqimtiou of tho pair of linos drawn (1) from the 
origin, (3) from the point (p, (/) to the intersection of tlio lino 

0 with tho lino-pair 

ax^ -1- ^hxy + hy'^ -h 2</.r+2/'^ -p c=0, 

91. Provo tliafc tho circlo whieli 2 m 8 soa through tho jioints («iJn 
a/i^a), ajQ also ijussos through tho point 

92. Pind tho equation of tho circlo circmnmcribing tho square, two 
of whoso ndjacont .sides aro tho lines joining tlio origin to tho jioiiits 
(a, 0), (0, a). What is tho equation of tho tangent at tho origin 'i 

93. Provo that tho two circles, oacli of whicli jiassos tlu’ough tho 
two points (0, «), (0, -a) and toiiclics tlio straight lino 7/=«i,i.’-h6‘, will 
cut ortliogonally if 

94. Provo that tho circlo on tho lino joining tho origin to tho point 
(o3,1/c®) as diiiuiGtor passes througli tho point (l/e, o). 

9B. Show that for a eortain value of k the equation 

(2.r -y d- 3) (.r -y d- 2) d- k{^x-^y -h 2)(3.r - 4y d- 2)=0 

will roprosont a circlo. Find tho value ; find also tho radius and tho 
coordinates of tho contro of tho circlo. 

98. Tho equations 

.r® d-y^ -I- A (.V - a)=0 and -|-y’^ -I- /Ji(y -- h)=0, 
whoro A, fA are paraiiiotors, roprosont tWo vai'iahlo circles which touch 
ono nnothor ; show that tlio Iocuh of tho point of contact is a circlo, 
and find its equation. 

97. Pho straight lino joining tho point (.rj, y,) to tho point (.%, y^) 
passes through tho point (c, 0) and subtonds a rigbb anglo at tlio 
origin. If ono point inovos on tho circlo 

.t’2d'?/-b2y,ri=0, 
tho other movoa on tho circlo 

0 (x'^ -p y ®) d* 2y (.r® 'by® - c.v) == 0. 

98, Pind tho condition that tho lino .vcosa-pysin a-p=0 should 

touch tlio circlo d-y’** -P 2 ffx d- 2/y -p n ^ 0. 

Deduco tho oquation of tho loons of tho foot of tlio poi’jioiidicuhir 
from tho origin on a variable tangonl to tho circlo (called tlio pedal 
of tlio oii'olo with roapQct to tlio origin), 

99, Tho ^jolars of a point i* with rospoct to two givon oirclos moot 
in Q 5 show that tho radical axis of tho oirclos bisoclH PQ, 

100. Pind tho locus of a point sneh that tho pair of linos joining 
it to tho points (~«, 0), {a, 0) aro harnionically conjugato with rospoct 
to tho pair of linos joining it to tho points (0, - h), (0, h). 
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1. Provo that tho origin lioa outside tho circle 

-j-j/2 _ 3^^. ^ 2i/ H-1 =:0. 

Find the equations to tho two iangonta from tho origin to the circle. 

2. Two circloa can ho deacribccl to pass thro\igh tho points (1, 2), 
(3, 4) and touch the line ,r+2y-l—0 ; find thoir oipiationa. 

3. The throe sides of a variablo triangle pass through thrco lixod 
points; ono vortex lies on tho lino ,r=0, a second on tho lino 2 ^= 0 . 
Find tho equation to the locus of tho third. 

4. The angular points of a quadrilateral taken in order are A, i7, 
<7, J). Points jlT, are taken in Ali and GJ) respectively, such that 
AM•. UB~GN\ND \ prove tiiat the sum of tho areas NAB and MGD 
18 constant. 


6. The straight lines joining a variable point P to two fixed points 
(.^ 1 ,^ 1 ) and (.t’g, 2 / 2 ) moot the axis of x in 11/ and N roapoctivoly. Find 
the equation to tho locus of P if tho ratio OM \ ON is givon, 0 being 
tho origin. Show in what cases the locus breaks up into straight 
linos, and give the geometrical explanation in eacli case, 


6. Find the equations of tho Byrnniedinns of tho triangle whoso 
vortices are the points (1, 0), (0, 2), (2, 4), and tho coordinates of thoir 
point of intersection. 

7. AGE and BBP are two straight lines. Show that tho inter¬ 
sections of AB and of UG and of CD and FA^ lie on a straight 
line, and find its equation referred to AGEy BDF^^ axes. 

8. 0 is tho origin, A a point whoso coordinates aro (2, 1), B a 
point whoso coordinates aro (3, 2); find the coordinates of a point P, 
chosen so that the triangles OPA^ AJUi may be directly sinuhu*, tlio 
coordinate axes being supposed rectangular. 

9. Show that tho expression 




contains xy aa a factor 5 and hence prove that if A,, Ag, Aj aro three 
points on the axis of and 7Ij, Bn, B^ three points on the axis of v, 
then tho throe points of intevaeetion of AjPj with AgPi, Ag/Ig with 
Ag/fg, atid ylgPj with AjPg lie on a straight lino. 


10. _ The equation to a certain straight lino referred to recUviigular 
axes is A.^j+Pj/'hO^O; find its equation referred to tho lines that 
trisect tho angle between the axes. 
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11. Two cirolort of radii a and h loiuth Iho axis of y on opposite 
aido.s at Uio origin. I’lio axo.s hoiiig reel angular, prove that tlio 
other two coiniiioii Langoiits are given by 

.y-2n&=0, 

12. Provo that any two perpondioidar straight lines passing 

through tlio points (.'ri,yi)> eta'll represontod by the fi’eodom 

eciuntions .r=.,ri+;, + 

and • .r=.ry+?;, 

roapoctivoly, Ilonoo line! tlio equation to the louiia of the intersection 
of the above pair of lines, and inturprot your result. 

13. A and B are points on the axes of x and y respectively, such 
that OA=^a^ OB~l>, A/i^c; prove that tho ctpiation to tho lino 
joining tlio middle point of A H to tho centre of tho circle inscrihod 
in the triangle OA B is 

&(6 4- c - a) . 1 ’ - ci (c + fl - h)y + ah {a ~ h) — 0. 

14. Deduce tho equation of tho bisectors of tho angles formed by 
tho lino-pair ax'^-V’^lixyA-hy^—O by expressing tho conditions that tho 
lino-pair a'.r^+2/Aw/+/iy“~0 should bo (1) at right angles to each 
othor, (2) Imrmonically eonjugato with rospecL to the given lino-pair, 

15. If {ABVV) and {AB'C'D') are harmonic ranges, prove that BB\ 
G0\ BD' are concurrent. 

16. Find tho area of tho trianglo formed by tlio linos 

lx P my s= 1, ax'^ -h 'ilhxy + by^ =0. 

17. Find tho area of tlio triangle formed by the lines 

y y ^ m^%\ o.V'l' by -h c ~ 0. 

18. Find tho ofiuation of tho straight lino drawn in a given 
direction through tho point of inlerscction of two given straight linos. 
Show that tho coordinates of tho orthocontre of tlio trianglo formed 
by tho linos ax^-hy-Vo— 0, hx -I- cy -[-ct=0, ox-\-ay -1-^=0 

are given by 

hhimx~abl -I- hm> -1- cn?q klmny = cal -I- abm-{- & 07 q 
whore 1 /A ~ic+ca ■['«&, m=^h'^ — cuy 11—0"^—ah. 

19. Draw iho ourvo {.v -1-y -1 ~ 2 (.r -1) (y -1), 
and show how it is rolatod to tho linos 

.v-i=0, y-1^0, 

20. Tho equation8 of tho sides of a trianglo aro 

x+ly ~ 1^=0, X -h wy - =0, x d- ny - =0 j 

find tho coordinates of tho ortliocontro. 


176 


ANALY'J'ICAL GI^ 0 M 1 ?TRY. 


21, Prove that -h{fl^ - 

whore h is u parameter, ropresonta any tliveo equally inclined linos 
through the origin. 

22, Prove that the coordinates of iho in-contro of the triangle of 
sides a, 6 , o, whoso opposite vortices are yi), {so^ t/g), (a’q, 2 / 3 ), are 

a.rt- 1 - &,V 2 -Po.% ^j'/i + &,?y.i+c,y3 

(t'\-h’]-o * ft -p 6 *1- c 

23, If cw;®H- 2 /M? 2 /+S'?/+ 2 ^,tM- 2 j^ 3 ?'pcs =0 roproaonis two straight 
linos, the equation may l)o written in any of the following forms: 

(1) (/i2 - ah) {ax + hy-\-gf - {(A^ - ah) 2 /+gh - «/}“ - 0, 

(2) - ab){fui} -t- by+ff— {(A^ - ah)hf- hg^—O^ 

(3) {g’^-ao) {gx -\-/y+of -{{g^- ao) x Qh)yf - 0, 


24. IE «,'C*+2/<,iv/+?«/2+2fy.r+2/y4-(3i=0 represents two straight 
lines, the lines are harmonically conjugate with respect to each of the 
following pairs of linos ; 

(1) «.r-t-A^h,<7~0, (7i2“«h)?/+,7/i-ft/»0 j 

(2) A't;+6i/+/=0, {h'^~ah)x-\-hf~hg^Q ; 

(3) gx +/y -P 0 »= 0, ((72 - ug)x +{fg - ch)y =0, 


26, If (a’i, ^j) is the point of intersection of tho line*pnir 
ax^+'ifmj + hy’^ 2gx -p2/*2/+c=0, 


prove that 


Xi 


hO'-gf _ f-ha __hcf ^f]}:. 
^at'f-gfi' bg ~fU /i^- ab* 


__ ho~g f _ g^ — ca af~gh 
~ bg —fh" af~ gh " Ifi-ah' 


26. Provo that tho equation 

ft.r^+ 2hxy H- by"^ d- 2gx + 2J‘y -1-0=0 

ropreaonts a pair of parallel straight lines if A'^=«b and a,f’^gh\ 
aiict conversoly, provided a. =[= 0. 


27. Provo that 

{ax -i- by - l)(cu;-l- fty -1) -h kxy =0 

roiiresonta two straight lines if A=(ft-oi.)(&~j3); and find tho cd- 
ordinntes of their point of iiiLoraoetion. 

28. If *f 2/iAy -P ft y® -p 2gx -P 2/j/ -P 0 =0 

and ft'.-r® + 2h\vy+ ft'7/-p 2g'x +2/'y -P c'=0 

both represent lino-pairs, prove that they will represent tho aamo 
lino-pair in two differont positions, provided 

(A2 - aft)(ft'a+ft'8) ^ (A'a - aV){a? -P ft^)+2Aart'ft' - 2A'2a&« 0, 
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29, 0 being the origin of rucLangubu’ axes, prove thaL if px+qf/-{‘r=Q 
cut a,v®+2/i.iy+i;/^=0 in P and Q, tlion 


OP. OQ 


hp'^—‘‘Mpg-\'uq'^ 


30, A straifjhl lino AB of constant length has its oxtroniitics on 
two fixed straight linos OX^ OP, Show that the locus of the ortho- 
centre of triangle OAB is a circle. 


31, Find the area of tho (inadri lateral boiindod by the pairs of 
straight lines given by tho ociuations 

<1 a’2 - -f~ 2.r -1- 7y - G == 0, 

H- 3.ry ~ 4y “ 7,v - 27y - 44 0, 

32. Show that the equation of tho circle circumscribing tho triangle 
formed by the lines 

a.v^ -I- 2h,v ?/+ 0 and 2W+g>/ -1=0 
ia (.v^ -t-y®) («ff® - 2/ipg 4- bp^) + { 2hg{u~b)}.v+{2hp-g{a~h) }y =0. 


83, Investigate tho equation to tho polar of y') with respect 
to tho circle ^^, 2 +2y.r -h o=0, 

and show that, if y bo a variable parameter and (.i;', i/) a fixed point, 
then tho polars of'(.'t!', y') with respect to tho circles will jiuss through 
ft fixed point lying on a circle through (.v', ?/) and tho limiting pointn 
of tho circles, 


34. Provo that 

(a -H 2 A+6) ,v'^ 4- 2 (a - b) xy 4* (« - 2A 4- A)y3=0 

denotes a pair of straight liiiea each inclined at an angle of 45® to one 
or other or tho linos given by 

a.x^ 4- 2Aa!y 4* by '^« 0. 

86, Pind the oqnatioim of tho throo radical axes of tho oirclca 
(.V - iCf' 4' (y - b )^=(.V ~ bj 4- (y - of *= d\ 

(,r ~a-b — o)®-!-y^=«& 4- c^, 

ftncl provo that they are coiuuirrent, Find also tho equation of tlio 
oirolo which cuts the three circles orthogonally, 

86, Show that tho equation 

{ab - 2hxy 4- 4- 2y.v -h 2/y) -V 4- b(f ~ 2/7/4=0 

roprosonta a pair of straight lines j and that these straight linos form 
a rhombus with tho linos (U’‘'*4'24,t;y4"4y‘b-.-:(), provided that 
(a~4)yy4-4(/“-y2)=0. 

37, Find tho equation of tho circle which has for its diameter the 
chord cub ofl’oii the straight line fM,'-h/>y4-c=o by the circle 

(ftS 4- Z»3) {x^ 4.y3) =3 2c^. 

Jt 
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38. If tho sidea of a parallologram be pavallol to the liiiea 

2 ^ 7 /+ hy“— 0 , 

and one diagonal bo parallel to 

show that the other diagomil is parallel to the line 
y{U - M), 

39. Show that the two linos given by 

a {x^+//)={lx -h mf/f 

contain an angle 2 8in~*'^^^-p-j,, and that ?.r+«i^=0 bisocts one of 
tho angles between the linos. 

40. Show that the lines joining tho origin to the intorflcctionB of 

4- hx'y “ 3^® -i- 2,r 3?/=0 and 3.r - 2^=1 
are at right angles. 

41. Tho diagonals of a qnadrilnteral figure arc reproBonted by tho 
equations .v!=c, y—o and a pair of opposite sides by H,^''‘*+?J7/^=!0. Show 
that tho other two sides intersect at tho point 12t'ip/(6 - a)’, 

and that they aro parallel to the linos 

(tw+ h}jf^ ah(x-\-y)^ =0. 

42. Find the condition that tho straight lino ?.r+«?,?/ + ?i=0 should 
touch the circle (x —a)®+( t/ - lif=¥K 

Provo that the equations of tho common tangouIs to tho circle 
,r®+y 2_289 ^.nd tho cirole whose diameter is the chord of tho first 
circle made by tho lino a'cesa+y sina.=15 aro 

3 (.r coH a. +y sin a.) ± 4 (j/ cos a. - ,r sin cc)=85. 

43. l?rovo that if the circle a’2+^^3+2n.r+2/’»y-l-ca3 0 inlorcopta on 
tho lino i!,u+?»y= 1 a length which subtonds a right angle at tho origin, 

4 2 {gl 4/to 41) = 0. 

44. Find the equation to tho lino bisecting tho acute angle hotwoou 
tliG linos joining tho point (1,1) to tho points (1) '0 find (2, .3), 

46, Tho jioints vl, 7^, <7 aro inverted into tho points A\ /J', G' with 
respect to a eirclo of radius unity whoso centre is tho origin. H tho 
coordinates of d, 7i, Caro (8, 8), (3, 4) and (-3, 4), thon 

A yrJ3'C?7Ayl7?(7=1/1260. 

46, Show that tho straight lino through (.t'j, ;/,) and tho intor- 
Boction of the lines ./hr+73^4(7=0 and A‘x-\~B'y-\- C'—Q> is given by 
A X 4 7?y 4 (7 A\v 4 B'y 4 O' 

•/la'i 44 0 A .tj 4 ^y\ 4* 

and doduco tho equation of tho parallol through (.ri, y,) to 
Ax-]rBy-\- (7=0. 
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47 . Eind the gmcliont of tlio lino y=c-^dt\'ty coiisicloriiig 

Uie gradient of Lho lino joining tho origin to tho point at infiiiity oil 
the given lino. 

48. Tho lino Iv-^-my-Vn—O hisocts an angle botwoen a pair of linos 
of winch one i 3 ^;.v+< 7 ^-HJ ’=0 ; show that tho other is 

(p.v+ qy +r) -I' mq){lv -1- my + n) =0. 

49. Show that tho limiting points of tlio circlo and an 

equal circlo with contre on tho lino lv-\-my=n lio on tho cni'vo 

{lx 4- my) (.r^ + y ® -I- a'^)=n (.r- -I- y^), 

50. If -\-y‘^ + ^yx -l- 2fy +c =0 

and S' s -|- y^ %g’x -h 2 /'?/+o' «= 0 

are two circloa of a coaxal aystoni, show that tho two point circles 
(or limiting points) of tho systoni arc given by tho equal,ion 

_ o') _ H- 2(7^' - c - «')++<72 - f)= 0 . 

61. If OM^ ON aro tho abscissa and ordinate of a point P with 
rospoct to rootangular axes X'OX. Y'OY^ iiiid tho locus of P if 
\I0M~\10N^\, 

62. A locus is dotorminod by the condition that tho sum of the 
fiquai'os of tho distances of any point /* on it from two iixod points 
A and P is equal to tho squaro of tho distanco of P from a straight 
lino porpondicular to AB. Hhow that tho cijuation to tho locus can 
bo put in tho form (.r—a) 2 + 2 // 2 =Zi 2 . 

63. Two points P and Q start from tho same point ./I on tho eir- 
cmuforonco of a circle and movo along tho circuiufoi’enco, Q moving 
twice as fast as P, Find a constraint o(iuation for tho locus of tho 
intorsoction of tho tangents at P and and give a rough ti’acing of 
tho locus. 

M. OXy or aro rectangular axes and Z/, V iixod points whoso 
Goordinatos aro (w, q) and (r, s) rosnoctivoly. A and B aro points on 
tho axos OXy OV rospcctivoly, anil AU and BY moot in P, If tho 
area of tho quadrilatoral OAPB bo constant, iirovc that tho locus of P 
Is a cubic curve which passes through tlio points ( 71 , 5 ), (r, «), (r, (/). 

65. A circlo is doscribod on OA as diameter, where 6 > is tho origin 
and A tho point (2«, 0 ), P is a variable point on tliis circlo and OP 
is produced, oithor way, to Q so that P0.~h\ Ibid tho equation of 
tho locus of Q, The locus is called a liinagon. 

66 . A and B aro fixed jioints on tho axos, of x and g/, such that 
OA-a, OB^h, P is a inovablo point and BP and AP moot the axes 
of X and ?/ ,in 0 and D, If tho sum of tho ai’ons APO and B/*D bo 
constant and equal to c®, find tho equation to tlio locus of P, 

67. A and B aro fixed points on tho axos of x and y rosnocLivol)'. 
such that OA~u, OB^^hi A' and B' in liho niaiinov two other fixed 
points on tho axos, such that 0A'~a', OB'—b', A movable straight 
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line parallel to A'B' moota the axea of x and y in A" and I’eapec- 
fcively. Prove that the locus of tlio iutoraection of A"B and AIT is a 
curve of tho second degree which passes through 0, yl, li. What 
peculiarity arises when ylZ? and A'B’ are iiarallol ? 

68 , A and B are variable points on the axes of x and y rospoctively, 
tho abscissa of A being p and the ordinate of B being such that 

a constant. A variable point P equidistant from A and B 
movoa so that tho area OAPB^c^^ a couHtantj find the equation 
of tlio locus of P. 

69. A circle of radius a, whose centre is the origin, moots tho axis 
of y in G, Q is a variable point on tho circle, and_ OQ meota tho 
tangent at G in T. M is tho ]>rojeotion of Q on the axis of and MQ 
is ])i'oducQd to P HO that J/P=6'2’; find tho ocpiation of tho locus 
of P, and roughly trace tho locUs, 

60. OXy OY are fixed axes inclined at any angle j A and B are 
fixed points on OA'’ and OY respectively, such that Oyl=«) OB~h, 
11 is a point whoso coordinates are (^, n), BR and All moot OA'and 
OY in P and rospectivoly; find tne ecjuation to tho straight 
lino PQ^ and show that if PQ movoa so that OP^OQ^ then tho locus 
of fi is a curvo of the second dogroo which passes through 0 , yl, B. 

61. -The vortex yl of a triangle ABG is fixed, B moves on a fixed 
circle to which BG is a tangent and GA~CB ] find tho locus of (7. 

62. A is tho point (a, 0), Q is a variable point on tho circlo contra 
(0, aj'2,), and radius a/ 2 , whoso abscissa and ordinate are OXf XQ, 
AQ moots the v-axis in R, If P is tho point whoso abscissa and 
ordinate are OAq OR, prove that tho locus or P is 

xh/ - 2a.vy®+ ah/ -!- (Pxy A- - a^y =0. 

Sketch tho locus. 

63. 0 is tho origin, A is the point (a, 0 ) and B tho point ( 6 , 0), 
(6 < a) j MQ is a variable ordinate of tho circlo on Oyl as diamotar, 
If BP parallel to OQ meets MQ in P, slcotch tho locus of i', and 
prove that the equation of tho locus is 

x/ -{- x'^ - (2?) + a).#-!- (62 q. 2ab)x - a6^=0. 

64. <5 is a variable point on the lino y~a which moots tho y-axia 

at yl. If 0 is the origin and on tho lino Gf^ aro cut olf Ql\ QP' equal 
to yl^i sketoh the locus of P, P\ and provo that tho equation of tho 
locu s is / -I- +xhj - 2aa'2 « 0, 

If yl is tho origin, wligt does tho oquation become ? 

66 . G is tho noint ( 0 , «); with oontro G a cirolo is described to pass 
through the origin 0. Tlio ordinato through X, a variable point on 
tho .^’-axisJ moots the ch’clo in Q, If P is a point on tho ordinato XQ 
such that XP is a moan proportional between OX and NQ, sketch tho 
locus of P, and prove that the equation of the locus is 
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66 . A is tlio point («, 0 ) and 00 is a vaHiiblo radius of tho cii’clo 
centre 0, tlio origin, and radius a. li is a point on tlio circuinferenco 
sucli that AO—BG^ and from is out olf OP equal to tho ordinate 
of B', sketch tho locus of and prove that tho equation of tho 

is ^^^.3 ^^ 3^3 ^ .ptV/. 

67. 0 is tlio origin of rectangular axes and G is tho point («, - a). 
Tho circio contro C’, radius CO^ is described, and ON, NQ aro tho 
abscissa and ordinato of a variable point Q on it. If P is a point 
on NQ such that N1*^=0N. NQ, sketch tho locus of 1\ and prove that 
tho equation of tho locus is 

68 . 0 is tho origin and G is tho point (- «, 0 ); tho circio centre G, 
radius 00, is described. An ecjual circio rolls on this circle; sketch 
tho locus of tho point which is initially at 0, and prove that tho 
equation of the locus is 

q- + iay\v +4«.r^= 

69. A variable ordinato moots tho circles 

4a® and (.r“4a)®+^®~16a® 

at Q and 11. Sketch tho locus of tho middle point of QR, and prove 
that the equation of tho locus is 

' y+~ Ort.r,//® -I' a®.-®®=0, 

70. 0 is tho origin; B, G aro tho iioints (&, 0 ), fo, 0 ) rospoctivoly. 
ON, NQ aro tho abscissa and ordinato of a variable point Q on tho 
oirclo doacribccl on OB as diamotor, and the parallel to OQ through 
G moots NQ in P j sketch tho locus of J\ and jirovo that tho equation 
of tho locus is 

- (6 H- 2 t»).r® -h (o®+ 9,bo)x — —0. 

Examine tlio caso whon o=h. 
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CHAPTER X. 

THE CONVERSE PROBLEM. GRAPHS OP EQUATIOiSFS. 
POLYNOMIALS. 

76. The Converse Problem. It has boon shown how a 
specified locus or curve may be roprosonted by an oqiiii.bi< >iJi; 
the converse problem is to represent a given e(}uatioii hy 
its graph and to find the properties of the graph Croiiii th« 
equation. Some cases have boon already dealt with. 'J'Uuh 
we can draw the graph of any equation of the forms 


af»+6y + c==0, ..(I) 

. 


and we can find properties of the graphs by diHoviMHiiiit 
the equations. 

For example, the equation a!2+y-G.i'=!0 voprcBonU a of 

radius 3, with its centre at the point (3, 0)j Lho y-axis is a 
to the circto, the origin being the point of contact; other 
are at once seen to be y= + 3, y= -3, .17=0, and so on. 

In Chapter IX. some other curves wore considorod, blu'ir 
equations being found and some pro 23 ortios stated. Wo 
now go on to discuss more fully the drawing of 
from their equations; at every step the student will liavo 
to reniember that a point lies on the graph of tv jjj J von 
equation if and only if the coordinates of the point HvttiHfy 
the given equation. 

77. Plotting by Points. Tho most straiglitforwai'cl w/ty 
ot obtaining the graph of a given equation is to cu.leiilati 
the coordinates of a number of points, plot tho poiiiin and 
draw a enrve through them. The chief rule to bo obs^ovvod 
is, tliat the points obtained must bo clo.so enough io^citJipr 
to enable us to be sure that wo liavo found tlio 
trend ot the curve; as we proceed we shall find of 
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reducing- fclie necessary numlber o£ calculations. The student 
has doubtless had soine previous practice in plotting sim])lc 
curvGs from their equations, and we shall here only refer 
to one or two important typos. 

Fig. 67 is the graph of from £r~ — 2 to 05 = 2. 



I'm. 07. 


The diagram from which tlio Iiguro is reproduiHid was 
drawn to a scale, “1 inch=:l,” for both axes, and therefore 
shows only a small portion of the curve. As (c increases 
beyond 2, the value of y grows very rapidly, and the curve 
riso.s rapidly; to show the curve for such values of i/, we 
must choose a small unit foi- the y-axis. 

In order to have clear notions of the way in which y 
varies as x vario.s, it is well to take the difrorcnco between 
succcaaivo values of x to be small, say O'l, as shown in the 
following table: 
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Tlio student should complete the table; it will^ bo seen 
that when oa increases by small amounts y also increases 
by small amounts, so that the curve is bound to bo & 
continuous, unbrolcen line. 

The curve is symmetrical about 0 F because, il a is any 
i\umbor, the y ol the point whose re is —a is the same as 
the y of the point whoso w is in other words, OY 
bisects all chords that are parallel to X'QX. 

As a point moves along tlao curve 1‘rom any position on 
the left of OF to any position on the right, the ordinate 
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of tho point decreases till the point reaches 0, and then 
increases. The point 0 is thcrofoi’e called a turning point 
of tho graph; die value of tho ordinate at tho turning 
point—in this .caso, zero—is called a turning value of the 
ordinate. 

'Phe as-axis is a tangent to the curve at 0. 

Tho cuiwe is a paratola (§ VO). 

Fig. 68 is the graph of from 03 = 5 = —1*3 to a5»l*8; 

for larger values of <a the values of y soon hocomo largo, 
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and fcho curve rises very steeply on the riglit and descends 
very steeply on the leiX. The curve has no turning point. 

In this case the origin is a centre of symmetry; if any 
point P on the curve i.s joined to 0 and the joining lino 
produced till it cuts the curve again at P', then OP' = PO. 
It is easy to sec that if P is the point (<(, (r‘), thou P' is tho 
point ( — n,—a®). 

Again, tho oj-axis i.s a tangent to tho curve at 0, but to 
tho right of 0 tho curve lies above tho tangent, while 
to tho left of 0 it lies below. A point vSiich as 0, whoro a 
curve crosses its tangent and boncls away from it in opposite 
directions on opposite sides of tho point, is called a Point of 
Inflexion; the tangent at the point is called an Inflexional 
Tangent. 

For positive values of x (along OP), the curvo is said to 
bo concave upwards; for negative values of x (along OP'), 
tho curvo is said to bo convex upwards. 

Tho graph of resembles that of near tho 

origin it lies closer to tho aj-axis, it crosses that of y—x^ 
at the points (1,1) and ( — 1,1), and then rises more rapidly. 

The graph of 7/==«:'’ vesoinblos that of y — x^\ near the 
origin it lies closer to the a)-axis, it crosses that of y~x^ at 
the points ( 1,1) and (—1,-1), and thou rises more rapidly 
on the riglit and diisconds more rapidly on the left. 

In order to appreciate tho dillbronces in tho behaviour of 
these curvc.s, tlie studciit slunikl draw on tho same diagram 
the graphs of y — x*'’ for it=2, 8, 4<, 5 from to 
taking i inch as unit kmgtli for both axes. Ho should 
also draw the graphs of the same eejuatious from fc=l to 
«;=2; in this case tho unit longtli for tlio y-axin must bo 
small, say 0'2 inch, tho unit length for tho t»-axis being 
still 1 inch. 

78. The Qrapli of y — ax". If a is positive, tho graph of 
y is obtained from that of = by multiplying oacli 
ordinate of the latter curvo by if £t=>2 wo double each 
ordinate, if wo halve each ordinate, and so on. Tho 
graph is thus of Uks same general cliaractor as that of y=x^''\ 
it lies, if OJ > 0, above tho latter wlien a > 1, below when 
tt<l. 
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I£ a is negative, say (6= — e, where c is positive, the graph 
of y ==aft)”, that is, of j/= — ctK’S is the reflexion in the a;-axis 
oE tho graph of ^ ; or, if we produce each ordinate of 

y=cx'^ its own length, downwards when tho ordinate is 
positive, but upwards when tho ordinate is negative, tho 
ends of those ordinates will lie on the graph of ~ ox\ 
The important thing to note is that when a is positive 
the curves have tho forms shown in Fig. fil) (a), (6), and 
that when a is negative, they have the forms shown in 
Fig. 69 (o), (d). 



% 



Fio, 



It is possible, by a were ehango of scale, to interprest tbo 
graph of 1 /—as being the grapli of y — dxPK For example, 
the graph of y — x"^ (Fig. 67) may be road as tlie graph oE 
^ = 10«j^ if the segment OV, which is unit segment for tho 
graph of y=^x^t be taken as representing 10 units; in other 
words, let tho unit segment of tho y-axis he of tho 
old unit segment, and the curve will become tho graph of 
2 / = 10£»^ Similarly, Fig. 68 will be the graph of 2/ — 

that is, if tho now unit segment of tho y-\xxm bo 
double the old unit segment. 

Those graphs are usually called paraholio curves of order n, 

79. The Graph of y”=x. If wo interchange x and j/, tho 
equation y~x‘^ becomes y’^~x. The graph of i/'* —® is 
therefore the same curve as tho graph of y^x”', but tho 
axes do not occupy tlio usual positions; in place of 
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X, y, X', Y\ we must write F, X, Y\ X'. It will be an 
interesting' exercise for the student to show that, when the 
scale units for the a-axis and the iZ-axis are the same, the 
graph of — x is ilie rollcxion of the graph of ^ = £B“in 
the bisector of the angles XOF, X'OY'\ in this case wo 
keep the old axes and draw a new curve, 

when n is a positive integer the y-axis is’ a tangent at 0 
to the graph of 

The graph of if'’"ax is of the same general character as 
that of 

Tlie student should work several of the following 
examples in order to become (juite familiar with the 
curves; it will bo sufficient in most cases to get the general 
shape correctly. He should, however, try to find the 
position of the turning points as accurately as possible. 
The transformations of Example 5 should bo noted. 

EXERCISES XX. 

1 , Trace, from x= -2 to a’=2 , the graphs of 

(i) ?/= - 0)2 5 (ii) y»= -x^ j (iii) ~.?r‘; (iv) ~x*. 

% Trace the graph of from x~ —2 to a '«:2 j lake the «oalo 

unit of tho A'-axis to bo 1 inch, tlmb of tho y-axia to bo A inch, and 
compare with Pig. 07. 

3. Tho same as Example 2 for , 7 y= 2 .t' 3 , comparing tho result with 
Pig. 08. 

4. Trace, from x~ - ^ to .v= 2 , tho graphs of 

(i) y ==» - a >;2 ; (ii) ?/ « - '3x^ ; (iii) ?/ = - 3.r‘; (iv) )/ = - 3ivf>. 

How could those graphs ho obtained from tliono of Example 1 ? 

B. If in Pig. G7 tho lino tlu’ough ( 0 , -I), parallel to h<j 

choson as a now .r-axis, what will bo tho (Mpiation of tho gra])]! ? 
What will ho tho equation if tho now .^Mlxis is t unit above tho old 
.r-axis? What will bo tho o(iuation if tho now .jj-axia is tho lino 
through ( 0 , b) pai'allol to tho old -r^axis ? 

6 . Sketch roughly for valuos of x botwoon -2 and 2 tho graplis of 
bho following equations; 

(1) y a 2a’2 H-1; (ii) y - 2.t;2 - j (iii) y => 2x^ 'h 6 ; 

(iv) y=2.r2~6 ; (v) y^ “2,r2+l; (vi) -2.t’2—1 j 

(vii) y—- 2,v2q- 5 j (viii) ~ 2,t’2 - 5 ; (ix) y =2^*^ j 

(x) 7 / =s 2.t!2 4 - 3 ; (xi) y 2 a’''' - 3 5 (xii) y = - 2.^'’’ j 

(xiii) y= -2.t’2H*3 } (xiv) y<= “2.r®-3. 
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7. Graph tho following equationa i 

(i) ?/« ±a/a’ 5 (ii) y =; (iii) y~- ; 

(iv) . (v) =A'+4 } (vi) y =: d- a/ (9 “ 

80. Solution of Bauations. Graplia arc often UHefxil for 
obtaining approximations to tlie roots of equations, and wc 
shall take one or two examples. 

Ex. 1. Find to 2 dociraal places tlio roots of tlio equation 


5a’2~4a'-7=0.(1) 

Writo tlio equation in tho form 

.v2=0-ai; + l'4, .,<2) 

and considor tho graphs of 


.(i) y—0’8.j; + l'4.(ii) 

Tho graphs of (i) and (ii) are the curved lino and the atraiglit Hno 
of Fig. 67, ■which intersect at tho points A and B, Now, tho point A 
ia on blio graph of (i), and Uioroforo, denoting by , yA tho coordinat(!« 
of yi, we have 7 /,, = .r/. 

But A Uo 3 also on tho graph of (ii), and Ihoroforo 
?/a-0*8,r^ + l-4. 

Honco = 0 ‘ 8 .i?^i +1 '4 5 

in words, Xa is a root of equation ( 2 ), and theroforo also of equation ( 1 ). 

In the smno way wo aeo that Xn ia a root of equation (1). 

The values of Xa and X(, can bo road oil’ tho figure, tho accuracy of 
those vaiuea being detovinincd ])artly by tho care with which tho 

a hs^avc drawn and partly by the scale of tho graphs. Wo can 
with fair accuracy to 2 accimiils, and thus got 

Tho.se roots can of course bo obtained more acouratoly by solying 
oq\iation ( 1 ) algebraically j wo are, howovoi’, concornod chiolly with ft 
inot/wd which can ho applied gen orally. 

Ex. 2 . Find to 2 deoimals tho roots of the equation 


T3.^'3-Qa;-10^0...(1) 

Write tho equation in tho form 

]-g=0‘46af+0’77.(2) 

and consider tho graphs of 


.(i) 2'=0’4G.t’+0'77.(ii) 

which are given in Fig. 68 . Those intorsoct only at tho point Aj and 
wo have yA-=XA\ ?y.-0>46.u,+0-77, 

and thoroforo Xa^ -OvlG.Vj + 0'77, 

so that Is a root of ocpiation ( 2 ), and thoroforo also of equation ( 1 ). 
Tho valuQ of Xa is 1'08 to 2 docnnal places. 
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§80] GRAPHICAL SOLUTION OF EQUATIONS. 

For oquaiioiis of the form aa;’*-l-&a)4-c — 0 tliis method of 
solution is very convenient becauso the graph of cc" can bo 
drawn witli considerable accuracy by merely plotting a 
sufHcient number of points. When the parts of the curve 
whci’e the straight lino intersects it have been approxi¬ 
mately found by means of a rough sketch of curve and lino, 
it is advisable to plot the curve carofull 3 »^ in the nciglibour- 
hood of the points of intersection; this can be done by 
iinding two or three points in these neighbomiioocls. So 
far as the solution of the equation is concerned, these 
neighbourhoods are the only parts of the curve wanted. 

Ex. 3, Solve gi’apliically to 2 clociiiial places tho equation 

.( 1 ) 

Wo take tills oxaiuplo merely to ilhistvato another method. First 
draw the graph of the equation 

.( 2 ) 

This equation is of ancli a aimpio kind that wo can graph it fairly 
accurately by plotting points ; wo take tho range of ,v from ,%'= ~ 1 
to .«=3 anti draw up the following tablo: 



B 

-0'8 

-O’O 

j-0-4 

-0-2 

■1 

0-2 

0-‘l 

0-(l 

0-8 

1 ^ 

y 

2 

1-2-1 

0-50 

~o-o-i' 

-0-C6 

1 

|-l-30 

-l-fi-l 

-l'8-l 

-1-90 

|-2 


j£J 

1-2 

1-4 

1-fl 

1-8 

2 

2-2 



2-8 

;i 

V 

-1-9(1 

- l-8'l 

~l-0-l 


mom 

-o-co 

-0-(M 

O-fiO 

1-2-1 

2 


Wo have calculated a large numbor of values bccauso wo are going 
to use tbo curve to solve sovoral equations, and we numb mako certain 
that tbo curve is fairly accurate for tbo complete range clioaon. If wo 
wanted to find moroly tbo general character of the curve, such a large 
number of points would not lio ronuirod; ovon for tho solution of 
equations wo only need tbo parts of the curvo near tho points wlioro 
ibis mob by other curves, and careful plotting near thoso points is in 
most cases quite sufilciont. 

Plot thoso points, taking oach scale unit to bo 1 inob, and. draw a 
smooth curvo through them (Fig. 70). Tho point (1, ~ 2) is tho turning 
point. 

Now, if F is any point on tho graph, wo have 


.(3) 
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To solve e^ufttion ( 1 ^ wo have only to find thoso points on UiQ graph 
of ( 2 ) for ^Yhlch the y is zero ; and B are the points, and Ihoroforo 

0_ 2,v^ _ 1, 0 =s.i*/j2 - 2,r/; -1. 

The roota of ( 1 ) are thus 

a'^=2'41, a;/is=-0‘41. 



Again, to solve the equation .r®-2.r-2=0, write it in the form 

In equation (3) we ninst no^Y have ///> = ]. The two points on tho 
curve for wliich tho y is 1 are G and I), and tliereforo tho I’oqnirod 
roots are and 

Ex, 4, Uso Eig, 70 to find to 2 decimals the roots of tho following 
equations, and verify your results by algebraical solution : 

(i) a’3“ 2 a;- 2’6 =0 ; (ii) \ (iii) 2 .r^- 4 a;- 3«0 j 

(iv) 2 a- 2 - 4a' - 6 «0 3 (v) Zx ^- 6 .r ~ 8=0 ; (vi) 5 a'2 -- 10 a;~ 0 . 

Ex. 6 . Solve grapliicnlly tho sinniltaneous equations 

^=»a’ 2 - 2 a’-l .(i), 2 A'-By«G .(ii). 

On tho diagram (Eig. 70) that contains tho graph of equation (i), 

draw, with the same scale units, tho straight lino BF which is the 
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iyi 


graph of equation (ii), Now if P is any point on tho graph of (i) and 
any point on tho graph of (ii), wo have 

1, 2.v,2-r)?/Q«=6. 


Tliofto two equations will ho siiuultanoous if tho 
eoiiicitlo ; but tho straiglit lino intonseots tho ourvod 


and thorcforo 


?/K-lV/ - 1, r)?/;; = G. 


points and Q 
lino at E and 1>\ 


Tlioroforo av;, y/,- is ouo i)aii’ of solutions of equations (i) and (Ii); 
siniilmiy .r/'> ?/>’ tlio otlior ])!iir. Nuading oil tiio values of these 
coordinaU's, we lind tliat tho solutions aro 


.^' = 0•0D, ?/= - I’lV and .V!=2’3l, y=-0'27. 


I5x, 0, Solve graphically tho simultaneous equations 
(i) ?/—.r~y = lj (ii) 2.v-l-Gy—fi ; 

(iii) y - 2,v-1, 2.i* -y=C ; (iv) y=~ 2.r-1, 2.r+y+2=0. 
Ex. 7. Solve graphically tho ccpnilions 

(i) a? f).i’ “1 = 0; (ii) .r-'* -h ha* -4=0; (iii) a/* ~ 7.^’ - 0 = 0 ; 

(iv) 2.r’ “ lx q- 3 = 0; (v) q-1 r>.r -30 = 0; (vi) 5 a'» - 27.i; -10 = 0. 


Ex. 8. Solve graphically tho sinmltaneous equations 

(i) .r‘M-y''^-'2a’=3, y=.r'*; (ii) a'2q-y^-4.i;-2y = 20, y'^=Ax, 
Ex, 9. A})ply Rxaiuplo 8 to solve Iho equations 

(i) a'iq-.r2-2A’ = 3; (ii) (.r^-20)2 = 1 G.U 


81. Tunction of x. Tho graph of tho equation 

3.9 of ton called tho grapli of tho function oj® —2d;--l. In 
calling (flj“ —2.7J — 1) a function of wo ainiply moan tliat 
— —1) deponds for ita value on the value of x, and 

vai'icH when x varieH. TIuh variation ih exhibited to the 
oyo ill tho graph of Fig. 70. For oxaiiiplc, wo can Ray at 
once tliat (a’*—2a; —1) is negative ro long aR x lies botweon 
— ()'4L and 2‘'id, that it in pomtivo so long as x is outaido 
tlicRe liniits, that it vaniRhes when a; = — 0’41 and when 
a; = 2‘4d, that it reaehe.s its least value, namely —2, wlioii 
0 * = ]., that its value i.s — O'S when a; = 21, and so on. 

If y then stands for —2a; —'!) or if y — x^~2x~\, 
y is called a function of a:; x and y aro called variables. 
Hero tho variable y cloponda for its value on tho value of 
tho variable a;; a; is thoroforo called tho independent variable 
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and y tho dependent variablo, Soineiimoa the indopondont 
vaviablo a> is called tho argument of tlio function y. . 

The student will roadily recall oxamplos of two variables 
which are connected as independent and dependent. Thus 
the space described by a falling body is a variablo, the 
time of falling is a variablo, and tho apace doacrihod varies 
with the time of falling; wc say tho apaco deacribod ia a 
function of tho time of falling, and this dopondcnco is 
expressed by tho equation s — Again tho volume of 
a sphere varies when its radius varies; tho volume is a 
function of the radius, What function ia the vohuno V of 
tho radius r? It is the function and wc write 


In these examples tho independent variables arc i 
and r, the dependent s and V respectively. Wo uiigiit 
ask, how does the time of fall vary with tho distance 
fallen? The answer would be exproHSod in the o(iuafcion 




In this case t depends for its value on the 

value of s; i is now tho dependent and s tho independent 
variable. That variablo whoso values are tho ohjects of 
inquiry or calculation is called tlio dependent variable, tho 
other being the independent variable. 

We liave then the following dolinition j 


Definition, If two variables denoted by x and y are sttoh 
that y varies in value when x varies in value, and if, when 
a value is assigned to x, tho corresponding value of y can be 
determined, we say that y is a function of x. 

Tho notation f{x) is used to indicate a function of ce, 
so that when y is a function of oa wc write The 

letter f ia a functional symbol, not a multiplier, and the 
symbol /(o)) must be taken an a 'luhoU, Other lottcra than 
/ may be used, as g{cc), 0(03), , and when dureronb 

functions occur in tho same problem didbront letters must 
bo used. 

The symbol f(a) menus '' tho value of tho function /(«)) 
when X has the value a " or the value of tho function /(m) 
when a ia put in place of a.” Thus if /(oi) = 03^ — 2a) — 1, 

/(a)=a“-2a-l; /(3)=2; /(0)=-l, /(-:i)=2. 
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We have noted above that tlie equation «= not only 
determines h when t is given, but also determines t when s i.s 
given. In general, the e{|uatioh not only deter¬ 

mines y when x is given, but determines x wlieii y is given; 
if the equation wore solved for x in tonus of '?/, we should 

a;=expression containing y = F(y), say. 

In other words, an O(juation containing x and y enables 
us either to expre.ss y in terms of x or to expi'c.ss x in 
terms of y\ an e(iuation in x and y is therefore said Lo 
define two funeiione that are said to bo inverse to each 
other. 

For example, the equation y=x^ gives, when solved for 
X, the equation x~ '^y\ it therofore defines the two 
functions, the cube of a variable and the cube root of a 
variable. 

The following examples illustrate one or two technical 
terms. 


Ex. 1. The equation 3ay/ —4a’~r)^+7=0 dolinoa two functionR; 
state tlio functions explicitly. 

Solving the equation for // in terms of .r, wo llnd 




4x-1 
3a’~ 5 


=/G«). 


.(i) 


Wo have now expressed ?/ explicitly us a function of a. If wo solve 
for X in terms of ?/, wo got' 

.(h) 


and wo have now exproased x explicitly ua a function of y. In (i) tho 
independent variable is x, while in (ii) tho indopondont variable is ,y j 
tho two functions /(.r), F(y) are invorao functions. 


Ex. 2. The equation —2a?/H-l=0 defines two functions; state 
tho functions explicitly. 

Solving tho equation for 7/ in terms of x, wo find 


Solve tho equation for x in terms of y, and wo now got 

' u?»;/HV(A'® 1) ~ VO/ " 1).(h) 

In this case, to oach value of y (when,/ is not leas than 1) correspond 
two values of .a; tho function x dofihod by tho given equation is 

o.A.a, N 
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tliei'oforo said to be a two-valned function of y. The two sola of 
values of a? belong, in the graphical representation, to two different 
parts of the one curve. For example, if we take the equation 2 /===. 1 ^ 
and solve for .r, wo find or ,v^ ~\/y, and x is a two-valned 

function of ,?/. Tlio equation x~ +>7?/ is represented by the curve OA 
to the right of the ?/-axi 8 , and the equation .^’= -^/,y by the curve QB 
to the left of the 3 /-axis in Fig. 67, p. 183. 

The given equation is said to deline the functions impUcitly ; when 
it is solved and expressed as in (i) and (ii) the functions are defined 
explicitly^ 


Ex. 3, It y is the variable ordinate of a point Q which lies on the 
line joining tlio points A (0, 6 ) and £ (3, 0), and if the lino joining Q 
and the point G ( 0 , 5) meets the .i 7 -axis in P so that the area of the 
triangle OPQ is a function /{y) of y, prove that 


4(y-6) 

Since lies on the lino A By we have 


2.r5+y5=6. 

The equation of GQ is 

7/-6^ yQ-6 

.r X(i 

Now P lies on GQ and ye=0 ] therefore, by (ii) and (i), 


,.<l) 

.(ii) 


.6 (?/q~6 ) 

yc-5 2(yQ-5)’ 


.(iil) 


Hence, from (iii), 

Dropping the suffix, wo have 

/W 4(^-6) 


EXEEOISES XXI, 

1 , AB is a straight line bisected at G. On AGy G£, AJi are, 
described somicirclos all on the same side of AB, Lot a oli'clo, 
radius y, bo deaeribed to touch the throe soinicircles. If AO’^x^ 
3 /-/(.r). Prove that /{x)~xl^. 

2, A is the fixed point (a, 0 ), referred to rootangular axes, origin O', 
Tho fixed cirolo, centre A, radiiis a, is described. A. variable olrolc^ 
rndinay, is described in the quadrant XOT, to touch the fixed olrolf 
externally and to touch OX at P. If OP=>Xy 3 /=/(.v). Provo that* 
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3 . AUG is a fixed triangle ; P is a variable point in AB. PJ) 
Pin parallel to U/1, GB respectively meet these sides in P, B 
veapoctivoly. If A P^,v, PJ ). PM=f{x\ PJ)jPE^F{x). Prove that 


f{^y 


ah,v{p~x) h(c~.'>i) 

■■ - ^and 


wlioi’o <*) aro Uio sklos of the triangle. 

4 . The (liainotor of a fixed circle is c?. If where m is the 

length of a variable chord and y the porpendichlar diatanco of the 
chord from the contro, prove that/(.r)=^(( 52 _a;a). 

6 . A is Lho point <0, 2) referred to rectangular axes, origin 0, and 
the circle on 0/1 ns diameter is described, the centre being B. P is 
the variable point (.r, 0). The tangent from P to the circle meets the 
lino ^=2 in Q. If /’<?=/(,r) prove that/(.r)=.r+l/a\ 

6 . The readings on t^vo thonnomotors, one Centigrade, the other 

Fahronhoit, immersed in a basin of water of uniform temperature, 
aro' •v I'cspoctivoly. I f ^ prove that /(a?) = K.i? - 32). 

7 . A J) is the diainetor of a fixed semicircle. P is a variable point 
in AB^ and aomicirelos are described on AP, PB to lie within the 
fixed Bomicirclo. A variable circle, radius y, touches the three 

Bomicirclos ; if AP==ic, Prove that 

whoro AB^a, ) 


8 . A, Bf 0} J) are the vertices in order of a quadrilateral, where 
AB>==OJ)~a^ a constant, AG^BD=h^ a constant. If BC=.v and 
/IZ> thon y is a functioii of .u, say f{x). Prove that f(x)a^)/x. 


82. Bough Form of a Graph. Polynomials. When we only 
wish to discuss the variation of a function in its leading 
featiirOR. it is dcsirablo to bo able to determine the shape 
of tlio graph rapidly. It is easy in certain cases to draw 
quickly the rough form of the graph; the following 
examples explain the method. 

I. y = (x-l)(x-2). 

(1) Note the ssoros of the function (a;-l)(aj—2). 

(a) Wlion a;«l, 2/ = 0. Mark A on the diagram 

^ ^'hon ft? is a little less than 1, the factor (aJ —1) 
is small, and therefore (a>-l)(a5-2) is small and 
hns the flign (-*){.—) on the whole, ( + )• Mark 
B roughly on tho diagram. 
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WliGn «; is a liifclo gi'eater than 1, the factor 
(ft) -1) is small, and therefore (o) — l)(a)-- 2) is small 
and has the sign ( + )( — ) or ( — ). Mark Oronghly 
on the diagram. 

(6) When a; = 2, ?/ = 0. Mark D on the diagram. 

When ic is a little loss than 2, the factor (a)—2) 
is small, and therefore (co —l)(aJ--2) is small and 
has the sign ( + )(“-) or (->). Mark B roughly 
on the diagram. 

When a? is a little greater than 2, the factor 



Fia, 71. 


(2) Note the intercept on the 2 /-axis. 

When 03=0, 2 / — 2, Mark Q on the diagram. 

(3) Examine the function when «; is largo. 

When (& is large and positive, ( 03 -l)(a;—2) la 
large and positive, Mark JiK roughly on the 
diagram, 
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When fc k largo and negative, 2) is 

largo and positive. Mark LM roughly on the 
diagram. 

(4) Mark solcetcd points on tlio diagram to give what 
precision is desired to the trend ol the graph. 

When 0)=!'6, 1 /=—0’26. Mark 

Whon(»=0'5, 2/" Mark P. 

When a;=2-5, 0-75. Mark Q. 

When a; = 3, y^ 2. Mark P. 

(5) Finally join these parts of the graph by a smoothly 
running lino. It is obvious that there must bo a turning 
point between A and P, and it must be near JV’(1*5, —0*26). 
At a later stage we shall be able to lix the position 
accurately. 

All that need bo written down preparatory to drawing 
the graph is the following table: 


■ 

D 

S 

EH 

Q 

2- 

2 + 

m 

4. CO 

— 00 

1*6 

0*5 

2*6 

3 

y 

1 ^ 

j 1 

0- 

1 ^ * 

|o- 

|o+' 

1 ^ 

^-co 

'I- CO 

|-o*2r) 

0*75 

0*70 

2 

giving 

A 

B 

G 

J) 

A 

P 

a 

me iM 

N 

P 

Q 

It 


The symbol 1— moans a number a little loss than 1, 
while 1+ means a number a little greater than 1; 2 —, 
2-1-, etc., have similar meanings. 


Ex. Skotch Uio rough forum of tho graphs of 
(i) 2)(a?-3); (ii) y^x{x~l ); (iii) 2/==(2~.^•)(.v-1) 5 

(iv) y = ~ ~ 2) ; (v) + 2)(3 - .v) j (vi) y ={<0 +1)(.^■+ 2). 

II. y=x(x —l)(x—2). 

Construct tho following table: 


X 

D 

^9 


D 

D 


B 

m 

2+ 

+00 

— 00 

0*5 

Bi 

1*51 

2‘fi 

V 

D 

[ 0-1 


B 

m 


B 

niiiiiii 

0-1- 

-l-co 

- CO 

1 

1 

{R 

1*0 

giving 

A 

B 

G 

i) 

M 

F 

a 

II 

7r 

LM 

NP 

<2 

It 

S 

El 


of Fig. 72. 
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It is obvious that there must bo a turning point bobwoon 
A and D, and another between D and Q-, 

Ex. Sketch the rough forms of the graphs of 

(i) ^=(.t- - 1 ) (.V ~ 2) (,v ~ 3 ) } (ii) 3/=(^ -' 2) - 3 ) (x - 4) ; 

(ui) 2/=(2-A’)(a’-l)(.r-3); (iv) 

(v) 2/=fl;(a;+l)(.r+3); (vi) 2/=.r(^8-l). 
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III. y ==: x^(x2). 

Construct the following table: 


iK j 0 O-jo + l 

2 

2-|2+ 

+ 00 

-«j 

1 

11 

1*2 1 
i L2 j 

V4 1 

OT)' 

a-a 

yjo jo- 

lo- 


o-jo+ 

-hoo 

- CO 

rS 

0'(it| 

1 


giving AS G D E F QII KL M N P Q B of* ?a. 

Note the points Jf, P required to get oven ti, roujgh 
notion of tlie dip of the graph, There is obvioufaly turn- 
iug point between N and P, 
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simple cases. 


83. a»st of y'‘ = fW. We consider some 
T (rtj) bomg a polynomial. 

To each value of: a; there are two values of y which are 
n-umoncally oqiml but mo oE opposite signs; the sj-axis is 
fcKereforo an axis of .symmetry, so that m calcnlatina co¬ 
ordinates wo need only attend to one value ol j. « eo 



Ifio. 73, 


I or y-±VW‘ 

IE fc in uogativo y will bo imaginary; there is no part 
of tho curve, thereEoro, to blio loft of the ^/-axis. The 
values of arc easily calculated for a series of values 

O, O'l, 0'2j of cc; the curvo, which is called the semi- 
oubloal parabola, is shown in Fig. Y4. It consists of two 
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branches OA, OB, and the a-axis ia a tangont at 0 to hoili 
branches, 

A point such as 0, at which two branch os OA, OJJ liavo 
the same tangent, but beyond which they do noi <pwss^ ia 
called a Cusp. 

The graphs o£ whore n i,s a positive odd intogor 

greater than unity, have all a cusp at the origin, tho to-axia 



IJia, T*!. 


being the tangent tliore. The gmph of hnn not ft 

II. y*=x(x-i)(x_2) or y»±V{x(x-l)(x~-2)). 
I’irst draw the graph of: 

ine graph ol is shown in Fig, 72. 
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If is negative, y will be imaginary; lienee wo need 
only consider the values of x that correspond to the part of 
the graph (Fig. 72) between a) = 0 and a; = l and the part 
from 05 = 2 onwards. We see at once that the rough form 
of the graph consists of an oval lying between oi = 0 and 



03=1 and an open branch from fv = 2 onwards. Tlio om‘V<5 
(Fig. 76) is now drawn from the following table; 



0 

Od 

o*c 

0-0 

1 

9 

: 2*2 

2’6 

3 

?/l 

0 



0*10 

0 

0 

0*53 

1-870 

6 


0 



0'32 

0 

0 

073 

1*37 

2^5 


III. y''^ = x(x —ly-* or y== ±(x — l)syx. 

If ,'c is negative, y is imaginary. Lot u.s take 
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and plot the part oJ! the curve corresponding to tliia 
equation. 

y^—0 when £r=0 and when x=l. When oj is a 
fraction, i/j is negative; wlien an is greater than unity, "Ifi 
positive, and now steadily increases as aj incroasoH. Wo 
give the table: 


a; 1 0 1 0-1 

0-3 1 0‘6 

0-8 ! 

1 

1'2 1 1'5 

2 

2’fi ] 

» 

I 0 I — O'Ssj 

-0*381 -0-35 

->0'18| 

0 

0'2210'Ql 

r4i 


:b’UI 



Fig. 76. 


Plotting these points, we get the part OABQ of IPi 70 ; 
the part is the reflexion of OABO in tho jrjwtxin' 

and may be obtained by plotting the points derived from 
Uje above table by changing the sign of each ordijiala. 

l.llA la O- ^•-flv\rvrtviJ. 


The 3 /-axis is a tangent. 

that as cn increases from 0 to 1, 

fch 


—^ ....jtwwtjua 4.j.vm V w X, ’t/ csiiniiof; 

possibly become as largo as unity; in fact, fcho Ublo 
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tlmt 0‘4. will be an upper limit to the value of y, 
ciirvOi therefore, must have a loop auch aa OABA'. 

A point Riich ns .B, at which two branches of a curve 
GX'oas, is called a node. 

a'ho rough form of the graph may also be readily ob~ 
btvincd by lirst graphing y=x(x^lf by the methods of 
^ S2 and then inarlcing roughly the points whose ordinates 
tXfX’o tliG a([iiare roots of the positive ordinates of this graph. 

In the same way we see from_ Fig. 73 that the graph of 
7 /^ =a;2(a5“2) consists of the origin and an open brancli 
fi'om a; = 2 onwards. An isolated point, like the origin in 
Wiis ease,’whoso coordinates satisfy the equation of the 
c\irvo ))Ut in who.so neighbourhood there is no other point 
of the curve is called a conjugate point or an isolated point. 


EXEEOISES XXII. 


Tnico the rmiRli forma of tlio gmpha of tlio following equations, 
n few olioHon points to givo aomo precision to tlio graphs : 

1. y=>.r^+.r-2. 2. y=(2;i?+l)(.r~l). 3. y=(.r+l)(2 —a*). 

4 , ?/«(2.vH>l)(l-.r). 6, 7/=(.r+l)(.»2-l>. 8. y=.r(.r-iy. 

7, 8, .r). 9. y=-.«(.^•^-2y. 

10. 11. y—.r®(.r-l)(.v-2). 12. y=a^(x'^-l). 

13. y«=.rCr*l-iyC«'l-2). 14, y=^%r~l). 16. i/=(.r— 

16. y^.rCr-l-1)^ 17. ^/=(.^•-l)(.^•-2)(cr-3)(.^•-4). 

18. 19. y—.r®—a*®. 20. 1). 

21 . 22 , 

23, y3”(a’~-l)(.v--2)^. 24. y^=.#(l-.r®). 25. — 


26. Trace in the samo diagram tho graphs of 

and y‘^— 0 ^^ 

cw^d dorivo from your graphs those of 

and —.'c^. 


27, 'J.'i’aco tho graphs of tho following equations : 

<i) y« riV(i “A’"); 00 s 

(iii) y«= *\/(2aa/+?w®) when a =3 and h has tho values -4, - 
O, 4} (iv) y« (v) y= ±Vl(.v-l)(^-3)h 
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CHAPTEB XL 

BOUGH GllAPHS OF RAllONAL li'RACTIOHB, 
FliEEDOM EQUA^JIONS. 

84. Graph of y=^:;;r 2 ’ followhig’ 


x 2 j 

2- 1 

2+ 1 1 1- 1 

1 + 

0 

mnall 

y 0 

0+ 1 

0— j CO ~co j 

-['CO 

-2 - 


A 

B 

Q L,E FG 

IfK 

L 

Noto (i) 


X 

large 

-2 

1/2 1 

IM 3 


y 

-I + I/a’ approx. 

-4/3 

-3 j 

IT) -1/2 



RS, Note (ii) 

T 

U 

F ' Jl' ' " 


From this table Fig. 77 lias boon drawn. 

The curve is a hyperbola. 

AT ote (i). If an. approximation to the valuo of a mil jrun’ieal 
fraction, say 237/1892, is wanted, wo divide 2J17 by ‘l8Dg, 

f ettbg 0’1252..,, and wo retain one or more oO bito first 
gures 01, 012, 0‘126, ..., according to tlio <loj^roo of 
accuracy required. In the given fraction tlio Jljjfuvca of 
numerator and denominator aro arranged in blio onior 
of importance; thus 2 is tho most important Qjgvivo of tha 
numerator and comes first, but in tho denominaboi* 2 i« blw 
looat important and comes last. In tho fraction (2 — ii 

the numerator is, when^o) is smcbll, already arrnngfocl iji th© 
order of importance of its term.s, but tho clonoiruiii,i,boi' inttiit 
be written in the form — l+a;, ao that tho iinjiofUvifit 
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fcox'm — J toino Iii'mI, If wo dWidft 2 —£(s by —l+os^tlie 
iix'Klj t'«w toi'niH will ^ivG an approximation to the fraction 
Wlioa If} iy small. In gonorab when x is small the numerator 
denominator of a fraction, arranged in ascencli'nr/ 
powers of a;, will give by division an approximation to the 
f vacbion; tlm process is called Ascending Oontiiiued Division. 

Oam7inffoutlhodiviaiono£a-« 
l>y — l+aJ as nulicateu at tlie side, 2-2.^ 

\vo find ns an approximation ^ 

It will h(> soon that the exact 
V 1x1 lie of ?/ is 

so tlial wo oiin in any given case determine the degree oE 
ixecuracy in the approximation. 



pia. 77, 


M f Eho'^h mnet Wow 

Tooth sides ot L, hocanse -2-®-®^ is less than 
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every small value of rt:, whether that value be positive 
negative. 

Note (ii). When x is large wo write the Traction ill- ^Ucs 

form —so that both in numerator and in donouhii^^^v 

the most important term may come first, and, if wo 
divide, the lirst few terms of the quotient will givo 
approximation to the fraction wheir x is large. In thin 
the division must usually be continued till one term at I 
of the quotient contains a; in a denominator. In 
when X is largo the numerator and denominator of a tracbioin^ 
arranged in descendivff powers of jr, will give by divi*^iOn 
an approximation to the fraction; the process is ctv-llccl 
Descending Continued Division. 

Carrying out the division as indi¬ 
cated at the side, wo find that 

y = —1 -p— 

is an approximation to the fraction 
when 05 is large. 

When 05 is positive, 

bliorcEoro, on tiro far right (PQ in the diagram) the 
appears above the line MN, whose ordinate is —1. 

When X is negativcy 

therefore, on the far loft {RS in the diagram) tho 
appears below the line MN, 

1 

The approximation y — 1, q- - shows that if a point fci'av 

along the curve past P, then Q and so on, tlio poiii C w'l 
come closer and closer to tho straight lino MN \ similtwl 
if it travel past B, then 11 and so on. MN is cal loci i 
asymptote of the curve. NJiJ is also an asymptote. 'X'j 
following is the formal definition of an asymptote. ■ 




ASYMPTOTES. 


^07 


^ 84 , 85 ] 


Definition. A straight line MN is said to he an asymptote 
to a branch of a curve which goes oif to infinity, when the 
distance of a variable point on the branch from the line MN 
tends towards zero, as the point moves to an infinite distance 
along the branch. 


Con. 1. 


2__ <1/ 

The graph of may ho derived from tho 


graph of hy intorcluiiiging the axes. 


Con. 2. The graph of positive) may ho 

2 — 05 

derived from tho graph of y — ~^ by substituting the 

05 •— i 

abscissae a-, 2ft, etc., for the abscissae 1, 2, etc., and tho 
ordinates a, 2ft, etc., for 1, 2, etc. Indeed, the graph of 

2 /=^—^ is the graph of y ~ — reduced in the ratio 

1:0-. If a were negative, what would bo the relation of 

the graph of ^ to that of y — -— 

® x — a OJ—1 


86. Graph of y: 


x^ —3x®+4 


(1) -Examine tho zeros of tho function. Put y — 0', 

then 0 s= a;8 — 3a5®+4 

or 05=(rt54-l)(.'»—2)^ 

so that y—0 when (»= — 1 and when 05= H-2. Mark A, J) 
on the diagram (Pig. 78). 

Now 


(^+J)(®~2)2 


■( 1 ) 


When 05=—1 — , 2 / = 0 —. Mark B roughly on tho diagram. 

Whena5=-l+,2/-0+. „ O „ „ 

Wh6n«5t= 2—,3/ = 0+. E „ „ 

Whenfl5s= 2+,2/-0+. „ W „ „ 

(2) Examine tho appearance of tho graph when x is 
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small. If we start with equation ( 1 ), wo mnst nso Awcoiitling 
Continued Division, and we should ol)tain tlio Torni 
4 g 4 

When«;=0, t/ = oo. 

,When aj=0-,T/=+«3- Mark Qll roughly on tho tl i a^jrain. 
Whena; = 0 + , 2 /=+ 20 * » 



(3) Examine the appearance of tho graph wKoi\ flj is 
large. 

By Descending Continued Division applied to 
\Yeliavo 

Draw the lino = ft>- 3 , 

When a; is negative, ;iy=(®.^3)+. Mark WroxifrJily o» 
the diagram. ^ 

When £» is positive, 2 / = (a; —3) + , Mark PQ roxi^hly on 
the diagram, 


(4) TJie trend of tJie grapJi is now apparent, ft 

some precision to the graph, plot tlio points R, ,S, If T 
Draw a smooth line through tlio points A...W, 

All that needs to he written down is tho following fcablo 


I VC 

Tr 
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I 

B 

1-1- 

-l-l. 

i 

B 


B 

small 

largo 

-3 

■ 

“i 

i 

H 

3 

y 

0 

0- 

0+ 

1 

0-1- 

0-1- 

00 



mm 

B 

12i 

13i 

1 

0-4 


giving 

A B O D ]3 F on, KL MN, PQ R B T U V W 
in Fig, 78. ^ 


Cob, In place of tlio numbora I, 2, etc., on the axcH, 
wi'itc a, 2a, etc., and the graph will bo tlmt of 



86. Oraph of y = 


x®(x~2) 


(x+l)2(x —1)' 

The following table shows the general trend of the graph: 


,v 

B 

on 

ffl 

B 

g 

m 

g 

D 

1+ 

g 

-1 - 

BB 

liirgo 

if 

B 



B 

IB 

g 

B 

+ CO 

— 00 

jRjj 

-l-co 

+ eo 

1-3/a; 


giving 0 A BOD M F O II K LM,FQ 
ot Fig. 79. 

G.A.fl. 


0 
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The plotted points 


.V 

-4 -3 

-2, 

-O-f) O'G 

•i’B 

3 

V 

2-13 2-81 

0-33 

1-07 0-33 

~0-3fl 

0-28 


give the graph as shown in Fig. 79. 


87. = 

First draw the graph of 


as in Fig. 79. 


_ ai2(£C—2) 



Fia, 80 . 


% 


'Then f ==1/^01-y=±^y^. 
he positive, so that there i 
between aj«1 and cc « 2, 


For real values of y, j nwiat 
no part of the graplj. of y 
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^ 87, 88] GRAPHICAL SOLUTION OF EQUATIONS. 


The trend of the graph is easily soon. The plotted 
points 



then give Fig. 80, 


88. Solution of Simultaneous Bqiuitions. The following 
oxaraplo illustrates soino nietliods of procedure. 

Ex. Solve tlio sinniltanuouH cquiitioiiH 

.v2^,17/ = 2,.(1) .,.(2) 

g 

First, graph the equation or 

The table -r O-h 0- + largo j -largo 

y - CO oo ,r — j .v-|- 

givos the tr 011(1 of thu graph ; tlio additional vain os 

.w ■ 0*7 (rH j 1 2 I U 1-41 

y -2‘I0 -Uvj-l 1 I 2■113 0 

give tho graph as in Fig. 81. Tho asymptoles aro given by tho 
equations y=x and ,r=0. 

Noxt, graph tho oqnation -if-Vxy—'A or 

The table y 0-i- 0- | + largo -largo 

a- -l-co -00 j -y-l- -y-, 

gives the trend of the grapli; tho additional vahioa 
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givo tlio graph as in Fig. 81. The asymptotes aro given Ly the 
equations ;/+iO=0 and .y=0. 

The solutions, being tlio coordinates of tbo points of intoraoction of 
the graphs, aro thoroforo 



Fig. 81. 


If wo multiply equation (1) by 3 and equation (2) by 2, and then 
aubtraot, we got 

3.r^ —B.vy—2;/®=0 or (3.i?+y)(A’ —2;/)=0...(3) 

The intersections of 3a?4'y=«0, and either (1) or (2) givo aoluliona. 
Also the intersections of .^^-2y=0 (shown in diagram), and either fl) 
or (2) give solutions. In fact, the solutions of (1) and (2) aro Vim 
same ns the solutions of 


or of 


3.wH-y=0 
I 3Af+3^=0 


and 

and 


raJ«-.^;y=2 

\ A''-2y=R0 

ry^+^/='3 

\ «-%==o 
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Trace bho rough graphs of the following equations, plotting a few 
points to give some precision to the graphs : 




2 , ?/= 


3. !>/ = -; 


.t’~r 


j . ^ 3 


D. 6. 2.^v/-.^’~y+2=0, 7. 

1 

8. 2.i;.?/“a’+y+2=0. 9. ?y=l-|—. 


a’+l 
t.c. w=— 
•' .V -1 


10 . 2 /=a’+v.‘ 

Cv 


8 


11 . 


17. 


13. 14. 

16. 

19. 

21 . y^2x'V^-~. 


12. ?y=..r+3+f. 

w 

16. 

18. ?/=A‘''>'l-i 


20 . ^=.v+a’^-". 


22 . y 


(.r-l)(.r-2) 
a*-3 


j^Pro VO that, in Ex, 22, y = ,v +- is the appro ximiition wlion is largo. J 


23 24 

^~(.v-~2)(.r~3) ^ a;~2 


nr ‘^’^1 

26. 2'=5;p^' 


26. (i) when a is poaitivo, (ii) when « is nogativo. 


27 

^ (.r- 2 )a 


28' 


29. 


.ff- 1 

I) 

y- 


^ (,iJ+l)(.r'l-2)‘ ^TZrT' ?/-2 

36, Graph on tho aaino diagram tlio following oquations : 

(i) ^3:==^ (ii) ?y2«4j, (iii) 
and uao your graphs to dorivo thoso of 
(iv) a; 2 =i, (v) .7;2=i> (vi) 

36. Graph tho following oquations : 

(n Hi) _ 

a'- 3 ‘ (a?-l)(.'r~2) 
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37. Ti’ace the form of the Conchoid from its equation 

“ (>-0)2 

(i> -when ?j<c, (ii) when />—c, (iii) whon &>o. 

38. Trace the form of the Claaoid from its equation 

2 —^ 

^ ~"a^' 

39. Trace tlie forni of the M'’itch of Agnesi from its equation 

40. Solve the aimultaneoua equations : 

(i) 4A'2-G,wy+3=0j Q?/—6.'};?/ = 4; 

(ii) 4.r^—8?/-7, '2.r2+3^ = 2; 

(iii) 2a;2-.^y=3, (,'?/4*2.r-3)(//~A'+I)=0; 

(iv) ii'i/=‘.v+^f a'^+ 2 / 2 _ 2^.~2 . 

(v) .^’^+y2-2^/=4. 

89. Freedom Fqnationa. In this articlo wo show how a 
curve may be drawn whon its troodom equations tiro 
given. 

T I-i® t 

T?irst draw blie graphs of ^nd 

graphs in Fig, 82 were drawn by the methods of this 
chapter according bo the following table: 


t 

IQII 

; 4:2 

1 

*1 

0 

lai'go 

fiinall 

A' 

- 0*8 

-06 

1 0 ' 
1 

1 

-l+2/i3 

1 

?/ 



4r^ 

0 

Vi 



A rough graph of y, considered as a function of ft), can 
now ho quickly drawn by observing from tho above gi’aphs 
how X and y simultaneously vary as i varies from — co to 
+ 00 . ^ Tho graph in Fig. 82, showing the variation of y as 
flj varies, was drawn by noting the general trend of tho 
variation of ^ os m varies, and plotting cor bain chosou 
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ITRREBOM EQUATIONS. 


filb 


?hO Hu'ydllS’ tablo? “ 



B 


ino, to - 3 1 

iiiu, to - 2 

ino. to — 1*75 j 

iiic. to ~ 1 

VO 

-M- 1 

j iuo. to “ O’S 1 

ino. U) - O’fi j 

ino. to - 0'51 j 

ine. to 0 

V 

0- 1 

ileo. to “0'3 1 

(1<5C. to — 0'‘i j 

(Ico. to - 0 ’43 

dec. to ~0‘6 


A to 


t 

Ino. to 0 

ino. to L 

ine, to + Qo 

00 

iiio. to 1 1 

doo. to 0 

doe. to — 1 

V 

ino. to 0 

1 ino. to 0’«) 

1 dee, to 0 


JBlo U 

OioD 

D to A in 


JBlo U 
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The graph of —1) is shown os a full line, and the 
graph of as a clotted line in the diagram of 

Fig. 83. The following table shows the trend, of the 
05, y graph: 


t 

-00 

ino. to -1 

1 ino. to J 

ino. to oj 

ino. to J 

ino. to 1 j 

j ino. to - 1 - CO 

m 

1 H'W 

cleo. to 2 

1 doo. to J 

1 1 

1 deo, to 0' 

doo. to ~ J 

ino. to 0 

1 M )t 

yl 

H-co j 

doo. to 0 

doo. to ^ ^ 

ino. to 0 



*> »i 


A to 5 i? to 0 0 to 0 0 to J) D to E EtXiF 

in Fig. 83. 


iflii 

111111! IIP III 
ililll liiilllll il i 

MiUi iisif 

mim 

gjpii[|lli[!|f||! i 
liiW. 1! IH i 
f! 1: iil ill! 

rnnii 

siuihi 

lilpiM 

iiili 

lilHIh:;:;: i :: isi i i|l 1 SI 

ii iiiiilrii 

BWii i Hill 

illliliiy 

iillilipinii 

iiiiiliiiillili 

iiiini 


i 

tSKiiiss: e:;:: 

lialil lii: :l:iH h ii ims 

lisSiniil iSjli 
isiiiitsi :i|:t 
Inn::::; sahi 

lliiljicll i’SI! 

iiRNi 

|i?i lilllplllljl ill l| ! 
ifliriliiilllliiiiPl 
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Ex. I. Express the freedom equations 
as a constraint equation in y. 

By subtraction wo have .u/-.r=2i, and therefore Sub¬ 
stituting for t in tho first equation, wo got 

A’~^+2/”-2a?-2 j/—0 . 
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This process is called elimination, and wo are said to havo oliininated 
t between tlio two given equations. 

Ex, 2. Eind the points of intersection of tlie graphs specified by 
the equations .(1) 

y=4 + 2?t. .(2) 

We require that the equations 

z!(i-l) = l+w, .(3) 

i(M-l)=4-l-2w,.(4) 

should hold simultaneously. 

From (3) and (4) 2C=3 + or «=2i - 3. 

Hence, from (3), 


= i.e. ia-3i + 2 = 0, i.c. ^«lor2. 

Ilonco, from (1), .v=0 or 2, ?/=2 or G, 

so that the points of intersection are (0, 2) and (2, G), 

Note. We might havo oxprosaod equations (1) and (2) as constraint 


equations, viz. 

- 2ay/ H- //“ - 2.W - 2?/ =5 0, ...(I') 

2.r-.y + 2:==0, .(2') 


and then solved (!') and (2') as simultaneous G([uation9, 

Freedom o([nations sliould bo translated into eoiiatraint equations, 
if the latter can bo readily found and handled. 

Ex. 3. Provo that the constraint e(iuation of the graph specified by 
l-i{3 t 

is ,^’3'h49/ = l. 

Ex. 4. Prove that the coordinates of tho points of intorsoction of 

1 - <2 I 

- 2+7«, y=J 

nre (0’8, 0'3) and (-O’G, 0'4), and that tho corresponding values of t 
are 2 and of «, | and j. 

Ex. 6. If .V" Vt cos a., y ~ 1 sin ot, - \cit\ where F, cc, g are constants, 
draw the graphs of x and y considered as functions of and then 
draw the graph of y considered as a function of x. 1‘ho values of t 
mn.y bo vesbriotod bo the range from 0 to i=<2 Tsin CLfg. Find also 
the constraint equation of tho curve. 

EXERCISES XXIV. 

1, Draw the graph showing tho variation of y as x varies when 
■What is the constraint equation of tho grajih ? 
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2. Draw to a?, y axes the graph of 

mahiiig the form near the origin quite aleav, "VYhat is tlio constraint 
equation of the graph ? 

3. Trace the gmplis of 

4. Trace the graph of 

What is the constraint equation of Uio graph? 

6, Trace the grapli of 

and find the constraint equation. 

6. Trace the graph of 

t 

and find the constraint equation. 

7. Trace the gra})h of 

and find the constraint equation. 

8. Trace the graph of i 

and find the constraint equfition 



oil. XII. § 90] 


CHAPTEK XIL 

IRRATIONAL FUNCTIONS. 

90. Graph of y = x —1T:27 (x-' 2). In ^ 83, 87 some 
equafcioiiH of the Conn ?/- ~f(x) ■vvovo diHCuasod; in this 
chaptor wo slmll sliow how tlio general shape of curves 
given by equations of tlie form 

y^axi-h±Jf{x) or {y-ax‘-hfi=f{x) 
may he obtained when f{x) is of a simple typo. Wo begin 


with the equation 

y = x-ld: 27 (X'- 2 ),.( 1 ) 

which may bo expressed in tlio forms 

cc^ — 2xy -h — 6a; -H ^ 2 / -f 9 = 0.(2) 


From equation (2), by arranging it in powens of y and 
solving the quadratic so obtained in torm.4 of x, wo derive 
equation (1). 

First draw the graph of y/j ^a; — 1, the line. AQ in Fig, 84. 

For real values of y/, the values of x must ho equal to or 
greater than 2. Mark on the lino AQ the points A, B, O', 
V, E,Fy O',..., whoso abscissae are 2, 3,4, 5, G, 7, 8, ...; then 
the table 


.1’ 

2 

D 

■■ 

T) 

fi 1 

B 

8 

±2V(.r-2) 

d’O 

rl-2 

1 :l;2'8!) 


4; 4 

:l:4-47 ' 

d:4-90 


A lih Co m Jio Ff Og 

Bh' Co' , J)d' Bo' Ff QF 
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gives the points A, h and h\ g and c',... on the ciU’'Vo hy 
the following rule, Bh and Bh\ Oo and Go\,., are atojis 
whose measures are +2 and ~2, +2*83 and — 2*83,..., these 
numbei’s being obtained from tlio second row and Inoui the 
same column as contains the stops; thus, Bh = -h 2 and 
Bh'^—2. To plot the point h movo 2 units up war cl fl from 



r'lfl. 84. 


£, and to plot h' movo 2 units downwards from B, and 

?? ??’. ^ steps from A are both sdoro, so tl uit A 
itself IS on the cmn'o. 


. JSIote (i) that 03 := 2 is the tangent at the point (2 11 

nniippiTTn’ bisocLs all chords 

parallel to the y-axia 

The curve is a parabola and AO is a “diamoCor" of the 
parabola. 


i 
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91. Graph of y=^—l±7{(x““2)(x + l)}, If y is real, 

the product (ft;—2)(a)+l) must bo positivo or zero. The 
graph of (ft; —2)(a;+l) is a festoon cutting X'QX, whore 
aj= — 1 and where «; = 2, and therefore x cannot lie between 
— 1 and 2. (A very rough sketch of tlie graph of 
(.ftj —2)(a;+l) or a mental picture will show at once that 
the ordinate is negative for values of x between — 1 and 2.) 

Draw the grapli of = the line IID in Fig. 85. 

Mark on HD the points A , B, 0, D,,.. E, F, Q, H,,,., who.so 

ahscissae are 2, 3, 4, 5,... — 1, — 2, — 3, — 4,_ Tlien the 

table 


.V 

2 

8 

4 

f) 


-1 

-2 

„3 

_4 




d:3'16 

± 4-24 

... 

.H:0 

±2 

±3-10 

-J-4'24 


A Bb Go JH ... Kc Ff Qg Ilk 

Bh' Cd Dd' ... Ed F'f Gg' IIU 


gives the jioints A, h and c and g\ on the curve 
(Fig. 86). 

The equation may be written in the forms 
(?/~|+:Ly = (ft!-2)(a;+l), 

15ft;2+8a;i/ -16?/“ - 8ai - 32?/ - 48 = 0; .(1) 

from the second of these forms the given equation may bo 
derived by arranging it as a quadratic in y and then 
solving for y in terms of x, 

Note (i) that a; = — 1 is the tangent at the point (— 1, — x) 
and 05=5 2 the tangent at the point (2, — (ii) that 

^=5^ —1 bisects all chords of the curve parallel to the 

^/-axis. The curve is a hyperbola and IID is a “ diameter ” 
of the hyperbola. 

The expression on the left side of equation (1) may 
by a factorising process bo written 

(605—42/—6)(3a;+4?/ + 2) - 36; 
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hence the equation o£ the hyperbola may bo expressed in 
the JoiTO (6a._4.j,_e)(3»+4@+2)=36.(2) 

The asymptotes of the curve are the linos 
605-%^ 6 = 0, 3rK+4*i/H-2 = 0; 

they are shown in the diagram. 



Fia. 85. 


92. Qrapli of y=|—ld:7{(x+2)(6*-x)}. If y is real, tho 

product (fB+2)(6-“aj) mu.st bo positive or Koro. The graph 
of (ajq-2)(6 —flj) is an invertor! festoon cutting tho w-axiS' 
at (B=3 — 2 and a}=6, and thoreforo a; must lio botwoon —2 
and 6. 
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Mafk on AK tlio points A, B G I) IT rr \ 

alwciHsno aru -2, _i, o, 1, 2.... 6 . Then thf tab]/ ’ 


X 

-2 

i 

0 

1 1 2 

; 3 

4 

5 

C 


-1:0 

|:1:2’05 

iS'4G 

±3-87|Ti-4' 

±3’87 

±3--lG 

±2-65 

±0 


A 


nu Co' 


Bd Eq Ff Qq Uh K 

Ld’ Ed iAf (Jg' HU 

friym tho pointB A, b and b\ o and n',... on the ourvo 
J ilo oipiation may bo written in the forms 

— (^ + 2)(G —ic), 

firv" _ 4,^,2/ + 4?ya - 20a: + 8?/ - 4-4 = 0. 



JN^ote (i) that cB ss — 2 is tlio tangent at the point ( — 2^ — 2) 

cc 

and a!»0 tho tangonb at iho point (6, 2); (ii) that y = ^ — l 

"biBOctfl all chords of tho curve parallel to the jz-axis. The 
curve is an ellipse and ud/iT is a " diameter” of the ellipse. 
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93. drapli of y=^—1 ± -f !)• If y is real, «J +■ 

must- bo positive or zero. The gra-pb of is 

Eesfcoon whicli does not cut the ai-axis, and thoroforo y i 
real for every value of x. 



Draw the graph of tho lino AF in Trig, 

since y is real for every value of co tho curve oxtouth 
two branches from left to right, one above AF* and 
other below AF. 

Mark on AF the points A, B, 0, .D, JS, F, whoso abaci 
are —3, —2, —1, 0,1, 2, Then tho table 


X 

^3 

--2 

1 

-1 

1 0 

1 



2-013 

± V73 

Qj 

mn 


: i = 2*05 


Aa Jib 0<i J)d Me l**f 

Act' Bh' Co' Dd' Md My 

gives the points o. and a", h and on tho curvo. 


















































220 


^§93,91] HYPEUI30LA, 

The equation may bo written in the forms 

3a3 ^+^xy — + Bre — 8i/ = 0.(]) 

Oj 9 

Note that y — -^ — l bisects all chords of the curve parallel 

to the ^/'U-xis. The curve is a hyperbola and AF is a 
“diameter” of tlm hyperbola. 

Equation (1) may by a factorising process be expressed 
in the form 

(3a) - 21/1 )(£«+21/+ 3) = - 3. 

The asymptotes of the hyperbola are the lines 
3j« — 2iy — 1 = 0, £0+2i/ — 3 = 0; 
tlioso lines are shown in the diagram. 

94. Graph of V ^ must not 

lie between 1 and 2, 

Draw tlio graphs of the two ocj nations 

2 / 1 =®. 2 /.= ±V^)! 

then y^Vi+V'i, 

and any ordinate of the curve is obtained by adding 
(algebraically) the corresponding ordinates i/i and ^ 
sketch of the curve is shown in Fig. 88. 

Some of the details of the graph wore obtained as follows: 

(1) £0 largo. By Descending Oontinuod Division 
£«~-l - , 1 

S--2=1+5W'Ox., 

and by the ordinary process of extracting the square root 

V(’+£)=^+4w’ox. 

Hence, ^^ (*■ + i) O'PP^’O^- 

V 


a.A.Q. 
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The lines y=x-[-l and are asyinpbotca; tho 

graph appears above y — x-^1 to the far right and bolo’w 
to the far left, but appears below to tUo far right 

and above to the far left, 

(2) when when 

- 2) r= rc ~ 1 or if:'’ - 2ft!® -* ft; -p 1 = 0, 



X^ia, 88. 


This equation majr bo solved graphically (soo Olmp. X.Y,); 
its roots are approximately —O’BO, 0*65, 2*26. TliOftti givo 
the points where the curve crosses tho «J-axis, 


(3) The following table gives a nnwibor of points: 
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EXERCISES XXV. 

1. Graph the cqimbioHfi: 

<i) y =.1?± ; (ii) y=| ± \/C^'+1) 5 (iii) (‘1^ - =16 (.“c ~ 2); 

(iv) 4,r®-12OT/+0^2=4.r; (v) 

2. Graph tho equation 2/=!ir-l±2V{(A’-2)(.v-pi)}. "What aro 
fcho asymptotes of tlio curve ? 

3. Graph tho equation y~x ~ 1 i 2^/{(a*T 2)(G -,r)}. 

Find the o_cjnation (i) of tho diainotor that insects eliorda parallel to 
tho ,y-axis; (ii) of tho diamotor that hiHuots clxords parallel to tho .-r-axiB. 

4. Graph tho equation 

8.i’2 + C.ry - 0^® + 4 a' — 12?/ - 13=0, 

Find (i) the equation of the diainotor that hiaects ohords parallel to 
fcho y-axis; (ii) the equation of tho dianiotoi' that hiBoets chords 
parallel to tho .r-axis; (iii) tho equations of tho asymptotes. 

5. Graph tho equation 

10 .V* - Oa'y ++%v - Oy - 8 = 0 , 

Find tho equation of tho diainotor that hisecLs chorda (i) pavallol to 
tho y-axis; (ii) parallel to tho .r-axis. 

For what values of ?/ aro the values of .?? oiiual, and what is tho 
nafcuro of tho corresponding points on tho curve 1 

6. "What values of y give equal values of x in tho following 
oquations) (i) 3^+4j,3,_43,.+a*-8^=0; 

(ii) 5,v® - 4.vy+ Ay'^ — %0x -h 8;/—44=0. 

Graph tho equations. 


7. Draw tho curves given hy Iho following equations; 

(i) 4.^'N*0/=36 j (ii) 4.ra-9y2=3G ; (iii) 4.^’2~9/^ ->36 ; 








8. Simplify tho following equations hy change of axes (§§ 48, 40), 
and then grapli tho equations ; 

(i) x ^+ 2.V+ 2y2 - 4y == 13 ; (ii) H- 2.f - 2/ -p4y=17 ; 

(iii) 4(.f'P?/)a-0(af-y)a=72; 

(v) 4(a?+y)a-9(A;-y)a= -72 j (vi) J ; 


(vii) (,r-2y4-l)a-p(2.'»4'y4>l)a=;B ; 
(viii) 4(.^'-2y4•l)^+(2A’+y^-l)a“20 5 

(ix) (a!-%+l)8-4(2.r+y-pl)a«20 j 

(x) (,-®-2y+l)a--4(2,t’-pyd-l)asa ~20. 
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9. Graph tlio following equations : 

(i) (?/ - a’) 2=a-s; (ii) (y - a)®=; (i ii) ay® - (.v - 1) (.v - 8) j 

(iv) y sj{{x - !)(.«- 2)(a’- 3)} j (v) y «a’:l- 2 ) ! 


(vi) y=a®±s/a‘; (vii) y=a’®d:/s/.'W®; (vih) y= 


10. Solve the following sinmltanoous equations, and 
solutions by graplis; 


vovify 


the 


(i) 


2 (a® -Py®) >“ 3ay »= 3a’ -P 2y, 

3 (a® 4-y®) - ‘iay—Ga *1- 3y. 

4y, 


nn / a®~r)ay+2y2=:2a' 
' ' \2,t^-3ay4-2y®a=4a. 



Oh. Xlll-§fl 5 ] 


CHAPTER XIIL 


SUCGliSSIVIil apphoximations. 


95. Ohange of Origin. It are rectangular 

axc8, parallel rospcctivoly to Z"OZ, Y'OY, it lias been 
sjhown (§ 48 ) that the coordinates y of any point P, 
referred to the axes through 0, aive connected 'with the 
coordinates »/ of P, referred to the axes through o), by 
tlio equations 

i—ia—k, >7 = 2 /—( 2 ); 

Avhoro h, k are the coordinates of the new origin to with 
voforonco to the axes through 0. An equation can often 
bo HiiupliPiod by chango of origin, and 'we .shall show in 
this chaxitov how a chango of origin enables us to obtain 
inoro accurate graphs with comparatively little labour. 
'Tho following oxamiiles should be carefully noted. 


lOx. 1 . 8how Unit the equation ^^ttx^+hv+e may by chango of 

oi-iKin 1)0 mlucodU) the form 17=^0^. ^ i ^ 

By biio proccKR of "completing the square,” wo find that the given 
equation may ho jnifc in the form 


r- 


■44J- 


h'^ -Aa o 
A a 


or 1/+ 


i.2 _ 4c(c 


Aa 


- =ai ,*-l- 


AV 

2a/ 


Now lot and we get If we write 

the oqmitiona of transformation in tho form 


ft * b^ — Aaa , 

7 y_ +r)y 

and coiiqiaro with oquatioim (1), wo aeo that tho coordinates A, I; of tho 


now origin aro 




2 »* 




IP -Aa o 
4a 


.( 3 ) 
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Tho graph of 7}=cti^ is clearly ike same curve as tho graph of y ssajc* 
if both curves are plotted to the same scales. Honco tlio graph of 
i/saax'^-{-ba}+a is idontical with tho graph of tf=ax^ except that it 
occupies a difloront position with respect to tlio axes A'OA’, Y’OY. 
Tlio 8hai)o of tho ciu'vo therefore do]Deiuls solely on tlio constant a. 

The graph of is a parabola (^77), and tho //-axis is called 

the axis of tho parabola. "When a hs positive tho origin is the lowest 
point, and when a is negative tho liighoat point of the curve j 
this point is called the vertex of tho parabola. 'I’ho graph of 
fl=ax^-Vh^v-\-c is thorofoi’o a parabola, and when the equation has 
been reduced to the fornM/=a^® tho now origin is tho vortex; 
equations (3) give tho coordinatos of tho vortox roforrod to the axes ■ 

x'ox, rov. 

When a is positive tho cm*vo is often called a “ festoon,” and when 
a is negative an “inverted festoon.” It should bo tbovonghly fixed 
in the student’s meinoiy that the curve is a festoon or an invortcil 
festoon according as a is imitivo or negative. 

Ex. 2. Show that (.r- l)(.r- 2) is positive or nogativo according na 
Of does not or docs lio between 1 and 2. 

The graph of (.v-l)(.r—2) is a festoon which cuts tho .r-axis whore 
a’=l and whore i»«2; and therefore tho ordinate is negative botwcea 
these two points, but positive if tho x of tho point is not hobwoon 1 
and 3. 

Ex. 3. Show that a(.r~l)(.r~2) is nogative whon x lioR between 
I and 2 and a is positive, but positive for tho same range of x wh«n 
a is negative. 

If a is positive the ciivvo is a festoon, but if a is nogativo tho curve 
is an inverted festoon, and the results follow as in Examplo 2. 

Ex. 4. If the roots j3 of tho equation 0=0 nro I’cal 

and unequal, show that, when a is positive, the expression H-O' 

is positive or negative according as x does not or does lio between ■ 
«, and j9, bub when a is nogativo the expression is positive or nogativo 
according as x does or does not lio hot woo n «. and /3. ; 

When a is positive, the curve is a festoon which cuts tho A’-nxia 
where a’=o. and whore .«=/3j wliou a is nogativo, the curve la a)i.| 
inverted festoon which cuts tho .r-axis at tho satno two points. 

Ex. 61 Show that is posilivo for ovory real value of .r. ■ 

The roots of aro imaginary; thoreforo tho graph ofj 

does nob cross or moot tho .r-axis. II once tho ordinate Ima 
always tho same sign; whon .r=0 the ordinate** 1, so that thoordinaUf' 
is always positive. ] 

Ex. 0. Show that if the roots of tho equation <'U’^+6 a‘+i 3=»0 are 
imaginary, the expression as^‘\-hX'\-o has always tho same aign 
0 or a. ,| 

Tho graph does not cross tho .A'-axia, so that tho oi’dinate has always 
the same sign; to find tho sign, pub .r=0. When tlio roots ait 
iiungiimry, a and o have tho same sign. . : 
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Ex. 7. If fl, 6, 0 aro in ascending oi'doi' of maguitude, prove that 
one of the roots of the equation 

x~a A'~b x~c 

lies between a and 6, and the other botwocn h and o. 

Ex. 8. Find the necessary and sufficient conditions that 2&.rd-c 
ahonld have (i) the positive sign, (ii) the negative sign, whatovor the 
value of A\ 

96. Shape of a Graph near a given Point on it. In tliiH 
and following ariicles wo shall show how to obtain rapidly 
the shape of a graph in the neighbourhood of any given 
point on it; wo begin with the graph of a c^uadratic 
function. 

Lot it bo required to examine the shape of the graph of 

2/=a;®—oj 

■ near the origin, which is obviously a point on the grapli, 



Fio, 89, 


Wo must examine the relative importance of the, toi’ms 
£c® and — £8 when jv is a small positive or negative fraction. 
Now when x is small, say 1/10^, is 1/10®, which is much 
smaller; the error in taking — oj instead of — x as tho 
value of y is 1/10®, or just a little more than O'l per cent, 
of the true value of y. When a) is 1/10* tho error in taking 
*~fl3 instead of x^ — x is 1/10®, or about O’Ol per cent, of tho 
true value; and so on. Now draw tho straight line QVQ 
(Fig. 89), which is tho graph oiy= --x. 
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Near the origin the graph of 35 muHl lio close to 

Q'OQ, hut does not coincide witli Q'OQi tho only point 
these two graphs have in common is 0. Further, 
cc2-a!= — a;+.r®= ~ a;-f (positive (piantity), 

whether x is positive or negative. Henco P'OP, tho graph 
of y^x^—x near 0, is derived from Q'OQ, tho graph of 
2/= — «5, by drawing tltrough 0 a curved lino cIoho to Q'^OQ 
and above it on both sides of 0, as in Fig. 89. In the 
figure, if Oif=£c, =”'£«. QF~x^, QF being Ihoroforo a 
positive step, then (§ 3) 

=il/Q 4-Q-P---a!+3)2; 


if Oil/'=a), Q'F:=x^ Q'F' being liko QF a 

positive step, then 

jrP'=JlfQ'+(3T'= 

The equation y~—x is tho closest np))roximaUon of the 
first degree to the equation y= where m ia small, 

and is called the first approximation near the origiii. For 
the sake of distinction, the y of tho first approximation is 
often called, y^, so that y^~ —x is then written as the first 
approximation to 2/= 

Tlie Tamgent at the^ Origin, Of all straight linos which 
pass through 0, the line y which is the graph of the 
first approximation to 1/= —lies closest to tho curve; 
tins line is the tangent at 0 to tlio curve. 

We thus SCO that near 0 tho curve is a part of a festoon; 
the curve is concave upwards. 

If we want now to examine tlio shape near any other 
pomt, say tlie point a)(l, 0), wm shift the origin to this point 
by putting 1 + ^ for x and >; for i/, and then find the first 
appioxiiDcttioii ucur tho now origin. Wo thuH httvo 

The fii’st approximation ia j/ = ^, and tho curve p^cop lies, 
near 0 ), above the straiglit lino q'wq, which is tho ^raph of 

tl=zf ox 


The equation of the tangent at w, roforrod to the ne 
axes, IS to find tho equation roforrod to tho old axe 
we must put or | anci y for ,, fi^uis tho oquatim « 
the tangent at (1,0) to tho graph of y ia 1, 
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Ib is eas^ now io form a mental picture of tlio shape 
near tlie origin of the graph of the equation 

y==-ax"-\-hx. 

The first approximation, which represents the tangent at 
the origin, is = hx ; the tangent has a right-hand upward 
slope if h is positive (like 9'co7), hut a right-hand downward 
slope if 6 is negative (like Q'OQ). If a is positive the 
curve lies above the tangent, bub if a is negative the curve 
lies heloxv the tangent. 

To make himself (luito familiar with the siiape, the 
student should draw the graph for diifercnt positive and 
negative values of a and h, for example for the values il, 
±2, ± 3 of a and 6. 

Ex. 1. Draw the graph of iioar tho point (3, 6), and show 

that tlie equation of tho tangent at the point is 

Putting 3H'^ for w and Gh-t^ for ?/, •wo shift tho origin to tho 
point (3, 6), Tho equation bocomea 

6't 5^=(^ 'h 3)^ - (^+3) or 7j=5^ -I- 

Tho tangent at tho now origin is = and tho enrvo lion aiiove 
tho tnngont near the now origin, To return to tho old axoa, put A’-3 
for ^ and y - 6 for t ); wo thus got 

7y - 0=5 (.r - 3) or y «= 5.r^ 9 
as tho equation of tho tangent at (3, G). 

Ex. 2. Draw tho graphs of tho following cquationa near tho points 
indicated, and llnd tho oipiatioim of tho tangonts at those points: 

(i) y=.i’2 - X \ point (2,2); (ii) y =(.r -2)- 3) j points (2,0), (3,0) j 

(iii) y = (.V ~ - 2); points (3, 2), (-1, 0) i 

(iv) y ~ 2.t;* - 3.r+1; point (2, 8); 

(v) .'y=(.r~l)(a’-2)(,i;-3); points (1, 0), (3, 0), 

97, Point of Inflexion, Consider tho graph of the equation 

Near tho origin tho first approximation is y~—x, ro- 
prQ.sonted by Q'OQ of Fig. 90. Tho gra^fii of y=x^^x 
near 0 lies close to Q'OQ. 

When ft) is positive, wo havo 

y= — ft)d-(positive quantity); 
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but when aj is negativo wo have, Hinco a;® in now lu'gativoj 
i/= =5 ~fc-|-(nogaUvo ijuanUl-y) 

= - a; —(poHitivo (jiiautily). 

Henco P'OPi tho graph of av‘~-a! uoiir Uu' origiih iR 
derived from QOQ by drawing a cumsd lino oIohij I** ii^'OQ, 
above it to tlic right of 0 iiiul hdow it to Uio loft \\\ 



Fi^, 90. In tho figure, if — a;, QP 

being a positive atop sinco a! i.s po.siUvo, then 

ii: OM'=^0, Q7^'=ftj’*, Q'P' iKung luiw a lU’^gntivc 

atop since o) is negative, then 

P'OP touches Q'OQ at 0 and also orom’H QU)Q at 0. 
Tho origin is a Point of Infloxlou on tlnj graph of i/ 
and tho tangent -ib ih an Infloxloma tangont (fit?). 

Tho student should now work tho following oxiitiiiplra so 
as to rccogniao at once tlio shape of a (uirvo near n, imiiifc ol 
inflexion. 

Ex. I. Draw fclio gmjilis nonr Llio origin of 

CO 2.r; (if) • (iii) 2.1' { 

(iv) y =3 A' - A-S . (v) y tto 2.1.' -• .l-’» J (vi) ;}f - X .r^< j 

(vil) 

3/*-C.r-l)(A-2)(.i;~.3) near tlj» ix^lul 

u;. 
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3. Sliow UmL (1, 4) is a point of infloxion on the graph of 

y -1-Oa -I- i, and that 2.^ + 3 ig the eauabion of the inflexional 

* 

^nix. -1. I>m\v the graph of y^x - near the origin. 


98. Tho Polynomial for Small Values of x. Let the poly- 
bo wrifcton in asconding powers of the equation 
is form 

iy ~ rt+6ft)+ca)^+ doi^ -h ex'^ +/ft)^ -{-. 

Taho A dofhiilo example, say 

= 5 -p 2a) — 3ft)®+4a)3+2a'>...(2 ) 

VYhou ft) = 0, y — 6\ without actually shifting the origin 
to tiu) point (0, 6), we can see that the first approximatimi* 
to etpiation (2) when x is small is 

IhI app. ft/j = 5 + 2a).(3) 

I’ho error in this approximation is — 3a’®4-4aj*-i-2ft!‘‘; the 
ratio of tliu error to tho term in a) that has been retained i,s 


-~3a)®4-4a)°-i-2a)*= 
2ai ^ 


that is. 


■ga;-|-2a)®4-cc® 


Tho error in therefore ama-11 compared with 2x when x 
Ib .small, 

"'I'o find a second approximation wc retain the term. —3a)-, 
ftiid write, denoting by the second approximation, 

2nd app. ft/a ■= 6 + 20) — 3a;® ~yi— 3a)®...(4) 

Tho error in this approximation is 4a;®-j-2a)'^; the ratio of 
tho error to tho last term retained, namely — 3cc®, is 


4ft;®-f2a; ^ 


4 2 

that is, — gX —gCC®. 


The error is thorofore small compared with — when 
C6 is small, 


*]hn* Biiiall values of tho value o( y ia nearly 6, and we might therofora 
any tliat is the flrafc approximation; hub for our piirposes we need 

npproxinuilioiifl bhftb oonlaiu a\ If wo shifl tho origin to (0* 5) by putting 
£ iur .V 4 uul D'i't? fnr y, thu firab approximation ab the new origin la 
obviouHly (Joing back bo tho old ongiu by putting a; for € and 

J/-6 for ij, wo gob y-6= 2a; or y=fl+2a?, whioTx is equafeion (3). 
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We can now aec wlial tlio Hliapc of tlu'- (‘-nrvo is noar tiw 
point (0, 5); see Fig. 91. A is the point (0. 5); ./M6 m 
the graph of the first approxinuitinn and is the al; 

A] J)ASis the graph of the second approximation wliicli 
is part of an invortccl festoon and is convex iipwartlsj lying 
below BAG on both sides of ^1. 

Close to A the graph of (2) cannot diller much from 
DAE; the difference EG, for oxamplo, between Lint onlb 
nates of G and E, when a; is the absciissa of each IB 

and, as we have scon, tlio sum of the terms in (.2) Inat 
follow — Saj® is small compared with Jl«!“ wlieii (K im hiiiiuI, 
The corresponding point on the graph of (4) must Lluu’Oiori} 
lie below G close to E. 



Consider now a case in whicth ocjuatiou (1) oontniim iK 
term in a?^, but docs contain a term in <#; that i«, 
d=\=0. Take for instance ’ 

j/ = 5 H- 2;r -1- 4.13^ -h 2.'}vi....(i^ 

Near (0,6) the first approximation is tlm same an luffom 
but there is now no term in x- to give us an approxiiiiatioi 
of the second degree in x —^no seenud approxiimiliotj 
The graph of (6) must therefore, near A, Uci much cloaoj 
to BAG than DAE docs. Denoting by tho appi'OKiniiiV 
tion to (6), which contains tho term in q!\ and calliiig Uiiji 
the third approximation, wo have j 

3rd app, 2/8=5+2ir+'ta?® = 2 / 1 +.* • *(*^1 
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^vViui"eompaved with .ta;3 

iH ml “loxTolulngrt!"^ ""<1 

'X£ iu (1) fiM) <^ = 0 «=|=0, then the graph of (1) near A 
ycHOinhloM /M/. (hig. oi), hut it lies cW to Zw 

i>luin .l>A 7'J (loos, If fi = 0, cj=0 /3 = o 

A v<'M(Mnhl(^M if'Af^ (^f\cf 1 -j. 1 • ’tile gi’apli near 

* 1 , iu , • n ^ much closer to J^AG 

\vhieh iH an inUexional tan gent. 

ICx. l^xiuiihm the Hhape of the uurvtsa given by tlie following 
oquiitlouH iH'iir the iminla where they croas tbe y-axis. ™Jowjng 

O’) y==-T"‘U' + a’^-2,v^; (ii) 2/^7-4a' + .v^-, 

(iii) y-7 - Av+a’3-2.ri ; (iv) 


99. The Rational Fraction for Small Values of 
now coiinidor a fractional function, say 


2a;^-^fr+ 3 
£b’‘^ + x+i ' 


X. 


AVe shall 


( 1 ) 


I'H'st arrange numerator and denominator in ascending 
po\V(U‘s of fu and divido, continuing the division as far, say, 
txH the toi'in of the quotient in aj®. The integral quotient is 

3 — 4aj 4- 3cc®+a;®. 


and the roinainder is — so that 


2/ s= 34aj 4- 3tc®4' iK® 


40!'^ 4-03^ 
1 4-4-^*3'^ 


= 3 — 4a; -h See®+— It, 


'whoro li = ( 4 * ^^)/i 14 * ® 

"When o;=j 0, ly — S, and near the point (0, 3) on the graph 
of (1) n; is nmall. h'rom the value of R, yve have 

JR_ 4a; 4-03^ 

CG^ ~14-034' 


When 03 is small, tlie numerator of the fraction is small, 
and the denominator differs but little from unity; hence 
when ft) is small, Ji w small compa/red with a®. Proceeding 
as before, wo find aiDproximationa. 
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Ist app. 2/i = ^ 

2nd app. 7/2 

= 2/i + 3«2. (P'^P, Fig. 93) 

3rd app. — 

= 2 / 3 +*^ 

The 3I’d approximation is not shown in the diagram; it 
could hardly ho distinguished irom Iho 
second. 

Thus, near the point (0, 3) the graph 
of (I) is a curved lino which touches 
the line i/^~3 —4a; and lies above it on 
both sides of the point. 

It is easy now to examine the shape 
of a curve near a:iy given point on it; 
if the point is {h, k), wo have the rule. 

Rule. Shift the origin to the point 
(Ji, h) hy putting h-\-^ for x and 
for y; then examine the shape of the 
curve, nov) given hy the new cqtia- 
tion, neccr the new origin hy the above 
method. 

In next section we consider the form 
of a grapli for largo values of x. 



Fia- 03. 


lin^ ConLiiuiod Divittion to fliul approxiiiiatioim 
to tho following oquabioiis for smaU vahio.s of aiicl graph Uio 
oqnationa for such valuoa. 


f,\ X 

Wy=^i 






... f , a’** —2.V+1 / .. .r'’+4 . 

<"') s'=3+i+i' 


(vii) 


A’-X* 


Ex, 2, !Find the equation of tho tangent to tho graph of 
at tho point (3,2). b 1 ./ 

Ex. 3. Provo that tho part of any tangent to tho graph of 
intorcoptod botwoon tho axes ia biaoctqcl at tlio point of contact. ^ 
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^ Da, 100] SIIAPK OP CURVl? NEAR ANY POINT. 

Show that the equation of tho tangent at (/q 1) is 
y-k^~{n>~h)jh\ 
winch, since 44=1, may bo writton 


100, Qxapli of a Rational Tunction for Large Values of x. 
Wc apply the method of Descending Continued Division 
statecl in Note (ii), p. 206; our chief purpose is to sec how 
the curve appears in relation to its asymptotes for large 
values of a). 

(A) Take first tho equation = which may bo 

written ^ 

= 



When X is largo, wo take as tiio first approximation* 

1^1 = 05 + 1 , 

which is roprosentecl hy Q'Q in Pig, 94 ; Q'Q is an asymptote, 

^Wo take j^j!=a!+l and not 2/]=5!«, hecaueo when x tends to Infinity 
y tends to a: +1, Por largo values of x tho ourvo runs close to the lino 
given by while it remains at o, finite diatanoo from tho lino given 

by ys=». 
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When a? is positive, = (positive quantity); thus the 
curve appears at P, on the tar riglit, above Q. 

When X is negative, y=yiA~(T^Qg(Ki>iv(& quantity); thus 
tlie curve appears at P', on the far left, below Q'> 


Ex. Show how tlie graphs of tho following equutiojia approach the 
asymptote y=.v+l. 

... .«*+.*-1 .... . r >- h . r ^ + l 4 - 0 .- 3 -I 


(B) Take next the equation y 
written 2 


which may be 


When (8 is large, wo take as the first approximation 

represented by Q'Q of Fig- 9‘t J Q'Q ia an asymj>tote. 

In this case, whether x is positive or negative 2/fl;^ is 
positive, and therefore ^ — (positive quantity); hence 

the curve appears at f, on' the far right, below Q and also 
at p', on the far left, below Q'. 


Ex. Show how the graphs of Lho following equations approach the 
asymptote y=.v-}-1. 

(Oy — ^ -! 00 >/-ji—i - 

(0) We shall take finally tho equation 




a;* — + 2 


x^’-x-jrl ’ 

Apply the method of descending continued division, 
carrying the operation till tlio quotient contains at lea^ 
one term with x in the denominator (that is, a term in 1/aj); 
we find o 

2—^ 

y=:a;-f 1--- —=£(14* 1 


Ji- 


3 1 

X 


X * 


4(2--) 

CC/ 




1 


■i+i. 

a) 


where 
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3 

We need to compavo li -with —which is the smallest 

B 93 

tenn of the quotient» +1—^ wlien on is large. Now 



The numerator of this fraction is small when x is largo, 
and tlie denominator dilfers but little from B for large values 
of 93; hence, when x is large R is small compared with B/a*. 
Thus, when x is large, the first approximation is 

^1 = 93 + 1 , 

represented by Q'Q of Fig. 96; Q'Q is an asymptote. 



Pia. 96. 


The second approximation is 

When 93 is large and positive, ^ 2 = 2/1 “(positive quantity), 
but Avhen 93 is (numerically) largo and negative, 

-i-(positive quantity). Hence the enrvo appears at on 
the far right, below Q, and at on the far left, above 
The graph is shown in Fig. 96. It will bo a good 
exercise for the student to verify the form of the curve by 
examining the shape at such points aa (1, 0), (0, 2), ( — 2,0), 
and by plotting a number of points on the graph. 

G.A.G, Q 
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101. Worked Examples. Wq shall now work two ox- 
amplea to show how hy applying the methods just indicated 
wo may obtain fairly accurate graphs, 

Ex. 1. y ~ x(x ~ 1) (.V - 2). 

(i) Noar t-ho origin. - 3,i’2-h 2.v. 

lab app. ; draw tlio lino BOG in Eig, 90. 

2nd app. j/g—Sa’—draw llio graph touching BOOnl 
0 and lying below BOO on both sides of 0, 

(ii) Near tho point (1, 0). Put .r=^+l, y— t;. 

Then 



J)fl. 


Isb app. '>}i~ - $ i draw the lino BDFin Fig. 90. 

Snell app. ^ 2 ~ draw the graph toucliing EDFnt O 

and lying above it bo the right of D and below it to the left, 

(iii) Near the point (2> 0). Put a?=^+2, ij—T), 

Then 

Isb app. 7 ;is= 2^ ; draw the lino 7/ff/L 

2nd app. »}3=2^-f-3§^ j draw tho ^'aph touching IJOIC at 0 and 
lying above it on both aides of &, 










iXor} WORKED EXAMPLES. 

(iv) pointH 

Qi-W, -U)), /i(0-r,, 0-4), AXl-S. -0-4), r{2-6, 1-9), 
Cionipiou) Ulo gnipli in tbo usual way. 


2i3 


•Micl 


a--2 ’ 

Ijy AKConcling Division, wo ^ 

(t) Ncsai’ tho oiigin, ” 

Itst npp. tU'aw 7 J 0 ( 7 in Pig. 07 . 

^ntl app. .?/a= y ™ ; draw tho gwiph touching BOG afc 0 and lying 
IlMilo'v il' botli tticloa of 0. 



(ii) Noav tho point (L, 0). Put a*=^ + 1, i/=»^ ; then 
IhI app. 5 tlrawA'Did 

2iid app. . draw the graph touching jBDjp’ab Z) and 

lying holow it on both sides of J). 
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(iii) Near Pub .i'=^+2, 5 then 

,^(|±2k4i}.|+3+£. 

2 

lab app. ’?!='! 5 mark Oil and KL in blio diagram. 

(iv) When x is largo, By Descending Division, we find 

lab app. yi=.V'l-l; drawjl/jV. 

2 2 

2nd app, yg=.v 4 .l -i- -=!y, 4 -_ • mark PQ and RS in tho diagram. 

(v) Plob guiding iwinbs, and complobo blio graph in the nsiml way. 


EXERCISES XXVI 

1, Draw blio graphs of bho following cquabiona near bhe origin j 

(i) y =2.V -5 (ii) y = - A-a - x . (iii) y «.i-a ; 

(iv) y «s .V H- .r® j (v) 2y « 3.v - 4.v*. 

2, Draw bhe graph of 

(i) y»«2+.r+.r2 near (0, 2)j ■ (ii) y=2-|-.v+a'’ near (0, 2)j 
(iii) y=2 - .V - near (0, 2); (i v) y« 2,v - .i/' near (0, 0). 

3, U.SO bhe mobhoda of change of origin and auccossivo apiH'Oxt* 
niabion bo draw bho graphs of bhe following oqualions, plobbiiig seloctcd 
poinbs to give bho grapli precision ; 

(i) y«(.f-l)(.f-2)(.v-3); (ii) y=.v%v-iyi 
(iii) y=.r(.v-1)»j (iv) y=~ l)(.f+2); 

(v) y-.t!3(^-1); (vi) y=>x(l + .v2)(l + x )} 

(vii) y=(.V + l)(.r + 2)3; (vin) y- (.v^ _ l)(.v2 _4). 

4, Mild tho oqnabiona of the tangents to bho enrvo ?/=.t’2-3.»4-2l 
at the points (-1, 6), (0, 2), (2, 0), (3, 2), Draw tlioso tangontB and 
make a graph of bho equation between ,v= -1 and .v«3. 

6. Draw tho graph of yi= -2.v8.|-3.v-2 by oxamining bho form of 
blio graph near chosen points. 

6, Provo that ysa.i?-l + ? gives tho aiiproximalo form of 
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7. Provo tlial gives the approximate form of 

when to is small, and the approximate form 

when is largo. Draw the graph of 

(A' -f- 2p 

8. Draw the graph of ?/=^(2.v®-a’^-3)/(,^'2+.^’+l) when x is small, 
and also when x is largo ; complete the graph by plotting a number 
of points. Prove that the straight lino y=s3-4.v touches the curve at 
(0, 3) and cuts the curve again at (-3/4,' G). 

9. Pind the equation of the tangent to the eurvo 

at the point (1, 2), — a’+ 

Shift the origin to the point (1, 2) by putting a’=^ + 1, ij+2, 

and tlieii use Ascending Division; the hnoav ai)prQxiination to. f] 
gives the tangent (§ 99). 

10. Pind the equations of the tangonts to the following curves at 
the points specifiod and the shapes of the graphs near tlio points ; 

(i) y 5= - X 4- - X +2) at (1,1); 

(ii) ^=v'l?(.^’-l)/(.^■-2)a at (3, 6); 

(iii) at (2, ;(); 

(iv) at (1, 3); 

(v) ?/=(10A’2-38af+37)/(3A!2-10.v+9) at (2,1). 

11. Use the motiiotls of chango of origin and suceossivo approxi¬ 
mation to draw the graphs of tlio following ccpiaCions, plotting guiding 
points to give precision to the figure ; 

... A'- 2 >..> (a - 2)(a’ - 3) (x - 2)3 

/„n „=,*52.rS!. 




(.*-!)» • 


^>34. •y.U 1 

12. Verify the following table for the equation and 

use it to draw the graph of the equation ; .a' -f J, 



; small 

large 

-3 

_2 

V 

l+2,'r+2A’3, app, 

■ 

1-pa/a.’, app. 

7/13 

3/7 
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(.v- 

13. Yoi’ify fclio following toljlo for tlio o(iuiifcn)n 
and use it to draw the graph of tho oyimtion : 


•” 1 

nearly 1 

nearly 2 


■ 7 = J^l’P* 



.V 

small 

largo 

fl/d I 

y 

^-,v-%g\ app. 

1 - 2 /.V, app. 

“1/7 


•1 


1 /: 


-1/7 t (iA» I IfVT I 7 
.r + I 


14, Verify the following table for tlio equation j)/j.- 

and use it to draw the grapli of tho o<iuation : 


.V 

nearly 1 | 

1 nearly 2 


il 

1 

1 ' 

1 iipp. 


X 

small 

largo 

-1/2 

-4 j 3/d 1 

y 

l/2+.‘r/4+6A''”’/8, apP- 

l+ 2 /.r, app. 

7/in 

7/K) 1 *'7 1 


*1 

1 . 1 /« 


16. Verify the following table for tho ccpuitioii 
and use it to draw the grapli of tho equation : v' J 



nearly 1 

nearly 2 j 

J 

1 / -1/6+^/36, app. 

j,=f/2-l-Cf74, app. 1 


Hourly n 


tinirlv 4 


^ 1 

largo 

0 

-1 S/2 

fi/2 1 7/2 1 n 


y 1 

l+4/.'i?, app. 

1/6 

•Vio “1/lC 

1 1 - ir> 1 0 



16. Prove that (3, 1 ) is a point of inflexion on the grapli of 

x 1,^. ,p 7^ 

and find the equation of tho inflexional tangent, 

17. Find the point of inflexion on tlio grapli of 

inflexional tangent moots tlio graph in thi'^ 

coincident points. 
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5 CX 1 I.') 

18. Pi-'ovo tliafc tho Vmo 7/=2 {a’+]) meets the graph of 

y s= — 3.i;3 4- 5.^, 4- \ 

i« throo coincident points, DraAv tljo Jine and the graph in the 
'n-oigiihourhood of the jwint of contact. 

19. Prove that tjio point (3, 0) is a point of inflexion on tho grapli 

of equation of the inflexional tangent, and 

clinw tho graph and the tangont in tho neighboiu-lnoocl of the point 
of contact, 

,, ,, ,, 8.v2-24.jH- 23 . f , 

20. I« the equation .v-§+«, nso 

-Aaconding Continued Division, and detoruuno A, k so that tho point 
(/i, k) may bo a point of inflexion on tho grapli of 

y=(8.v^ - 24a'+22)/(4»;2 ^ 8.v+ 7), 



[un. 


CHAPTf^R XIV. 


DERtYATlYES OF POLYNOMIALS. MAXIMA jVNI^ 

minima. 

102 Gradient of a Graph. In tracing a gmnli af-cn ntit‘Jy 
it is almost Maoutial to know tho position ol tiu» OiU'iting 
points. When a polynoinuil ifl oxpi’o.sHCKl in lactorH w 
mirlyeasy to liufL at least approximately, the pomiion <n 
the turning points, but the caso is altered when tlu) iHJiy- 
nomial is not in factor form. 

The student will have noticed that at a turning: point nil 
the graph of a polynomial tho tangent is jiarallol 
a'-axm, though tho tangent at a point ma^ bo parallel fco 
the se-tixis and yet the point not Do a tnrning 
example, the ®-axia is a tangent to tho graph oC fts® at llID 
origin, but the origin is a point of infloxion, i^nt a tiH'JiinjEf 
point. lYe must, hovimver, seek for tho tm'niiilg' iioiiiju 
among those at wliicli tho tangent is parallel to tho 
and we thcroforo give now a motliod of linding an oxprf^HHiiiii 
for the gradient of tho tangent at any iK>int on th(^ 
of a jjolynomial. Tho gradient of tho tangent at a 
on ft graph is often cahod the gradient of tho graph ah that 
point; we shall see how much additional power in Couniiilg: 
a mental in'ctnro of tho graph is to bo obtainnd by a 
knowledge of the gradient. 

When tho origin is sliiftod to a point on the enrvo, tliO 
equation takes the form 

»?-ct^TZ>^^+liig]ior powers of 

and tJie coefficient of ^ in this equation is the grntlioi'ifc 
of the tangent at tho now origin, Wo .sJiall apply thi« 
ti’aiisformation to the graph of a polynomial. 
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I. y — ax^+hx-^o. 

Shift tlio ovighi to tho point {h, /ii) on the graph by 
writing /t+^ for !« and h + }i i‘o)' y ; we obtain 

/u + »/ = + ^)"hc 

= (Oi^ -{" d" c "h d" ^d" 

But h — ali^-j-hh + G Hinco (Ji, k) Ih on tho curve, so that 
wc have + .(1) 

The gradient at the new origin is thoroCorc {9,ah + h), 
that is, tho gradient at the point (/t, /<;) when the curve 
is referred to tlio old axes is i2ah + h). But {h,Jc) is any 
point on the curve; we may therefore write x, y in place 
of hy k, and wo now have tho 

Rule. The gradient of the grajpli of y^ax^‘-\-hx-\-G at 
cmy point on it whose abscissa is x is 

2ax + h .(let) 

II. y = ax^ d- hx^ d- cx + d. 

Shift tho origin to any point (/t, k) on tlio curve; wo 
obtain 

k-\~}}^ a{Jh-{' fc(/i'd' d" d“ H" 

= {ah^ + hh^+oh d- d) + (3a/t‘^ d* + c) ^d- (3a/t -H h) d- 

and therefore, since k ^ ct/t® •+■ hk^ d- c/t + d, 

>/ = (3ft/t2 + 2 Wt d- c) £+ (dah d- h) -h a^^ .(2) 

Hence, the gradient at any point (A, A) on tho curve is 
(3a/t®+2&/t-|-o), and we can state tho 

Rule. The gradient of the graph of y — ax^-\-hx‘^■{'CX^-d 
at any point on it whose abscissa is x is 

Hax^ + 2bx + G .(llu) 

III. y = ctaj” d- hx‘*^~^ d* cx'''’ " ® d-.. • d-p.'r^ d- +t, 

where is a positive integer. 

TIio student who knows tho Binomial Theorem will have 
no difficulty in proving, by the same method as in I and II 
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tliat the gradient of tlio grapli of equation HI a(. mh^V |Kmit 
on it whoso abscissa is x is 

Tiaco ’*" ^ + (-Tz — 1) ~ +(?i — 2) ^ -f.., -j- 2'/>.n ...(If la) 

Equations I, II arc the (siistis of HI for wliicli rt '5'~2, 
72-= 3 respectively. The following ])ointM should lnii 

(i) The cchsohita term, o in T, d in IJ, r in HI, imt 

appear in the gradient. (Wlmt is the gianliical nxuliiiiiition 
of this ?) 

(ii) Any term in thogmdiont is oljtained from tho mrro. 
.sponding term in tlic polynomial by iiiultij)lyiii^ hy tlie 
index oi the power of X in Unit term jiiul thou Huli( 

1 from that index. 


Thus the term 2b.v m (ILi) is nhlaiimd fn»m Urn Uinii /«.<” in H hr 
multipiymg ^ by 2 (win'ch « thou snh(iiiuLi(,,f I tum 

fcho indox 2 (wlncli gives Si.r)- The tonnH /«•, r.v, n.r iii /. ||. IJI 
give 6, c, q respectively. ' ‘ ^ 


Ex. 


Verify the exju-ossioii for fche gmduinl; in Ui<i Lilluwini^ 

PnlvnniMlol . 


Polyiioinift], 

A'^ 

«A’+ b, 

,V^-ru--7. 

lO-hl7A‘-.U'«. 

A‘'‘-ru'H0, 

(:v-l)(,v-2)(,r-3) 

.r(,).-8-l)(.r2_4). 

(A’-a)2(A'-&). 


Orinlloiit, 

J. 

2.V. 

H.r2 

a, 

({.r -n. 

17-M.,-. 

!h''“ ](>,#■, 

m, 

(.V-</,)" 


>1 


is|o^deri™Ovn"S;L+“ 1“'^'"'""“'"' 'I'lmH 
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§§ 102 , 103 ] 

dol’ivalive is often denoted lay the single letter with an 
accent, as )/, or by the tunctional symbol witli an accent on 
the functional letter, as J\x) or F^cg). 

Thus if i/~a,v'^-\-hx-hc, then y = 2 «A’ 4 f >3 

if then /'(.v)— 

Sometimes the derivative is expressed by the letter D 
(tho iirst letter of the word "derivative”) placed to the left 
oi: tho polynomial, whicii is enclosed in brackets; thus 

The valno when rr == a of the derivative fix) is denoted 

hyfXa). 

TluiB if /{x)='i,i^ - 5a‘^42, 

than /'(.v) = 12a'2-10.v; /(a)-12rta-io« ^ .r(l)=2; 

If tho independent variable of the function (or the 
abscissa of the curve) is denoted by some other letter than 
a;, say by n or i, the derivative is of course formed by the 
same rule; for example, 

if y^c(Ab^']-bt(,~[-G, y'= I)y ^^au-^h \ 

and if y^ at^ + + c, By = lat + h. 

When we wish to indicate in the syukbols y', By winch 
letter is used for tho independent variable, that letter is 
placed as a suffix: Unis, ?/„, D^^y, y[i, D^,y, 

Kx. I. —3,v4l, for what values of x is/'(A') zero? 

fXx) = 3>r“ - 3 = 3 (a.' - l)Cv +1), 

Tho value a of m for whkh /'(■'i') /.oro are there fore tho roots of tho 
3(.t;-l)Cr+l)=0. 

Tho required viiluos ivro therefore 1 and -1. 

35x. 2. [f/(.r) ~.r(,v - l)(ir - 2), for what valuoa of a* is f(iv) zero ? 

- 3.r3+ 2.r, /(.r)=>3.#- 0.v+ 2. 

Tho required values are the roots of tho equation 
3.t;’=-fl.r42==0, 

nawioly that is, 1'577 and 0*423 approximatoly. 

3 
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Ex. 3. Find fcho equalion of tho tangent at the point (1, 6) on tlie 


curvo ?/=.t‘‘5-6.¥2+9.(i) 

Tho equation of tho line through (1, f5) with gradient ni is 

;y-5 = OT(a‘-l).(ii) 


Tho gradient ?/ afc tho point on tho curve whoso abscissa is .t? is 
given by tho equation yt _g^,8 _ 

and this equation gives y = -7 wlion .r== 1. Tho value of ?»in (ii) is 
bherofore - 7, and tho required equation is 

f/^6=«-7(.i--l) or 7 a'+ 7 /« 12 . 

In the same way tho omiaMon of tho tangent at any other point on 
tho curvo may bo fouiid. Thus at tho point on tho curvo wlioaa 
abscissa is 2, that is, at the ])i)int (2, —.3) on tho curve, the vnlno of y' 
is -85 the tangent at (2, -3) is thorofoi-o tho lino through (2, -&) 
with gradient - 8 , and its equation is 

y+3 — - 8 (.r—2) or y—~ 8.r-H13, 


Ex, 4, Find the e<|Mations of tlio tangents to the following curves 
at tho points on the curves whoso abscissae aro given : 

(i) ?/=—G.r ~ 7 { .r “ 1, =s 3, 

(ii) 2jDy==.f2j .-r— 2;), .r=A, 

(Hi) y«(.v~l)(.i- 2)(.t-3); .v= 0 , 1 , 2 , 3, 4, - 1 ,- 2 . 

(iv) ;/—(.V - afQe ~ }>) j .r =« a, ,v=h. 

(v) .r=» 0 ; ^=c. 


•re ,._i ,, ,1 ( iw" ^ «.r’' iiy 

If a” then ys=-- 3 j-s=— 

a^-Kv .r 

When x=>h and the gradient is «o/6, and tlio tangent is 
2 ^ - c=-y(a’ - 6) or hy^ncx - (?i - l)/;<j. 


Tlio value of e is, of course, hut tho equation is often inoro 

useful wlicn it contains botli tho coordinates of tlio point of contact. 


Ex. f). Tho equation of tho tangent at tho point («, /‘(a)) on tlio 
graph of y^f{x) is y -/C«)=(.r - (t)f{a). 

When .a*™ a, ?/“/(«) 5 when .r=aa, tho gradient/'(.v) Is equal to/Ycs), 
Tho tangent is thoreforo tho lino through («,j^’(a)) with gradiont/'((»). 


104. Use of the Derivative in Ourvo Tracing. liVo simll 
work one or two oxamplea to illustrate the imo of tho 
clorivativo in curvo tracing. Wo first note the following 
properties of a curve that iniiat bo familiar to tho student. 

(i) If the gradient at a point P on a curvo j.s po.sitivo, 
the tangent at P has a right-hand upward slope; a point 
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moving along tho euvvc in the direction of increasing 
u-lDHciHsa (from loft to right) will as it passes through P he 
moving' upiuardsas well as to the right. On the other 
liCMicl, if the gradient at P is negative, tho point will ho 
iiaoving doimmxmh as well as to the right when it passes 
tliLVOUgli P. Hence if tho tracing point move so that its 
tblDSciasa increases, it will move upwards or downwards 
rtecording as tho derivative is positive or negative. 

(2) If the gradient at P is zero the tangent at P is 
pamilol tortile rr-axis; the tracing point is for the moment 
iTcioving neither up nor down, and P is, as a rule, a turning 
point. 

If immediately to the loft of P the gradient is positive 
ctiid immodialoly to tho right negative, then tho point rises 
fxa it approaches P and descends after passing P; P is a 
turning point, and tho ordinate at P is said to be a maximum. 
Tl^hc ov<iinate at P is greater (algebraically) than any other 
ordinate near P and on pAthnr side of P. 

On the otlior hand, if in approaching P the gradient is 
nogative and after passing P positive, tlie tracing point first 
clcsconds and tlien ascends; P is still a turning point, but 
tlio ordinate is now a minimum—less (algebraically) than 
(vny otlior ordinate near P and on either side of P. (See 
tlio remark in Ex, 1.) 

The griidioiit at P, however, may bo zero and yet P may 
not bo a turning point; it may bo a point of iiiAoxion. 
A.s a rule inspection of tho ordinate near P, or, preferably, 
of tho gradient near P, enables us to decide easily whethor 
JP is a turning point or not. 

Ex. 1, Eincl tho turning points on tho graph of 
=.r(A' — 1 )(.v — 2), 

Tho graph is sliown in I’ig, 90, p, 242. In § J03, Ex. 2, wo have 
Boon that tho giudiont is zoro when and when a’=0‘423; 

tho corrosponcling values of ?/ are -0'385 and 0'386. Tho points 
“0*385) and /i'(0'423, 0*385) are the turning points j at S* 
tho ordinate is a nnnirnum and at ii' a maximum. These points Ji' 
und are near tlio points li and (S' of the figure. 

Note that tho ordinate at li’ is not the greatest ordinate of the 
CUVV 0 5 it is a maximum bccauso it ss greater than any other mar it. 
Similarly tho ordinate at S' is a minimum, though it is obviously not 
the hast ordinate of tho cuvvo. 
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Ex. 2. - 3.V*- ]2a'+ 10. 

Here f{iv) ^ at- - G.t -12 = 0 (.t+ l)(.r - 2), 

and the gwidiont is Tsero whon -1 iintl whw .r«:S. 'i’lm p«ini« nl 
which .V has these values arc prohahly luriiin^? prniits ; iii riiiy enso 
they arc useful ns t/uidit pouUs for the (liHcussioii of Uiu 

Draw up the table : 


a- I -05 -3 ~2'fij-2 -1 0 1 j 2 j 0 j <1 j 

/'(.c) H-co (50 I .(OTj 24 I 0 -12 I -12 I 0 | 2-1 | <M» | 1 co 

y -cn -3.1 -10 I 0 I 17 j 10 j -3 j -1(1 ( 1 [ Jti I ( a: 


It is quite cleai- from the table tluit the points (••* 1, 17), (rJ, -10) 
are turning points, but the table gives mueb more inforiiuU.iou. TIks 
taom suggests that as .v inoreasos from --co lo -1 tJw tji'iu/mif u 
and therefore that the traeing point stoadilv )‘}Hrrt Ihu 

©xtiftmo low left to the positiini ( — 1, 17). Exauiinatioii <if ( Int ^riulienl 
conlirrns the suggestion; beeauso if ,#? is negative inn| iiiiiiu'rrHMdly 
gtaater than 1 both .t+l and .j;-2 arn negative, ami /'(A 

which IS equal to 6(.i74'l)(.t’-2), is jiositivo. 



Fw. 08. 


^oint now descends till itraachls^thVno^^^^^ t'Jjoi'ofoj'o Cho tmclng 
>his position the gradient in nlwnvr >! T mwwiiig 

»tot now ntendill S Jnd JJXKT ' 'i;.; b»cl..| 

nfimby. We thus have a oomiiloto flflKfii'inrf ^ '!'i ***** "PJt'rtt’tiu to 
t point traces out tho cqrvQ, “ ™‘Ptioii of the way itt wliioli 
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Xt is oaay now lo draw the curvo. Whon plotting the points it ia 
to diuw a ahort length of the tangent at the point; near its point 
of contueb tho tangent practically coincidea with tho curvo. The 
Si'ftpli ia OAJiG (Fig. 98). 

AVo can also solve, approximately, tho oqiiation 
2.r3~3.r2_i2a'+10=0; 

tlio curvo crosaes tho .r-axia where .v has tho values -2'22, 0-76 and 
^■f>G approximately, and those are the roots. 

Ab a poiub of inilcxioii Lha f/radient has a tu'i'ning mUte. 
on tlio grapli of (Fig. 08, p. 184), the gradient ia 
positive, but decreases as wo pass along tlie curve from 
to 0, whore it is zero; avS wc continue along the curve 
i*i.'Oin 0 towards P tlic gradient is again positive and 
iiici’oaacs. It has therefore a turning value, zero, at the 
point of inllexion 0. Similarly, in Fig. 90, p. 234, as we 
p£t«a along tho curvo from F' to P the curve gets steeper 
O/H wo approach 0, but on passing 0 tho curve becomes less 
wtoep; tho gradient has again a turning value at 0, not 
Jfsor'o ill thi.s ca.se. 

!No\v when wo have found tho derivative of a function 
wc can draw its graph, and to every turning point on this 
j^j’ixph will corrG.spond a point of inllexion on tho graph of 
fcI\o given function. 'J'he graph of the derivative of a 
Eiiriction is called tho dorivod curve of tho function; the 
I^Vixph of tho function itself may bo called the primitive 

OX^l'VO. 


ISx. 3. Find dio point of iiilloxiou on tho gmph of tho ccpiation 
y=/(.t<) ===2.^3 - 3.^2 - I2.r-P 10. 

'Xho dorivativo of /(.r) ia and the gmph of thia 

tlcii’ivativo, F'l'd' in l'’lg, 08, ia tho doi-ivod curve of FJU. Tho points 
A' and F' have tho aiinio'abscissa, and those aro called eorrosponding 
Ijoxnta” of tho two curves. Similarly A and A\ / and 7', olc., are 
oofi-osponding points. Tho ordinate of F' monauroa tho gradient 
*».t Fi thus tho gradient at F, Avhoro .r=”2, is 24, and this is the 
ox-clinato of (In plotting tho' derived curvo it will usually be 
iicscoaaiiry to chooao a now acalo unit for tho ordinates, but tho scale 
vtiiit for tl»e alweiasao should always bo tho sanm; both acaloa are 
tlio flamo in Fig. 98.) 

Xot 118, for tlio nionionl, denote tho gradient or derivative by 0 ; 
tliQn 0=-Qx‘- C.«>-12, </ = 12.r-0, 
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Here <?'=0 when .v=si. The 2 joint -13^) on the dofived curvo 
is ft turning point on tliafc curve j tiiorofore Llie corresponding point 
/(i, 34) on the inninitive curve ia a iwinl of iniloxion on tlmt curvo. 

Similarly, tho abscissa of the i)oiiit of iniloxion on the giaph of 
Example I is given by ^)(3.r2-6a'H'2)=0 or 0.v-6=0 oi’.t’==l 5 tlw 
point (1, 0) is therefore tho point of iniloxion. 

The gradient, denoted above by is the derivative of the _fuiictton 
y or f{x\ and therefore r/', the derivativo of r/, is tho dorivativo of the 
dorivaiive of // ; y' ia called tlio sccorjtii! derimtvoc of y. The aecond 
derivative of a function is denoted by two accents ,}/' or/X^'^') j thus, if 
y ^f{x) = 2.^3 - 3a’^ - t2a' -p 10, 
thou y' -/(’V) = 6a'a ~ G.r -12 ; if «/"(.^') 12,?; - G. 

We might in the siimo way form thii’d and higher dorivntlvos; 
thus in the abovo oxaiiiiiloa the third derivative is denoted by f 

orand y"'=12. 

In distinction from higher derivatives y' is called tho fxiA 
derivative. 

Using the second derivtitivo, wo have now the following rule; 

The abscissae of the points of inflexion on the graph of /(st) 
are, in general, the roots of the equation ~ 0. 

Wo say “in general,” hociiuao a value of x jnay bo a root ot 
a?id yet not give a ^joint of inflexion j for oxahiplo, if y(.r)s=‘A-*, then 
but tho origin is not a point of inflexion on the graph 
of .v‘. In all eases, however, tho abscissa of a turning fioint on w 
derived curve is tho abscissa of a jioint of inflexion on the primiliw 
curve. 


Note. Tho results given in questions ’Ll and 12 o( 
JUxercises XXVII. are very important. Thus, for Ho. 11/ 
wo have „ o a., aP 

But h^a/h since (/t,/r.) is on tho graph of 
therefore tho first approximation near tho now origit 
(§flD)is _ (j 


rionco the gradioiib a 
— ajx\ Tho funeUoi 
(Compare ^ 102/ld8. 


so that tho gradient there is —ajh^. 
any point on tho grapli of ajoi is 
— a/ai® is called the derivative of a/a;. 

Tho result in tho case of y=^ajx^'’ sliows that th 

derivative of ^ is If wo use negative indices, fchb 

D(aa)"’^)= —,/ 


wo have 
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which sliowa that the rule for forming the derivative of a 
power (§ 102) holds for negative as well as for positive integral 
indices. 


EXERCISES XXVII. 


Trace tlio curves given by cqualions 1-10; state their turning 
points, their points of inflexion, and the values of .v at wliicli they 
cross or touch the .r-axis. 


1. ;/=7.r2-12.r-10, 

3. i/~x%v~^). 

6. ^=.r3-3.r+l. 

7. y=.ri - 8a-3+16.r2+4.r - 20, 

9. ~ lG.r+ 21. 


2, y = 1C -|- 0.r — 2 . 1 /“, 

4. %v^+ .3.?;” - 12.r+0. 

6. — 

8. ;/=3.v‘ - 8.r“ + Oa-3 -10. 

10. y=a-f'-5.v»-|-rw3 + 10. 


II. .Show by shifting the origin to the point (//, /^) on the graph of 
that the equation takes tlio form 

il' 

higher powers «if 

and then prove tliat the gradient of tlio graph of //—“ at any point on 

it whose abscissa is x is - % 

.r'* 


12, Show, ns in IDx. 11, that the gradients of the gi’aphs of 
__ a 

wlioro n is a positive integer, arc respectively 
2a 3a na 


Dedneo tliat the gradient of the graph of 

.6 0 I) 2c 

■ }/~a ~]—IB —y---Tr 
*' \v *1’^ 


'id 


13. Find the turning points on tlio graphs of equations O-ID, 
Exorcises XXTII. 


105. The Tangent and Coincident Rointfl. In pi'ccoding 
sections wo have found the equation of a tangent by using 
the method of siicce.ssivo approximations; tlioro is anotlicr 
method that is of great use winch wo slnill now consider. 

Suppose a straight lino L to moot a curve at two points 
A and B. Move X so that those points of intersection 

a. A. a, B 
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come nearer and neai*er to each other until they coincide, 
say at P; the lino L is now a tangent and P in its pniul at 
contact. It does not matter of eoiirso how the jMjintfl 
A and B are taken on the curve to hoghi with, ja'ovidoil 
they come together atP; both of tlicm might I>l^ tiiMlincl 
from P (Fig. 99 (a)), or one of thorn, A say, might 
with P (Fig. 99 (6)). The line ]j miglit also iiUMd. hlu? curve 
at other points than A and B; for exaiujihj, at f *. The 
tangent will also in that ciiHo moot the ciivvo at tliu jKiiut 
I), to which G has shifted. 



Let ns now consider tho algebraic counterpart of Uiis 
way of regarding the tangent, Tlio coordiiuituu of tl)& 
poinfe A and B are obtained by solving tlio <U|)ititi<U],!^ of 
the line and curve as simultaneous equations. Hu pp*xHi? for 
simplicity that tho line and curve never int(!rH<*ut iii uior« 
chan two points; then so long as A and B arc (liHtiiict lli« 
equations will give two unequal values for tlio fu of Ihe 
points,but when the points comcido at P thorn will Im only 
one distinct value for a?. The equation for n; milt tHiU k 
of the second degree, hut it will have its two roofn ftjuaL 

Take, for oxaraplo, the cqiiatioiiB 

//=^ 6.r+c,.(1) 2/ ^ 2.v’‘ - a.t' -H1.(2) 

Solving these as siniuUanoouB equations, wo Ihul U,o wn»utic*ii 

2.1’®"S,rq-1 , 4 , /4| 

S'it t'nf 1"™^“'«win-ii'iim IMD 

root H,e equ.U;Vn'V”“r''S'»™' myrnt i to wll 

obtain the^ eoordinalo?^ of Lha ilwtwo 

(^2,y.).aay. ^ ^ hUoraocUuru (x,, 

different pofition8^t?io ( 1 ) nioviR'|«h ' 
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of oqualion (3) must thou lioconu) o(nial, find wo know that the roots 
of the equation will ho ofiiml if 

(>l=8(l-«) or 

Equation (1) now hccoinos and this is the ciination of the 

tangent. 

Note that when o= -V, oqiuition (3) ia still a (juadratic equation, 

2 , 1 ''^ —8.v-[-8 = 0 or 2(,i’- 2)(.r- 2)”0 ; 

each root ia now 2, and when o=-7 equation (1) gives for eacli of 
these eijual values of .v the equal valuea 3 and 3 for ?/, In other 
words, wo now luivb ,ri=,Vj,~2 and ;yi=.f/a~3, and (2, 3) is the jmint of 
contact. 

Again, the pointa in wliich the lino interaccta the curve 

_ 2,v^~.v-i -S 

are obtained by solving theso as sinuiltanoous equations. Tho 
equation for ,v is 

(8 - 4.1’) (a'" 4- .r -p 1) = 2.a'® — A' 4- 3 or (4.1; + 3) = 0, 

so that a’==0 ^toice and .i;= - J aoluLinna of blm ainuduineoua 

equations are thorofore .r = 0, Iwi're and .i?— - ?/ = G once. 'I'ho 

lino therefore touoliea tho curve at tho point (0, 3) and inturflocta it 
again at the point (-f], 6). 

Tlic conecpHoii of equal roots of an equation and of 
coincident pointH on a curve, thougli at iinst aight artiHcial, 
ia really very natural. In gonoi’al, a lino inceta a curve in 
two or more dintinct points, and tho equation tliat dotor- 
mines the .x (or, if wo please, tho y) of tlio pointa has two 
or more distinct roots; bat wo may movo tho lino so that 
two of the points become coincident, and then two roots of 
tho equation become ofiual. Tho graphical int(!rprotation 
of tlio coincidence of the points and tho equality of tho 
roots is that tho lino is now a tangent, though it may of 
course intersect tho curve el so whore. Wo are thua led to 
the following dolinition. 

Definition. The tangent to a curve at a point P on it is a 
line which meets the curve in two coincident points at P. 

The algebraical form of this definition is as follows: 

If tho equations of a straight lino and a curve, regarded 
as simultaneous equations, have a solution which appears 
twice, then tho straiglit lino is a tangent, and tho ropcatocl 
solution gives tho coordinates of tho point of contact, 
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Ex. 1. Eind the equation of the tangent at the point (1,1) on the 

graph of the equation y » - 3a’ -!- 2.(i) 

The equation of any straight lino through (I, 1) is of the foi’iu 

y -1» w(.v -1).... *.(ii) 

Suhstitiiting from (ii) in (i), wo have the oq\mtion for .v, 

2^2 - (w+ 3).r -h (w+1)=0.(iii) 

If equation (iii) has equal roots, wo must have 

(w+3)2-8(Md-l)=0 or (m-l)2==0. 


Therefore ?a=l (twice). Putting 1 for m in (iii), we aeo LlinL 
twice, and therefore by (ii) y=l twice, The rotpiin'd o(iiuvUor» ig 

sLuld the equation for m give ?n=l twice? 'I'ho I’onnon is 
that in general wo can draw two tangents to tho grajjh of (i) from 
a given point, but if, as in this case, the given point is on tiui curve, 
tho two tangents coincide. Conipavo Ex, 2. 

Ex. 2. Find the equations of the tangents from tho pennh (SI, 2) to 
tho graph of the equation 

y=2a’2»3a + 2.(i) 

The point (2, 2) is not on the curve. Any lino throni^h (2, 2) is 
given by y-2-w(.r-2).(ii). 

Solving (i) and(ii) as simultaneous equations, wo grX for tho irUHemaae 
of the points in which lino and curve iritorsoct, 

2.r^ - (m+3).r+ 2?n=0.... .(iii) 

The line will bo a tangent if the roots of (iii) nro ecpial, aucl the 
condition for equal roots is 

(m+3)®-16>ft=0 or (wi“'l)(m“9)“0, 

30 that m — 1 or 9, 

If m=>l, equation (iii) gives twice and then (ii) fiivoR ?/»>l 
twice ; one tangent is therefore tho point of contact (1 * l)i 

If m=9, equation (iii) gives .r=3 twice, and then (ii) .v^ll 

twice; the other tangent is therefore y=9.v-10, tho }ioiIIL of contnot 
being (3,11). 

Ex. 3, Eind the equation of tho tangent at (1, 0) to Ui<i gi-aph ol 
the equation y=a-(.r-l)(.r^2). 

Any lino through (1, 0) is given by 

y=w(a’-l).(ii 

Solving (i) and (ii) for the abscissae of tho points of intoi'flcctioii 
wo get tho equation 

m (.r -1)«.r(a; -1) (iw - 2) or (.r - 1 ) (.r^ - 2 ,r - tn) O.<UI 

One root of (hi) is 1, and as tho lino is to bo a tangent at tlio poln 
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a second root of (iii) must Lo 1, But I will be a root of 
-?»=0 if m=-l. Equation (iii) now becomes 
(.r-l)(.v-!)(.»- 1 )= 0 , 

in this case thoro are three equal roots. Tlio point ( 1 , 0 ) is 
of inflexion and ?/= is the inflexional tangent, 

we see that the inflexional tangent nieots the curve in thveo 
3 ut points at the point of inlloxion. 


Eiiul the Q((nation of the secant through tho points (a;i, yd 
y ?h) conic 1 ,.(i) 

luce tho equation of the taugont at (.r,, //,). 
jquation of tho lino through (.rj, »/,) and’(.ra) yd ^8 


y\—yi 


.(ii) 


introduce tho condition that tho points lio on tho conic (i) ; 
^ «.v,2-1-fcy,2=^1, 

M’oforo a(.r, 2-=5 - _ y./) .(ill) 


.inlying tho loft side of equation (ii) by rt(.r ,2 —^.nd tho 
icto by tho otjnal (piantity 


«(.r, -I- .t-aX-r - .r,) ^-bQ/i +yd (?/ -yd, 
a!(.ri -I- .r2).r -I- /i(//i +ydy =+Vi*+%j.ya 

«(.v, -l-.r2).^’'l- hQ/i ■\-yi)y^'i . 

/a’i2-1-%j 2=1, (q'ho studont should vorify equation (iv) by 
g that tins linear oiiuation is true provided (.r^,;/]) and (a’g, 

Jio conic ; tho equation is thoroforo indopondont of tho parti- 
icthod by which it was obtained.) 

nd tho tangent put .f2=.t’i and y-^^yi in equation (iv) j wo got 
2«,iV'*'’+ 2/;j/iy—1 -f- rt.r|2-p hy^^^ 1 -h 1 




5. J)otorinino o so tliat tho straiglit lino 

3.t'-2y-l-o==0 ..(i) 

i a tangent to tho curve given by tlio froedom oquations 

.*00 

values of i for tho points of intoraection of lino and enrvo iiro 

ad by substituting in (i) tho values of and y given by (ii) j tliim 

3X^-l)”2^(M-l)-l•o=0 or .(iii) 

roots of (iii) will bo equal if tho line is a tangent. Honco 

, and tho equation of tho tangent in 

12.r-8y-|-2r)«0. 

point of contact is given by oquationn (ii) when f'=5/2, tbo 
I root of (iii) when c=25/4 5 tlio point is (^, ‘Ij®-). 
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106. Some Theorems on Roots of Equa-tions. Tlus follow¬ 
ing theorems are often needed in discnsning tangoutn and 
turning values. 

The Quadratie JSguaiion, It is provod in all IkjoIch on 
elementary algebra tlnifc the quadratic eijjuatiun 

+ c = 0 

has its roots (i) real and uiie({ual, (ii) real and c<nt(il, 
(iii) imaginary, according as (h^-4^ae) is (i) positive (not 
zero), (ii) zero, (iii) negative, li’his oxprusHloii — 4(io ih 
called the discriminant of the qnndraUc oc]nation. 

The Gubio Equation. If wo have tlio onbic (Mjiunlioa 
in the form ®3+,^»+r=0. .(,.) 

the expression 4^^ + 279 ’^ 

is called the discriminant of the equation. A c.ubio <.!<iuii(,ion 
has always at least one real root (the eoofiicients r iKshig 
supposed real). Two of tlie roots will be equal wluiii (..he 
discriminant is zero and the value of oncli of tho 
roots is ~ 'Sr/2q, ' 


\Ye may prove this tlieorem as follows, 
equal roots, then 


If oiumtioji (ij) him Iwn 


^ual roots, then must have a Hnuared faetor, bhiv 

the iiiLogral (innUont in 

and the reraamder is ^+g<r>|-r, which miisi be zero. Tlior(^foru ' 
X*''’-hg'X:-b}'s=0. 

The quotient must bo again exactly divisible by (.r-.?•). and th«tUc 
fore the now I'eraauidor, SP+gr, must be zero, ho that wo bavo 

3^^+2r=:0 or ..4.....,.....,,.(11) 

''y ("). .t- - 3’V2?. Hub- 

9r® 

4 ^ 1 == or 4gS-h27r8=0. 

Jfcis easy to show that when <Uf+^7r^==:0 we have 

so tliat the roots of equation (o) aro -> ?.1‘ 

2q* q' 

WJien the discriminant is neqalim tbe tlu'oe rwitH of frhA 
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These results may be proved in the followintr wav 

It y ,s a turmug value of a»+y,v+,., then (iilo7)^,e equation 

•v* + ff.V + J • - ?/ =: 0, ./ J V 

consklorod as an equation in .v, must have fwn * mi. ^ 

(.V, V) is thus a turning point on the graph o™ “ 

fclioroforo we must have % == o, tlmt is, 3,^3+^=o, . (2) 

80 that, when (.r, ?/) is a turning point, eqiiations (1) and C2') hold 

oqiSrw'SulTr" o'"^ven b? 

To find ij wo liavo, Hrst by (1) and then by (2), 

(r-y)2=,t'«-t-2g'.r‘ + 5r2^,8^ - ^ 


or 


- 2>y+^(453 ^ 2Vr2)=0.(3) 


— 

27^ 9 3 


If ^ and % are the two roots of (3) it will be readily seen from 
graphical considerationB that equation ( 0 ) will have tbi4 real and 
distinct roots if, and only if, y, and 1/2 have opposite signs. Hence in 
tins case the product y,?/, must bo negative, or, since the factor 1/27 is 
positive, 4(^3+a??'-* must be negative. 

If equation ( 0 ) has two imaginary roots, y, and yg must bo of the 
pile signi, so that the product y,y 2 and therefore also 4o3+27r3 must 
bo positive. 

If equation ( 0 ) bus two equal roots, either m or y^ must bo zero, 
so that the product yiyg and therefore also 4o^+27)-3 niiiab be zero as 
has been proved otborwiao. ’ 


Tlio cubic equation 

a)*4-^?a)2+<?a5+r=0 .(o') 

becomea, when J2> ia put for x, 

r+((? ^ i + {-Ap^ ~ Ipq +7^)= 0 . 

Tho discriminant of this cubic, and therefore also of the 
cubic (^) iH 4(g->»)B+2Vtf,p»- 

which is equal to 

+27r®+dj? V — —1 Spg'n 

If this expression is negative, the roots of (o') are all 
real and different; if it is zero two of the roots are equal, 
and if it is positive two are imaginary and one real. 

Tho graph of will intersect the £C-axis in two 







264 


ANALYTICAL GEOMETRY. 


[on. xiv. 


different points if the roots of the equation 
are real and different; it will touch tho axis il: the roots 
are equal, and will not intersect the axis at all if the 
roots are imaginary. But just as we say that the equation 
has two imaginary roots instead of sayijig tliat it ba.s no 
roots, so it is convenient to say that tho curve ii\ this cas© 
cuts the ic-axis in two imaginary jjoints,” tho ahsciasne 
of these points being tlie imaginary roots of tho etjuation 
aa 524 -&a; 4 .cs= 0 . In a similar way cxirvos arc Haul to iiifcov- 
fleet in "imaginary points” when the oniiation.s that 
determine tho coordinates of their points of intersection 
have imaginary roots. For example, tlio circle and the 
straight line given by the equations 

+ 2 /^ = 6 , X + ?/ as 4* 


intersect in the two imaginary 7 :)oint.s (2-fV~T, 2— 
and (2—\/-l, 2+7-1), 

If an equation with real coofHoionts is satisfied by the 
imaginary number a+hJ(~^X), it h ftl«o Hatisllcd by the 
coyugaie imaginary - 1). Honco, if the imaginary 

point <a+67-l, c+c«7“l) lie.s on i^oal curve, ao does tho 
cowfxvgate imaginary point (a-67-+ «-f27~l\ It js 
easy to show that the lino joining tlio two coiijugafco points 
IS real, the equation of the lino being foi’inod' by tho same 
rule as when the points arc real; tlio ©({uation ii 

c2(a}~a)=a6(2/-e). 

i07. Turning Values. Maxima and Minima. Wo mav 
discrnninate maximum and minimum turning values of an 
ordinate by the following eonsidorationH. I^^ion a straie'ht 
hue 1 .S drawn parallol to tho (c^axis it will 'Zahreuf a 
t^movA points. Now aupposo miclf a Hue 

fcto “’"’‘"’"f »'Wh pai-allol to 

reach a minhrmX.Sn7;^mV"STr“'^^ ^ 

when the two pointa of i,.|..aocko„ e^i^fcl" h^t 
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value; if fwrther ascent causes the two jpoints of inter¬ 
section to become imaginary, the turning value is a 
maximum, while if further desoent causes the points of 
intersection to become imaginary the turning value is a 
minimum. 

Translating these graphical considerations into analytical 
form, wo have the following rule: 

Lot f(x) bo a given function of (c. Find a value of y 
such tliat the equation/(i«) — 2 / = 0, regarded as an equation, 
in Xy may liavo equal roots; if y-^ bo any such value, and 

deSSng ^ number) o£ 

the roots of the corresponding equation/((») —y — O bccomo 

imaginary, then y^ is a minimum 

As has boon pointed out in § 104, the tangent at a 
turning point is parallel to the (r-axis, but it is possible 
for the tangent at a point to bo parallel to the oj-axis, 
and yet the point may not bo a turning point. 

108. Oaloulation of Turning Values. The following ex¬ 
amples show how the above rules are applied. It may be 
noted that the turning value of a quadratic function 
is the ordinate of the vortex of iho parabola 
wliich is the graph of tho function (§ 96, Ex, 1). 

Ex. 1 . Find llio turning vaUio,s of ■v(A.’*-l)(.r~ 2), 

Lob y «s ,v{x - 1 ) (.r “ 2 )=.t'* — + 2 a’ ; tlion tho Qqimlioii to bo con ■ 

sidorocl is - 0 . 

('omparing this equation with equation (o') of S 100 * wo soo that 
- 3 , ( 2'=2 and ~y, so that tho diacriminaiit, 1) say, is 

« 32 + 27y« -h I08y - 30 - lOB;/ =» 27 ^^ _ 4 . 

/)=0 if ?/«:t 2/8^3* and J) bocojues positive when n becomes greater 
tluvn 2 /,3^3, and also when ;/ bocomos loss (algobraically) tban - 2/3\/8. 

Tho turning values aro Iheroforo 2/3v/3 (a maximum) and —2/3^3 
(a minimum). C'oraparo § lO'l, Example 1. 

Ex, 2 , Find tlio turning values of j • 

Lot and treat this us an oquatinn in .r, niurioly, 

(2-.^).^5->(l+^).rH-(3-//)«0. 
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The diaoriminant L of this equation is 

£)«(1 -{-iff ^ 4(2 - .y)(3 -y)« ~ 3^2 + 22^/ - 23. 

The roots of tlio equation /9=0 aro 6‘07 and 1'2G approximately, so 
jf) = - 3(j/ ~ 607)0/ -1 ’SC)- 

The graph of -3(// —O'CTK^Z-l'SC) is an inverted festoon, tlio 
ahioksa of any point on this graph being denoted by y. D boeomos 
negativo when y becomes greater than 6‘07, so tliat C'07 is a maximum 
turning value ; J) becoiuoa negative when y becomes less than 1*20, 
so that 1’20 is a niiniinum turning value. 

In discussing the sign of a quadratic function the method explained 
in the Examples to ^ 95 will bo found useful. 

Ex. 3. An open lank is to bo constructed with a square base and 
vortical sklc.s to liold a given quantity, a cub. ft., of water ; show that 
the expense of lining the tank with lead will bo least when the depth 
is half the width. 

Lot the side of tho square base bo x ft. and the dojjth of the tank 
7 / ft.; tho capaoity of the tank will bo sdhj cub. ft., and this is constant 
and equal to a cub. ft., so that .v and y aro connected by tho equation 

.(i) 

Tho expense of lining tho tank is directly proportional to the 
surface to ho covered, and this surface is {x^-\-Axy) sq. ft.; wo have 
therefore to liiul when (.^'2-i-4.^'y) is a mininnun, J/onote this quantity 
by 2 , and auUstituto for y tho value a/a?* given by equation (i) ; wo 
then have to consider tho equation 

2 =.t'2+-•- or ~ +4«=0.(I i) 

X 

Comparing with equation (c) of 100, wo findi/” r=4a, so that 
tho disoriiiunant D is given by tho equation 

i) = ^ 4^2+432^2 = 4 (108ct2 _ .(iii) 

]}=0 whoa 2=;iy(103a2) and, when z is a little less than .^(lOQa*), 
D is positive, so that j^( 108 a 2 ) ig tho minimum value of z. 

Denote the minimum value by 2 ,, When 2 — 2 , equation (ii) hna 

two equal roots, and tho value of each of those is —^— or — 103). 

Lot ,r,='Ga/ 2 ,, then the corresponding value //j of y is ajx ^; y. and 

give the depth and the width when tho expense of lining is loaai. 

.yi_>V.Vi_ «2i^ ^lOflgg _1 
.rj* .^‘J2 *^216412 21 Ga* 2 

by inserting the values of and Thus yy^^oo^. 

In the next act of Exevciaoa variou.a examples are given 
whicli reqairo the formation of an algebraic expression Uko 
that denoted by in Example 3 above j indeed tlio chioli! 
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diiBculty of such prohlcius usually lies iu the correct choice 
of the indcpouclont variable x. When tlio gradient can ho 
found, the procedure shown in § 104 for lliiding turning 
values may be used. 

Thus, in tho tank pvobloin, wo have, by equation (ii), 


X 


and wo find for tho dorivativo of z, 




ia Str-T-Srt) 


Dz—Q wlion x~^l{9>a\ and Dz cIianfjCH from nogafcivo to positive as 
X changes from a value that is a little leas than ,^(2a) to a valuo that 
is a little greater than Honco z is a mininnini when x~^f(^a\ 

But, by (i), when x=^(^a) wo find ,7=4il/(2ft). Thoroforo when z la 
a minimum, or tho depth is half tho width. 


EXERCISES XXVIII. 

1. Calculate tho turning valuo of .u* —2.^-1 (boo Fig. 70). 

2. Provo that tho grai)h of y—(2-^v)/(.^’ —1) has no turning valuo 
(aoo Fig. 77). 

3. Calcnlalo tho turning values of tho following functions, and 
tho corresponding values of x : 


(i) .^'3~.^’(Fig. 80); 


(ii) (Pig. 94) 5 

(iv) 'yl±J^'±} . 

^ ^ (.r-l)(.v-2)’ 


4. Calculate tlio turning valuoa of tho following functions : 

(i) 3^'(.i;-2)(Ii'ig. 73) 1 (ii) (Fig. O'!); 

(iH)^lE|!*2(Pig.9r,). 

6 . Tf (//, /’I is a turning point on the graph of find tho 

forms of tho first approximations to tho equation of tho graph w'hon 
tho origin is shifted to tho point (/q Ir), (1) when k is a maximum 
valuo, (2) whon k is a minimum valuo. 
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6 f Shift the origin of the graph of to the point ( 2 , —4), 

and then calculate tho turning values of a%v- 3), slating which is a 
maximum and which is a minimum. 


7. What change of origin will transform tho equation 
y=(.i;-l)(.r~2)(.t?-3) 

into an equation of tho form Find Urn point of inflexion 

on tho graph of tho equation, and calculato tho inaximum and minimum 
valu GB of — 1) (.r - 2) (.r - 3). 


8 . If {x-]Sf is a squared factor of a"®—4,j;2—_ 7 / = 0, calculato tho 
value of /•, and tho corresponding values of y. ifonco find tho turning 
values of the graph of 2 /= 3 A%t'- 4 ); anct doLormino from a rough 
grapli which is a maximum and Avhich is a minimum. 


9. Find the discriminant of tho equation 


y 




regarded as 


an oq nation in .a’, whore y is known. Draw a rough grajih of how 
tho (tiaoriminanb varies as y varies, and find the turning valiioa of 
-P X 4-1 )/(.r^ “ X +1). 


10, Find tho discriminant of tho equation 

7/= {x^ 'h 38a'++6 .a’H- 1) 

regarded as an equation in .r, whore y is known. Hj'aw a rough graph 
of how the discriiiiinant varies as y varies, and find tho inaxinunn and 
ininimum values of {x^ + 38.v +1 )/(.V‘*4 G.^’+1). 


11. Find tho greatest roctauglo that can bo in scribed in a Irianglo 
ABG of biiso a and height A, ono side of tho voctanglo lying along J)G 
and two vortices falling on AJ3, AC/respoctivoly. 


12. A shophord has a length I of notting with which to fonco throo 
aides of a rectangular piece of a field, the fourth side being formod by 
a dyko already made. Find tlio dimonsiona of tbo roctanglo which 
contains tho groatost area. 

If part of the_ netting lum to bo used to divide tho area into two 
rectangles, tho division being at right angles to tho dyko, what would 
bo tho dinionaions for the groatost area? 

13. A length I of wiro is to bo cub into parts; ono part ia to bo 
bout into tho form of a circle and tlio otbor Into tho form of a square. 
In what ratio must tho wiro be out if tlie sum of tbo arena of tho 
circle and tho square is i.ho least possible '( 

14. From two points ^1, Ji on a straight lino two straight lliioa 

AXt 7?Faro di’awn perpendicular to AD and on tho saino sldo of A If ; 
G Is a point botwoen A and If such that AO—a and GJf<=b j from G 
two straight linos GD^ G/i avo drawn at right angles bo each othor to 
moot AX at I) and B Y at E, If find the value of x 



iSXEUOiyES XXVIII. 


269 


wlion A1)-\-BE\n a i)iininmm ; 
when BE is a mininmm ; 
when A />*!* l)E-\- lilH is a miniiinini | 
when tlio ami of tho traposfiuin ADED is a raiiiimum ; 
when Uit) sum of fclm areas of the triangles ADO^ BGE 
is a minimum ; 

when the area of tho triangle BGE is a minimum. 


■ough tho point A{ii^ h) in tho first quadrant a straight lino 
utting tho axes OX, 0)' on tho jjoaitivc side of tho origin 0 
^poctively. l'’iiicl 

the minimum value of tho area of the triangle OBG \ 
the minimum value of 0B-\-0G\ 
tho minimum value of BA .AG\ 


the maximum value of 


BA^AO 

BG'^"’ 


jl'uight lino of givon length is divided into two parts so that 
«iuai ’0 on one part with thrice the square on tho other part 
> possible ; find the ratio of the two parts. 

'Jj <7, B are tho vortices in order of a variable quadrilateral 
A B=GD~<ii a constant, and AG=BB=^hi a constant j 
JiG^-AB is loast when ABGB is a rectangle. 

porhuetor of a trianglo is givon, and tho length of one side 
at of another. Show that the ratio of the shoitcafc side to 
I tor lie.H hotwoon J- and and that tho area is greatest ivlien 

H (11 -Vr;i)/»o. 

VO that rxr* >‘i.r** “ 1 for all po.sitivo values of x. 

3.e — 1 ;>• 

3Uaa tho inocpnility 

;1 tho maximum and miniimnn values of tho ordinate of 

jfy that y is a maximum or mininuim at the pointa (1,1), 
lo curve „ 9.rj/H-6.rH- 1^/ -0=0, 

iiinnto botwoon tho alternatives. 

setigato the maximum aud minimum values of tho following 




(ii) 


.r-jq-O.g-ll . 


, 10 . 1 '- 1-2 


.i?®+2a’4-3 , 
.r*-h3.v+2’ 

a;®+Sa?-|-3 
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24. If the expression 

(T.r--}-S/a'+h 
-}'2/t'.v 4- 6' 

be capable of all j’cal valnes foe I’Oal values of prrt\'(t tliut 
a'h' < 4'2 and {ah’ - a'hf < 4(«Vt - ah') {U' - Hh). 

25. Prove that for real valuea of .r, ^v'rrT'''^ of 

ali values -whatever if h^>{aJrc)\ that thoro will liu twi) valiiOH 
between which it cannot lie if ^Uic<b'^<Ui-hc)\ and two vjiJuch laitwoOi* 
■which it must lie if 6^<‘lae, 
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CI-TAPTER XV. 

APPROXIMATE SOLUTION OP EQUATIONS, 

109. Real Roots of an Eauation, If f{x) is an integral 
function of x tho real roots of tho equation f(x) ~ 0 can bo 
found roughly by graphing tho equation y = f({v) and read¬ 
ing off tho abscissae of tlio points where tho graph meets 
tlio a}-axis. 

In Fig, 70, p. 190, is shown tlio graph of i/ = rtJ^~2cc—1 
for tho range from aj = —1 to = From tho graph wo 
see that 241 and —041 are approximations to tiio roots 
of the equation - 2® - 1 ~ 0. 

By now choosing larger scale units and making an 
entirely now graph of tho equation ^ = —2a; —1 in tho 

neighbourhood of a; —2‘41, wo might obtain tho correspond' 
ing root to more than two decimal places. A third graph 
with still larger scale units would load to a still closer 
approximation to tho root, and so on, But once a real 
root has been “delimited,” a more expeditious method is 
available, which will now bo explained. Tho method will 
bo first applied to tho solution of a quadratic equation, 
so that the student may have tho whole process iindor 
control, tho ordinary motliod of solving a quadratic oquation 
and tho gi'aphing of a quadratic function being quite 
familiar. 

110. Approximate Solution of a Quadratic Eauation. Let 

the equation bo ^^2 _ go; — 1 =0. 

Denote tho function —2ft; —1 by f(x) and gi’aph the 
oquation y~f(x) (Ifig. 70, p. 190). A real root of the 
equation /(a;)==0 is seen to lie between 24 and 2*5; in 
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teclmical language one root has been "dcliuuttMl” Wo 
want to find a closer approximation to thin root. 

The gradient of the 2a3~2;^ near («s--‘4-4* the 

gradient is positive and increases with «!. Taifc AJi 
(Fig. 100) represent the graph from x = 2*4 to a: ‘2'fi ; tho 

origin 0 is not shown on 
the (liiigi’am. M in the 
projection of A, luul jY 
tlmt of 7f on t!m ir-axis; 
>- P is the })oint wlmrn bho 
^ arc AJ.i and the point 
whoro the ciiovd A fi nvoHacri 
the aj-axia 0.1* vo])iH!Hont 9 
fciic exact value <»!' tin', root 
we are seeking and OQ an approxinmUon to it; wo havu 
now to calculate OQ. 

Let M^^h, MA = —a\ NJi — h\ the inunbtiVH h, <t.', i/ boing 
ail positive (the ordinate MA is iiogativo). Now fciio 
triangles AMQ, BNQ are similar, and tlioveforo 

JlfQ QiV 
of ""IT' 



But oacli fraction is equal to 


Therefore 
We have also 


MQ^ 


a'h 

C(r' 0' 


that iH,' > 

(t 




0ilf=:=24, MA = -a^==/(2*4)--(V04, 
2 ‘6, 6'«/(2*6) r:. d4)-‘2r,, 

jtfAr=OW-0Jlf=0-l, 

so that h^0% a'=0’04, 6'«0*25, 

and therefore JW(3=®:!^>^=0-014., 


OQ^OMA-MQ^2'4il4f. 

In obtaining this approximation wo take tlio ooint 0 
a? hpiw’<>5«ntiatoly 

the point at which the arc AB ovchhob; hoili tlio 
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of tlic chord rule by wliioli this moUiocl of approximation is 
knoAvn. Tho substitution of tho cboiid AJi for the arc AB 
enables us to calculate MQ by means of tlie proportion 

MQ:MN=-(t'\a'A-h', 

an<l this method of calculating' MQ is spoken of as tho Buie 
of Proportional Parts—a rule that is extensively used in 
connection with all mathematical tables. Tho rule was also 
frecpiently spoken of by older mathematicians as the licgula 
Falsi, or tho Rule of Palsehood, or tlio Buie of False Position. 

Wo can now go on to closer approximations, by taking 
2*414 and 2’415, instead of 2*4 ami 2*5. Wo have 

/(2'414) == - 0'()00C)04, /(2*4 Ih) = + ()'00222S, 

so tlmt tlio curve crossc.s tho .r-axis between tho x>oints 
for which 05 = 2*414 and 05=2*415. Wo now take 

0Jl/= 2*414, Jl/7t = /(2*414)= - 0'0()()004, 

OiV= 2*415, iVi?=/(2*4l6)= +0-00222o. 
l/iV=OiV-(}il/=0*Wj, 
so that now 

;t=()*0();i, a'=0*()0()G()4, // = 0*002225. 

Putting these nunihcrs in tho formula for MQ, avo get 

J/(2 = -.;-f^^, = 0'OOO213C, 

0Q=0M+MQ=2-timar>. 

When rtj=2*4142135 avo find by calculating /(k) ihat/(a5) 
is negative; when a5 = 2*4142130 it Avill be found that 
f((c) is po.sitivo. We have. therefore found the root Avith 
an error that is loss than one unit in tho V**'* decimal place. 
'rUe result can ho conlirmed by solving the ((uadratic in 
tho ordinary Avay. 

Wo could noAV procood to a clo.sor approximation i C that 
were wanted. 

Ex. Find coiTOob to <l decimal jilacoa tho real roots of tho 
following oquationfl: 

(i) .t'S 2=0} (ii) -I- C.r-1^0; '(in) - 9.t' -I- 3=0 

by tho u«o of graphs and tho chord rule, and verify tho results by 
solving the equations algebraical ly. 
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111, Use of two Graphs. In delimiting the real roots of 
an equation it is often advisable to uso two graphs. 

For example, let ua try to find the mimher of real roota 
of the equation 

j)38~-CD^-P{C —2”0,.(1) 

and to obtain rough approximationa to their values. 

"Write the equation in the fovm 

O’-®——aj+2, 

and then graph the equations 

with roforonee to the same axes and with the same scale 
units for the two curves (Fig. 101). I’ho graphs liavo only 
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one point, P, in common, and for that point ?yi= 2 / 2 . If a 
is equal to OM, the abscissa of P, then 

MP = = 0 ,® — a\ because P is on the graph of ; 

MP^y^^ — a+2, because P is on the graph of 
Therefore 

a,®^C(,2=5 — (](,q-2 or a® —C6^“hct“*'2=0, 
that is, 0 - is a root of equation (1), 
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Abilin, tlio gmpli of eroHses the aj-axis at A, wliere aj=3, 
and tlio graph of ,?/o crosaoH at B, wJioro ^r=2. TJic root a 
thiia lioa between 1 and 2. 

We have thua shown that equation (1) has oiily one real 
root, and wo liavo delimited the root. 

Ex. 1. Provo that tho equation 

~ .w'J+2.?; -3=0 

Ima only one real root, and that it lies hotwcon 1 and 2 . 

Ex. 2 . Provo tlial tlio following (!ul)ic u<niations liavo only ono real 
root, and doliinit the root: 

(i) 3=0; (ii) - 2.j?-5=0; (lii) .r”*1=0; 

(iv) -1 = 0; (v) .r» - 2.r^-I- fw'0=0. 

Ex. 3. Find tho number of real roots of tlio following equations, 
and dolimit eacli root: 

(i) aP - 3.1’ - f)=0 ; (ii) 1- lar'-i+1=0; (iii) .r* - av^- .v +1=0; 
(i v) .r* - +iV - 2 = 0 . 

112. Combination of two Graplis and the Chord Eule. 
Having delimited a root by the use of two grapha, or by 
any other motliod, wo can apply the chord rule to lind closer 
approximations. If the equation to he solved is/(a;)~0, wo 
iirst Hnd two number.s, a and h say, hotwoon which a root 
lies; the expro-ssions f(a) and/(6) will have oppo.sito signs. 
Take the equation 

/(«;)=-J-a;—2=0. 

Wo liavo seen (§1X1) that this equation has only ono 
real root, and that it lies between 1 and 2. Now tho 
graclienb of tlio graph of/(aj) is given by 

' /(a5) = lla;2-2a;d-l. 

When aj=sl,/'(.!;) = 2, and when a)=2,/''(a;)=9 ^ as a) 
increases from 1 to 2 tho gradient increases steadily from 
2 to 0, so that tlio curve rises pretty rapidly. Before 
ajiplying tlio chord rule wc try to obtain a clo.sci’ delimitation 
of the root. 

Wo find, by trial, that/(a))= — Odfifi when a;=1*3, and 
/(a5)= +()'i84 when aj = l’4, so tliat tho root lies between 
i‘3 and 1*4 
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The figure and relations of S tlO will apply hero. 
Oilf^TS, MA^-of --OlOJt, 

0jY^T4<, 

so that /i= 0 ’l, ct' = 0193, = 

and therefore MQ = -r^ =O’Ofi 1 , 

(jb -T-a 


OQ=^OM-{-MQ==VSr>L 

To test this approximation, as woH as to })re))aiHi fov 
a closer approximation, we calculate tlio value of f'Ur.) for 
a;=l’351 and fl)=l'352. Wo find, to 4 docinuil phurn^ 

/(1’361):= ~0-0084, /(J -352) = - 0-004(J. 

Both 1'361 and T352 are too small, and wc^ inuMt jgo on 
calculating/(a;) till we find a positive vahuj. 

/(l’368)= -0-0008, /(i-36d.)= 4 -O‘OOao. 

so that the root is 1-353, correct to tUo third (lociiniil phico 
We might now take the values 


/t=0-001, a' = 0-000H, //«:0-0OBO, 

and calculate the new value of i/Q. H will 1 ,„ (, 1 ,^. 

the root lies hetween 1*36320 and 1-353 4 1. 


113. The Tangent Rule or Newton's Bnlo. 3'hin-o ia 
another rule which is so generally UHol'nl for tlm H«dut3oji 
of equations, whether algebraic or transfiondjujlul, (Jnifc wo 
shall give It here; it was stated by Nowton. 

in Tig. 100 if wo draw the tangent m* at // U will 
m between the mkneUe MB md L envm PB, nnr it T: 
3 the point where crosses the ic-axis, OT will obvlomlv 
appi’oximation to OP than OjY is. If hUfj' 

^ «PP^‘oximation, we talui OT iwi thei 
next better approximation, and wo shall now mlciiJaU? 
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TF 


“gradient at say; 



9)1 


m 


OT^OF-m^ON--Vl9n. 

" this to the equation of §112, taking OiV= 1’4 and 
4, Wo must calculate tlio gradient at B. 

=- _ aj2 _j, „ 2, f{x) = 3«!^ — 2fr +1; 

o (§101^) gradient at B is/'(l’4i) = 4’08. 

3\v iind 

// 0'1 R44 

Or=:Oi\^—- = 1'4-^^ = 1-366. 
m 4’08 

f>w begin over again, taking 1’365 instead of 1*4 
ralue of ON and /(l‘36o) or 0'0068 as the value 
'ho new value of m may be taken as 3'8, and we get 

Or=OW-~ = l-35S-^^|~ = l'3532. 

1 bo found that /(I*3633) is positive and /(r3582) is 
If we go on to a further approximation we 
CO 1*3533 to bo tlio value of ON so that B may be 
10 axis and BT may fall between NB and the curve. 


General Statement of Rules. Wo shall now state the 
id tangent I’ulos in general terms. 

5 Nula, Lot a real root of the equation /(aj) = 0 lie 
a and 5. tlio numbers/(a) and f (b) being therefore 
Lto signs ; in the diagram (Fig. 100) we have 

c6, ON^h, NB=fQ))\ MN^h-a. 


quation of the chord AB is 


= 0 wo liavo fl)— 0(2 > therefore 
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If a is the approximation wc begin witli> thou the town 

is the correction which we add to to ^o.t tlio next 
approximation. 

Tlie value lor OQ may also bo wntton 


0Q=^h- 


m 




:{b-a) 


to tho no.xl 
of 


'./’(i)“-/(«) 

anel if h is the approximation wo begin wdth, then tho Lorin 

7(6)-/(a) 

is the correction which we add to h 
approximation. 

Since f(a) and f(6) are o(' o})poMit<i nigHH, ono <>f the 
corrections is positive and the otiiui' nogiitivo; it in a 
mere matter of convcnicnco whicli of the fornniliio fov OQ 
we take. 

Tanffant Hide. In Fig. 100 the taii^ont 717' I'uIIk hotwemi 
the curve and the ordinate at Ji, ainl wo are tiiun corhiiu 
that T is nearer to P than ^is; if wo draw the lHUj.(oiit at 
A, and if tliat tangent crosses the ji!-axiH at P, wo ommnl 
be certain that T will ho nearer to than M i«. I hit Uio 
tangent rule depends only on the alwciswa, tln> ovdiunto 
and the gradient at one and of ti\e arc j[ Ji ] the alwaisHa ia 
the first approximation that wo start iVoiii. 

Attention to tlie following statoiiKuitn will lead in all 
cases to the choice of the end of Uio arc; that will 
the correct approximations, 

(i) fPO fl'nd/(6) must be of oppoHitu 

(ii) .f(®) must not vanish as x vju'ion iVuni n to h. 

(iii) fXa^) mu.stiiofc vanisli as x variow fvoiu a U> h. 

It will bo a good exorcise for tho Hfctu'lont to show fchnl 
condition (i) secures that there is oius root b(it\v»M>n a and h, 
and that condition (ji) secures that thorn in onlr/ imr. The 
third condition secures that there in no point uf inlbxioh 
between A and R 
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Now let B he that end of the are at which fix) and fix) 
^hctve the same sign] then the tangent will fall between the 
oixlinate NB and the curve AB, and w'O shall have, in 
tile notation of §113, 


OT=ON~ 


ordinate at B 


= 6. 


m 


gradient at B 
The equation of the tangent at B is 
y~f{h)^ix~h)f'{h), 

a.nd when i/ = 0, ft) = 07’; this givc.s another proof of the 
ix.ljovo value of OT. 

In applying the rule wo must verify at every stage that 
f(b) have the same .sign; f(x) must not change 
«ign, by (iii) above; and therefore if the ordinate at B.ia 
positive to begin with, it must at each .subsequent stage bo 
positive; if negative to begin with, then always negative. 


EXERCISES XXIX. 

Find to 3 or 4 Hignilloant figures tho roal roots of tho equations 

- 8 . 


1. .t'3-2.r~C=0. 

4. a’c3~4.r~5 = 0. 

7. .t-<~.r2-h.r-2=0. 


2. 3. 3=0. 

6. .x'3-.«2.h2.r-3=0. 6. 

8. 2.v>-3.r-4=0. 


9. Calculato tho root of tho o(iuation 
t>]iat lies hotwQon 2 and 3. 

10. Calculato tho root of tho following eijuation that lios botwcou 

^ .t'>--12.»2.H2.r~3=0. 

11. A sphoro of i-adiim unity is divided by a piano into two piiris 
wlioflo volunios aro in tho ratio of 1 to 2. Sbow that tho distiinco x 
of tho piano from tho cuntro of tho sphoro is a root of tho oquatioii 

• 3.»3~{).i‘4-2=0, 

(ind find.v. 

12. A hoiniaphoro of radius unity is divided into two equal parts 
Ij'jy a piano parallol to tho base. S1k)\v that tho diatnuco x or tho 
piano from tho baao is a root of tho equation 

.v’-3.r-hl=0, 


f uid find A\ 
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ASYMPTOTES. 

116. Division by Zero. To divido a nuiul»u‘ <(■ ]»y a 
number x h to find a tliird numbor whiuh, wluui inultipluid 
by {«, will give a. Ib however, o? happens to be /.ero, thovts 
is no such tliiivl number unless a is also 'ao.vo, Tlio workhi^ 
rules o£ algebra are carried out on the aHHUinption that tin? 
product of two numbers is zero when oini ol' tlumi in wrti. 
If then X is zero, the product of x and any othr.r number ih 
zero, so that if a is not zero tliovo is 'n.o nwnhrv which 
when multiplied by x will give «, ami thorofore there w ik,i 
answer to the question, "What is the <iuotienfc of a hy 
zero?" If, however, a is itself zero and c« also zero, thau 
any number whatever will, when multiplied by x, give a; 
in this case there is no defmila answer, and the symbol 
0-^0 has really no mcaiiing at all, It is perliujjH ‘worth 
noticing that oven if wo assume, for the Hake of arLmimniL, 
that the symbol O-rO can liave a (lelinito uunmriciu valuo 
we should land ourselves in all sorts oC abHurditioH. iW 

-.. 0X0 = 0., 


therefore 

therefore 

therefore 


8x0 = 0 and 

8xO=9xO; 
8x04>0 = 0x0-fa; 


8x(0-r0)=:9x(0-f-0), 

Now divide by the “number" 0*^0, and wo Ihul tlnvl wo 
have proved that 8 is equal to 9. 

We have tlierofore to oxclndo division by zero from the 
a gebraic operations. It is possible, luiwever, iu cortaiu 
cases to give a useful ViiUrpretation of n quotient, wliich In 
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tliG course ol! an investigation is in general quite definite, 
blit for some particular relation of the variables of the 
problora as.suincs the form ct-f-O. 

In preceding sections {e.g. § 88) wo have tacitly assumed 
tliat the form 1-^0 means “ infinity,” and liavo used the sym¬ 
bol CO for infinity; tho circuin.stances in wliich this symbol 
was used showed clearly enough its graphical interpretation, 
and that was all we wore concornod with. In all tho cases 
tho process was essentially that of allowing tho denomi¬ 
nator ai of a fraction such as Ijx to become smaller and 
ainallor, tending to zero. i\.s (v gels loss and less, l/ce gets 
greater and greater, and tho corresponding point on the 
curve ^oes further and further olF; wo say that when aj = () 
tho point is "at infinity,” and we tlien say that the symbol 
1-r-O represents tho "nninbor” infinity. But this “number” 
is nob a number in tho same son.se that 2 i.s a number, any 
more than “infinity” is a point in tlio same sense that 
vi in Fig, 77 is a x^oint. Tho circumstaiiccH in which the 
symbol tt-f-O arises are c.ssont{al to tlio whole matter, and 
wo now give some illu.sti*ation,s of tho utility of this “ ideal 
luiniber ” and of tho way in which it arises in investiga¬ 
tions. 

116. Infinite Root of a Simple Eanation. Let B (Fig. 102) 
be the point (0, b) referred to rectangular axes X'OX, 
Y'OY\ tho nnmbor h i.s aux> 
posccl to bo not i^oro. Through 
M draw tho straight lino of 
gradient a to moot X'OX at 
jP. 

Tho equation of BP is 

y = aX’\-b .( 1 ) 

To find OP, wo put ys=0 
a-ncl solve tho resulting cqua- 
t-ion for ; 

tIuiB +?! =s 0.(2) 

which gives - OP——^^, 

^ a’ <b 

provided a is not zero. 
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[<ni. xvt 


Now, as ttgets smaller and smaller, OV larger im< 

larger; the line BP turns about IJ and the P uiove 

olf, say to the right, along X'OX. WIven a in very Bma 
X is very large and P is very far off, 

When < 1 =^ 0 , equations (1) and (2) talce Uio fonuH 

y^0.x-\-h .(!'). 0.aj-|-?; = 0.(2'). 


Since h is not xero, equation (2') has no Holutioii; b 
the fact that equation (2") has no solution tuirrcisjuni 
with the geometry of the case becauw^ ninco ff.-O, t 
line BP is now parallel to X'OX, and tluu’oforo d(>i!H r 
meet it. 

We may now, however, (ts a eom}e7iiml form of i\prc 
say that (2') has a root, namely oo, and, oomiMpondiim 
that PP, when it i.s pandlol to X'OJC, (1<h>h meet it, j 
at any ordinary point, but “at inOnity*’' 'JVi “t 
stmight lines meet at infinity” raxtolly (ho wj 

thmff 03 to say “the t\w) .straight lines ar« iMinillol.” 

As an example, consider Kig. 39, p, {)(). \Vo pt'oved t 
the line A'dFP’ is cut by tlie rays OA, fAW, OO’, OH of 
harmonic poneii 0{AnG}}\30 that {A'PO’JY) is a hunm 
range; we may tlioreforo write 

AV A'iy_A'}y 

O'B' ]YJ) . 

But A'ry^A'B'pB'P\ so tl)afc 




H ^ nearly to 

la now very small, ho tlmt. \>) 
A d /If D IS nearly equal to 1, and therefore, by (in jVv 
js also nearly equal to 1. When A 7/ in oxaotly imm) 
on, A B and OB “meet at infinity ”; // is now (iillocl 

point at infinity-' on A'B\ the ratio or. nu it m 

times written, ^ is exactly equal to t, and tliorofo 
ratio A^CrjCrP is also equal to 1, so that O' is fel,o ) 
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point of A'B\ In fact, A*B' ia now X* Y', which (§ 45) is 
bisected at G'. It is convenient to use the phrase 
‘'(X'FC/'oo ) is a harmonic range.” 

If the student goes back to § 4 ho will .sec that the posi¬ 
tion-ratio APjPJi of a point P with respect to the base 
points A, P is never equal to —1 for an cwiual point, but 
continually approaches — 1 ns P gets further and furblier 
away from A and B\ —1 is tlie value of AcefooB, or (as 
above) Aco jBco i.s eiiual to +1. 

If (y is a point tliat is not on the line AB, and we speak 
of the lino joining G to " the point at inlinity ” on AB, then 
wo mean the lino through G parallel to AB] every other 
straight lino through G meets AB in an actual point. 
Hence it follows that any number of parallel straight lines 
may bo spoken of as “ intor.secting ” or " inoeting at 
inlinity; a .system f)f parallel straight linos is a system of 
concurrent lines, the point of concurrence being the point 
at infinity on each lino. 

Thotigh this mode of speech may soom strange, the 
student should practise it; he will soon become convinced 
of its advantag(!s and will see that it involves no contra¬ 
diction with the ordinary propo.silions of geometry. T-fo 
must, however, always remember that th(5 point at infinity 
on a .straight lii\o is an “ideal” point, jnst as inlinity is an 
“ideal” number. Fnrtlior, wo must assume that tnci’o is 
only one point at inlinity on a straight line and not two. 
BP (Fig. 102) can b(5 turned s(j as to bo parallel to X'OX, 
whctlior P move along OX or along OX'. When BP is 
not parallel, it meets X'OX in only one point, and wo nnuHt 
assibviG that when it is exactly parallol it still “ meets 
X'OX at only one point. 


117. Inflnlto Root of a Quadratic Equation. Iiot a quad¬ 
ratic equation bo written in the standard form 


then 


-fc+7(ft=-4(io) 

.2a '" ' ' 


or 


2ft . ’ 


provided a is not zero. Lot us transform the expression 
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Cor the ■firat root ao as to roo its hohaviour when ft is .sup¬ 
posed to he very small. Wo have 

- b + 7(?j« ~ 4f tf?) [ -h 7(?>^ - [ - 6 - 7( 1 /^ - 4ac)] 

2a 2a [—6— J{b" — 4f t«)] 

_ 2(3 

When a tends to zero, 4ao) tends to s/(h^) or 6, and 
the root tends to — c/b. 

Again, when a tends to kcvo, the luimorator of the second 
root tends to —h~Jib^) or —26; the ninneneal value of 
this root therefore becomeB greater and greater as a goU 
nearer and nearer to zero. 

If then a is exceedingly small, one root of the quadratic 
equation is nearly equal to —c/6, an<l tlie other is ex¬ 
ceedingly large. Wo arc thus led to the following modo of 
.speech. 

When a = 0, one root of the quadratic ecpiation 

((a!‘^-l~6.'C-i-fi = 0.(1) 

is — c/6 and the other root is infinite. 

Of course it may ho said, and .said truly, that if a=^0 
equation (1) is not a quadratic, hut is a simple c()uation, 
and therefore has only one root, namely —c/6. Bnb the 
advantage of this other way of stating the matter lies in 
the fact that when, in treating a prohlcm, the language of 
infinite roots is introduced, a quadratic e(juation, and not a 
simple equation, is the general exjuession of the relations 
implied in the problem, and the infinite root has a definite 
geometrical interpretation. Wo may say that wo make 
use of the hifimto root when a (juailratio otpialion “is in 
question ” or “ is expected.'^ (See § 118.) 

If a = () and also 6=0, while c is not zero, then both roots 
of tlio quadratic ocjuatioii are infinite. 

118. Geometrical Illustration. Consider the graph of 
tho equation 

iy=:a;4.lq-^ 01' tCI/=£C“d-t« + ‘J.(1) 

represented in l^ig. 103. 
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Equation (I) ifi of tho Hceoiid dogi-oe in a) and y. Any 
straight lino, ys:ax~hh, meets the grapli in two points, 
their abscissae being the roots of the quadratic equation 

x((i'X + b) = 0 ;^ H- n; -f- ,1.(2) 

Whenever, then, we are discussing tlie intersections of a 
straight lino with the graph of equation (1), a quadratic is 
to bo expected. 

For example, tho straight lino ?/ = moots tho graph 
whole = or a;® —4i»+3 = 0, 

that is, where e3 = X and (see dotted lino in diagram). 



iOo. 103. 


The lino QQ' in Fig. 103, tho equation of vdiich is 
y = x + ly 

does not meet tho curve at all. (Solving this c(|uation and 
equation (1) as siinnltanoous O(|uations, wo havo 

0.a3-{-0.a3+l==0. 


that is, 
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Since a quadratic equation is expoefcod, we interpret tins 
lorm of equation to taean tliat boili roots oi' the (luadratie 
are in (ini to. 

Next take a lino parallel to QQ', say Solving 

this equation and equation (1) as simultaueou.H equations, 
we get 

= or 0. jK^+(/c —l)rt) —1 = 0. 

We now havo one infinite root, and, so long as one 
finite root, namely —1). When h tends to I, this 
, second root also tends to infinity; the parallel to QQ' tends 
to become coincident with QQ', wliicli meets the curve in 
" two coincident points at inlinity.” QQ' is an asymptote of 
the curve. 

Tile -y-axU is also an asymptote. To find whevo the 
y-axis meets the curve, we solve (1) and a’. = 0 (that is, 
x — 0.y)xH .simultaneous equations; the equation wo got is 

0 . 2/2 + 0 .'^ + 1 - 0 , 

which shows that both roots arc infinite, and thorefovo that 
the 2 /-axis meets the curve in two coincident points at 
infinity. All straight lines parallel to the y-axw moot the 
curve in one point at a finite distaneo and in one (ideal) 
point at infinity, 

Wo remind the .student of the purely conventional use of 
the phrase “meet at infinity”; the example wo liavo just 
discussed shows how infinite roots come to bo considered at 
all, and how it is possible to interpret them by picturing the 
intorsoctiona of curves as the points of intersection move off 
to a very groat distance. We are also led to a new defini¬ 
tion of an asymptote. Let us draw any straight lino, which 
wo may call a searoh line, say y^ax-[-h (Fig. 103), wliero 
wo suppose 6=1=1; this lino will cut the curve (as a rule) in 
two distinct points. Now turn the lino about the point 
(0, 6), in which it cuts the 2 y-axis, until a nearly equal 
to 1; one of the points in which it moots the curve will 
have gone off' to a groat distance, and when a = l, tho lino 
will bo parallel to and one root of tho equation 

® (coo + 6) « q.. ^ ;i_ 

will have become infinite, Next move the search lino 
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parallel to itselO till b i.s nearly equal to 1; the second 
point of intensocbion i.s now very far off, and when h~l 
the lino coincides with QQ', and the other root of the abovo 
equation has become inlinito. In other words, when our 
line becomes an asymptote it meets the curve in two 
coincident points at infinity. Hence the definition: 

Definition. An asymptote to a curve is a straight line 
which meets the curve in two coincident points at infinity. 
Or, an asymptote to a curve is a tangent whose point of con¬ 
tact is at infinity hut which is not itself at infinity. 

This definition of an asymptote is not so general as that 
given on page 207, Imt it is specially suitable for curves 
roproaonted by rational algebraic cipiations. 


119. Oonditions for Infinite Boots. In the equation 


ax-\-h~0 .(1) 

put ^|z for X, and then multiply by c:; wo got 

a+/;^ = 0.(r) 


Now wlien z becomes very small a) becomes very largo, 
and as z tends to zero ft? tends to infinity. But if a=0 
and 6=1=0, equation (!') shows that z~0. Hence the root 
of equation (1) is inlinito if a=0 and 6=|=0. 

Ap|ilying the same transformation to the quadratic 

„»Hte+6. = 0.(2) 


WO got (t~\-hz~]-cz^=^{) .(2^) 

One value of z is zero, and thoroEoro one value of oj is 
infinite, if a = 0 and 6=|=0; both values of z are zijro, and 
therefore both values of x aro infinite, if a=0, 6 = 0 and 
c=l=0. 

Quito generally, tlio equation 

^® -I'... H- ft;-®"" 4- •. ♦+=0 

has one root infinite if (/■(>=0, %=|=0j it has two roots 
infinite if ct^=0, «.i=0 and tt 2 =l= 0 : it has r roots infinite 
if =0, =0,..., a,. . 1 =0 and a,.=l=0. 
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EXERCISES XXX. 

Solve the siimiltaneons cqualionri in TCxamplea I~7, Hlutijig in 
ftssB the number of poinie, (i) al ii iiiuto diRtancn, (u) nl; nifinitv. iii 
which the graphs of the equations^ moot. Tho tlutgraniH rofovrotl t« 
show the graph of the second equation. 

1. ^+1=0, ^(.^-l)=2-.^■ (Fig. 77). 

2. ^y=?a’+l, y=.^’+l b‘l). 

3, ./=*+I, “)• 

4, 3/(A;-2)=.'{?(.t’'-l). 

B. (a) a’~0, ; (b) 

Draw the graphs. 

8. (a) a’—0, 2^=.v-2'p^^; (&) 

Draw tho graphs. 

7. (a) .-»=1, (.v- l)(y ~a*- 1 )= 15 
(&)y=a?+l, (.‘i?-l)(y-a'-l)=l. 

Draw tlio graphs. 

8. Prove that tho aiaymptoto of tho (surve 

parallel to the^z-axia is the lino a’=l, and lUul tlio oblicjuo iiayiii|iUtl«. 
Craph the equation. 

I 

9. Graph tho oejuation — and jirovo U»iL .v^^'nO amd 

,%■ ==2y - 3 are asymptotes. 

10. Graph the following equations, and lliul tho oipiiiLtotiN tlw 
asymptotes 

(i) y(i/ - .r)=1 ; (ii) y\y - ,i;) . 1 ; 

(iii) y(i/ - -h 1) =--1 ; (iv) y'^ (jj - x -M ) *=« 1. 

11, Provo by Dcaconding Continued DiviHioji Unit tho gr«p)ia d 
the following oquationa havo tbo asynipLitou atuUnl, tmd gi'tiiih Uw 
equations: 


(i) 2,=i-^- J, asymptote, y=a’--3 ; 

.... (a^-2)(.^•-t•n 

00 j - ■■ 1 asymptote, 

(iii) . asymptote, ;/>=.r+5. 
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lI blio asymptotes of the graphs of the following equations : 


> 'J=-T=r ’ 

\ .r^p.-r+l 




) V 


.^’a-.^.’+l 


<vi) ?/= 




w bliG graph of .v 


f?/ ~ I 


lafc 7/=5,'r — 1 is an aaymptoto, and find the coordinates of the ‘ 
b in which tho asymptote meets the curve. 


!o And Asymptotes, Wo shall now show how, in 
30S, fts^raptotos may bo found. 

XnspGGtion, Considor tho equation 

(2cu~3/-l)(aj-h2i/-3)^5.(1) 

Illation is o£ tho second clogreo in x and y. Clearly 
ssao (or orcUnatos) of the points in which the line 

2 a; ——1 =s 0 

) graph of Gcpiatioa (1) satisfy tlie equation 0 = 5, 
quadratic equation is in quc.sfcion; therefore both 
tills quadratic arc iuhnite, and tlie lino is an 

o. 

L'ly aj+2;i/ —3 = 0 gives an asymptote, 
r. 104, p. 292, for the graph, 
lino 003 + ?)7/ 4-0 = 0 moots a curve of tlie degree 
L curve given by an Q(;[uatioii of the -n**' degree in 
in points who.so abscissae arc given by an equation 
(ab —2) in w, tlion the lino meets tho curve in two 
infinity, and is, in general, an asymptote. 

1 this statement wo may replace "abscissae" by 
)3 " and 03 by y) Thus 

co—y — O and 2a5—1/+! = ^ 
ptotes of tho curve given by the equation 
^ + + ll^ + 9 = 0; 

lach of tho factors Oi~\-y, x—y and 2a3 —ly+l, when 
.o s 5 oro, reduces the equation from the third degree 
sb. 

T 
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II. By Descending Continued Division, Si'c p. 206. 
III. By a Bca/rch Line, Considov the c{inaiion 

m^^qf — Sxy^O .(1) 


Use 2 / = wa}+c as a search lino. To find its intersections 
■with the graph ol (II put nix+c for y in equation (1), and 
arrange the resulting eq\iatioii as a cubic ii\ a;; wo got 

{m^ +l)a?® -l-8(wi^c—-f ^(mc^ —fl)a.' -f 6*^=0.(2) 

Two roots of this equation must hoconuj inlinito; wo 
therefore choose ni and c to satisfy the equations 

d' 1 — 0, iii-e — on = 0, 

which give 'iu.=! ---1, os= -• 1. Hence the lino given by 
2/5= -nj-l or a?+7/Tl = () 

is an asymptote, It will ho noted that tlio values found 
for ni and c make the cocflieient of x in (2) also vanish, so 
that in this case blic asymptote meets the curve in three 
points at infinity and nowhere else. (Fig. 10.5, p. 203.) 

Ex. Apply lliis motliocl to find ti\n asymptoLes of tlio cuhk given 


to illuBtrato tlio (irat mothocl. 

IV, From Fo^cedom-Fguations, The straight lino 

aa5-hti/«=c .(8) 

moots the curve given by the freedom-equations 

iy«t/(t2~:i).(4) 

in points for which the values of i aro the roots of the 
equation _ l)+k/(i2 - i) « c 

or at"* q- (a- -• o) -1- hi 4- 0 s= 0.(6) 


If the lino (3) is a tangent, equation (5) must have two 
oqual roots (see Ex. 5, p. 261), and if tlio point of contact 
of bho tangent is at indnity tlio equal roots must make one 
or botli of the coowlinatos in (4) iullnite. 

Now we find, from (4), that (i) ft) = oo, i/tasco, it ialj 

(ii) 3/=aCO,ftJ=5:—if iaa—l; (ill) ftJ« CO , y^O, if ^saoo, 

Wo must thoi’oCoro consider those throe cases, 
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(i) If = 1 is a double root of (o), tliat equation may be 

written (i-L)2(«< + c)=0 

or ai ^+(c — 2a) +(a — 2c) i -}- o = 0...(6) 

Comparing tlio coofficionts in equations (5) and (6), we find 

— — 2a, h = a — %G, 

and therefore a = He, h= — ^c. Equation (8) now becomes 
Icrr ——c or 2!r“4y“3, 
and this equation giv{5a tlio asymptote corresponding to c=s 1, 

(ii) If ({ = — 1 is a doul)le root of (5), that equation may 

be written (i+l)2(rt«+o) = 0. 

and, comparing coefficients as before, we find a= ~2c, Z) = 0, 
The asymptote covre.sponding to i = — 1 is therefore 

— 2ca) = c or (»= — 

(iii) If i~oo is a double root of (C), we see that a=0 
and a-'e = 0; tliat is, a = 0, c = 0. Hence the asymptote 
corresponding to ^ = oo is ?/ = 0, 

The student may find the constraint equation of tho 
curve and verify tliese results by tlio jircceding methods. 


121. Approach of Curve to Asymptote. To find on what 
side a curve approaches an asymptote, wo may proceed as 
shown in tho following examples. 


Ex 1. (2.»-?/~l)(.r-!-2y/-3)=D.(1) 

Ono asymptote is givon by 1 =0 j tboroforo ii portion, or 

branch, of tho curve must be near this lino at a, groat clistanco from 
tho origin. Wo may tliorofore coiiHiclor the equation 

2.r-?/-l=!0 or .(9) 

as the first approximation to equation (1) for points that are far off in 
tho direction of tho asymptoto. 

To find tho aocond approximation, write equation (1) in tho form 


or .(3) 


For points of tho curvo, that are far olf in tho direction of tho 
asymptoto wo ai’O dealing with, tim value of y/ is equal to (2,v-l) 
approximately. Our second approximation is found by putting 2.v-1 
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fox* y in the expreasion on the tight side of etpiation (3). We thus 
have 

atidapp, 

that ia, y=2a) -1 - 

1 

or 

■whei’G 1/.V ia iho moat im})ortant term of the qxiotiont l/(a’~l). 


HiBnigmaH 

:iss|||6: 

lllllllitipi If 9|l§ illlll 

MaftMaRigg 

ftRRggiiii 

liRiggHiH 


iMMRiMRI 

pHnaii 

liSsigip 

BSSSKa^I 

ip! 

piipi 

RRiRiiMRl 




lllll 

yiihf 


Vu\. 101. 


Honco the curve appoara below the aaymptote on the fax* right and 
above it on fcim far loft (Fig. lO'I). 

To find the appi’oximation for tho other asymptote^ write eqxiation 
(1) in bho form b 

^ ^ .(4) 




■ 1 ’ 


and then in tixo expression on tho right side of oquation (4) pnt 
for that ia, put for ^ tho value in lorma of .-r obtained 
from the oquation of the asymptote wo ai'o now dealing with. Wo 
thus obtaixi 2 2 


as tho I'Gquired second approximation. In thia case tho cuiwe appears 
above tho asymptote on tho far right, and below it on tho far left 
(Fig. 104). 
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Ex. 2, , .........(1) 

Tho asymptote is (§ 120) 

.t’ +;/ 4-1 ~ 0 or ^ - .V -1...(2) 


At a groat distaneo from the oi’igin thoroforo in tlio direction given 
by the asymptote roprcaonted by equation (2), the curvo must be 
close to the asymptote, and equation (2) may for siicli values of a* 
and y bo taken as tno first approximation to equation (i). 

Now write equation (1) in tho form 



Fifl. lOf). 


As before, in the expression on tho right of equation (8), put 1 
for y 5 that is, put tho value of y in terms of x given by tho first 
approximation (2). Wo tlion got 

or, using doscoiiding division and rotaining only tho most iyrportanfc 
term of tho quotient, namely 

1 1 
that is, ’ 

Hence tho curvo appeal’s above tho asymptote at both “onda” of 
the asymptote (Fig. lOfi). 
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These examj)les are sufficient to inclicato the inolliodei 
of obtaining a knowledge of tlio way in which a curvo 
approaches its asymptote. Tlioy also illustrate a inotliod 
of obtaining approximations to an oipiatioii for largo valuca 
of aj and y. Corresponding to each asymptote that a fturvo 
has there is an approximation. In those two oxtuniilfts 
both x and y tend to mlinity; wo have alroiuly XO(I) 
discussed the approximations wlvon only one of tUo 
variables tends to infinity. 


BXEROISES XXXI. 

1. yind tbo asymptoLoa of tlio oiirvos givon by the followinu 
equafciona : 

(i) f -=1; (ii) a' 21 5 (iii) x(y ~ .v) 1 j 

(iv) ~ +1) -1; (v) Cy “ SJ.r)CK - a?/) ■ i ; 

(vi) (2 a;- y + l)(.r ~ 2 / - 2)«'] ; (vii) y{y - .r)(y %v) v . \ - 
(viii) a;i/(y-a‘)Cy -2 a,’)= i ; (ix) .ry(.v^-y)H-A,'^.l-yW .^,.0 j 

(x) y 

2. Provo that the shape of tho grapJi of for liirjie vahms 

of X D,nd y, is gLveji by the following oquaUonH ; 

(i) y—» (ii) ; 

and graph the equation. 

iippvoximationa for tbo t;iimaka> 

(0 ; (ii) y «,\ 

and graph tho equation. 


(i) 


J 


and graph tho equation. 

Sketch tho graph of {x ~ y) (,i> .).y -p j j j ^ 

4. Graph tho equation (y 2.i;)(.r - 2y) 1. 

5. Graph th o equation (2.'» - y q* 1) (.d - y - 2) sa 1 , 

6. Show that each of tho asymptotes of tho ciirvo 

.''/(y-'A')(y-<.2.v)«i 
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meets the ciu-vo in tlu’oo points at infinity. Prove that the ciu’vo 
approaches its nsyiiiptotos in the way specified by the following 
equations: ^ 

Asymptote, ?/=0 5 

Asymptote, ;/=x 5 

Asymptote, 2/=2.^’5 2'=2.r+i. 

Draw the curve. 


7, Sketch the graph of the equation 

xi;iv~x)(3i~2x)=\. 

Show that thojy-iixis meets the curve in four points at infinity, and 
that the curve approaches that axis in the way specified by the 
equation .vs=J/y*. 

8, Trace the graph of the equation 

.iy/(.v+y) -l-.r'-* 0. 

9, Draw the curves given by the following equations; 


(1) y^Zx -1 -h_2) 5 (») 1 + (j._ „ 2 ) 3 ■ 

10. Draw the curves given by the following equations: 


(i) yy =*.^■3 + ij . (ii) y = (.V - If -I- ; 

(Hi) y + h = (x + af +‘ 

11, Draw the curves given by the following equations : 
(i) y^xU- 5 (ii) y^x^~ ^ 5 (iii) y^x^ - 


12. Graph tho equation 

13. Draw tho curves given by tho following equations: 

(i) x(y - xf = 11 (ii) x\y ~ x) « 15 (iii) xy{y - a;)= 1 . 

14. Trace tho curves • 

(i) y^y -x){y *1*2.f)=1 } (ii) y{y - xy{y -1-2a’) «15 

(iii) y(i/~.r)( 3 /*l- 2 .r) 3 « J. 

16. Provo that any straight lino parallel to y-Vx—Q moots the 
curve .■r*+y’’».r3”in one point at infinity, but that »/+.r=>0 (tho 
asymptote) mcot.H the curve in three points nt influiby, ancl that 
the curve appears ahovo tho asymptote at both ends, 
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16. Find the equation of the lino that inooln tlio ouwo 

in two points at infinity, and slaLo how Uio oui’vo ilppoivi’rt at tho onda 
of the line. Find tho coovdinatea of Iho liiiito ItoiiiC in wiuuii lljO 
asymptote intoi'secfcs the curve. 

17. Trace the variation of tlio alnvpe of the hylioi’bola givoii by tlto 

equation _ 2;/+l)(2.i?+y -1) -= «, 

as a asaurnea values from I down to zoro. 

What is the graph of the equation 

(.^'-2y+l)(2A'-l-2/-l)=»0? 

18. Faetoriso •, thon tvaco in One diaKmm 

the graphs of the following oqnatiolns ; 

(i) -y3+.^H■2y-2«0; (ii) - .ryj 

(in) 2A!®-+A’+2,j/-1«0. 

19. Graph in ono diagrnm the equations ; 

(i) (P+P - 3)(3a - + 4) s= 1; (ii) (x -Hy ~ 6)(2.t' - % -I- '!)*= 0 j 

(iii) (.A - 3) (2a - 3;/ H- 4) => -1. 

20. Prove that the equation 

+ 3x'}/ - 2^85^ - 3 *=5 0 

represents a hyperbola, taking a liyporbola to moan n oiirvo of llie 
second degree which has two real and distinct iwyniptolOH, lii’aw 
the curve, 


21, Prove that tho equation 

ax^ +2/i.ty/ -i- h,}/^ -i- 2(7.r -h -I- o s=0 

represents oithor a hyperbola or two real nti’iiiglit lilies if A* >* 06 , 
the letters other than x and y donoting conRiants, 

22. Find how the curve given by tho oq witions 

t 

approaches its asymptotes, SkoLcli in one diagram the ciirvu nud iy 
asymptotes. 


23. Find the equations of tho asymptotOR of tho follcywing curvoa 
(i) x^t\ (ii) 
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CHAPTER XVIL 


HARDISR CURVES. 


122. Tangent at Origin, 
written in the form 


Let the equation of a curve Tbo 


0 ='?t|+'ll'2+'W'8+ ... ... (a) 

where u^, are homogeneous polynomials in x 

and y of the 8“^ .,., decrees respectively; since 

there is no constant term the origin lies on the curve. 

The equation of the tangent at the origin is = 0. To 
see this take a definite example, 

0 = 4a) — 22 / -f 3a)®+ 2xy — +3.0)® — A<xy^ + 2y\ .(1) 

so that Ui^4iX — 2y, and the lino to be considered is thoroforo 
4a)-22/ = 0.(2) 

Solving equations (1) and (2) as simultaneous equations, 
wo gob for 0) the equation 

0=:3a)®-hBa)®=8.a!2(l+a5).(8) 

The lino (2) moots the curve (1) in two eoincidonb points 
at the origin, and is therefore the tangent; any other lino 
through the origin meets the cui-ve in only one point there. 

If equation (1) had no terms of the 2"^^* degree, then the 
equation corresponding to (8) would have three roots equal 
to 0; the lino (2) would tlioroCoro bo an inflexional tangent. 
In general, if equation (a) contains and % but not 
the origin will bo a point of inflexion, because the lino 
-ji-issO will there meet the curve in three coincidont 

points, 
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Suppose now that equation (A) contains no tonus o[ tho 
first degree; it will then bo of tUo form 

0 5S Ug + + * • • ....'( A*) 

In this ease every tine, y^mx, (h'oiufh. the ori</hb wil! 
meet the curve there in two coincidoiit points, bocii^isc, 
obviously, when wo pxit 'mx for y in (a'), («'-* will bo. a factor 
of the riglit-hancl side. Tho origin is thoroforo .yaicl Co bo u 
double point of the curve. 

To illustrate this type take tho example 

0 = 2 /**—.. .( 4 ) 


Here 'U>s=(ix^+y% and we have throe cases to (tcniHiitiir 
according as tho factor's of are (i) real ainl dilUirrnt, 
(ii) real and equal, (iii) imaginary. 

Oase (i). Factors of real and diilbront: a nogaiivo, 
say aa= —1. The equation (4) beeomos 

...{‘F) 


while u^^{y — x)(y^x). Tho^ line y^-^x^O moots Uio 
curve (4^) in three coincident points at tho origin; Hiiiiiliirly 
the line 2/+»=0 meets tho curve (4/) in throe ciniioirliiiit 
points at the origin. 1'heso two lines there Coro lie 
to the curve than any other linos through tho origin; (wt 
branche.s of the curve pass through the origin, mid Llieso 
lines are the tangents, one for each branch. T'Jie eurvo is 
identical with Fig. 76, p. 202, if li is taken as iirigiu; 
2 /-aj =0 is the tangent at 13 to tho hmiuth JJ}(\ rniijr 
y+fl3=0 is the tangent at to tho branch A'JiCf, Tlitt 
double point is in this case a node (§ 83). 

Case (ii). Factors of real and equal: ctswO. 'The 
equation (4) becomes . 


while In this case tho origin is a emp 

the graph of equation (4'0 is Fig. 74, j). 200. 

% imaginary: a positive, my 
a sal. The equation (4) becomes 


2/2+aj2_.a58_o, . 

while Here tho coordiniitos of the origin 

satisiy equation (4^^'), but there is no other point of jL/m 
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in the neigliboiirhoocl of the oi'igin. Writing (4"') 
in the form ,f=x\x-l), 

we sec tliafc, except when x and y are both zero, x must bo 
equal to or greater than 1 if y is to be real, so that tho 
point (1, 0) is tho nearest point on tho eiu’vc to tho origin. 
The origin is califul a conjugate point or an isolated point. 
Tho graph of equation (4"') roscmblca Fig. 75, p. 201, if 
we swppose the oval to shrink to a point at A \ consists 
of tho isolated point at A and an open branch 
whore AB~1, the points being tho origin for the graph 
of equation (4'"). 

If equation (A) contains no terms of tho and 2*“*^ 
degrees and begins with then every lino through tho 
origin will moot tho curve there in tlwee coincident points; 
tlio origin is called a triple point, and tho factors oi 
furnish tho tangents to tlio throe branches that imss 
through tho origin. DifForont cases arise according to tho 
natnr'o of tho factors of (real and dilFercnt, repeated, 
imaginary); in §124, Ex. 4, an example of a curve with a 
triple point is given. 

Tlie following examples show how tho gradient may 
bo obtained in cases to which tho rules of § 102 are nob 
directly applicable. 

Ex. 1. Eincl tho graclionb at any point on tho graph of tho equation 
.r-T+?/*’ — =0.(i) 

Tjob (A, h) bo any point on tho cui’vo, and let tho origin ])o shifted 
lo Llio point by putting for .r, and Tory; eciuation (i) bocoinos 

(A-r^)»+(A-l-7?)=’-3a(A+^)(A-h7/)=0.(ii) 

or (A*+A* - Zakk )+3 (A‘^ - ak) $+3 (i® -ak)y 

-h 8(/(^® ~ ktf) + H-ij®—0. ... .(iii) 

Tho tocm ia zero, ainco (A, A) is on tho cnvvo ; 

equation (iii) is thus of tho form of oquation (a) with y instead of 
.r, y. Honco tho tangent at tho noAv origin is 

3(A® - «A)|*i-3(/:® - ak)y~0^ .(iv) 

and thoroforo tho gradient is 

3(A2-.cd’) ak-h^ 


(v) 
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But (7^, ia any point on tho ciu've 5 \ve may therefore put x for h, 
and y for and tlma gob the result, 

gradient at {x, 


In finding gradients it saves labour to write x for h and y for h in 
equation (ii) instead of in equation (v). We can thou state tho Rule! 

Rule. In ttie equation of the curve put for x and y+17 for y, then 
pioR out the terms of the first d0g:re6 in ^ and 7 ); if those terms are 
a|+j 8 n, where cl and (3 will usually contain both x and y, the gradient 
at(x, y)iB 


If/Ct', y)’=‘X^-]-y^~^c(it'y, then the derivative of /(.r, y) when x 
is variable and y kept constant is 3.v^-3«?/; if, however, x is kept 
coiiatant and y is variable, the derivative is 3.?/-3aA’. It will bo 
aeon that if tho expression CL^+Bnh formed as directed by tho Rule, 
we shall have cL=:3,v^-‘iay and /3—3,?/-3«.v. Wo are thus led to 
a convoniont method of linding tho gradient as will bo shown in tho 
next example. 


Ex. 3. Let /(.r, y) bo a jjolynoinial in x and y ; denote by fh the 
derivative of f {x, y) when x is variable and y is kept constant, and 
by fy the derivative of /(.r, y) when ?/ ia variable and a* ia kept 
consbuit 5 then tlio gradient y at any point (.v, y) on the graph of the 
equation /(.V, y)=0 is given by the equation 

w;.y-o or y=--4 

Jv 

Wo shall prove tho mile when /(;», y') is the polynomial 

a + hx ++ Qxy -^yy^ +H- mx^y -b nxy"^ -\-‘py'^ \ ..(1) 

and it will bo easily seen to hold for any polynomial. 

In (1) put for X and y-Vt) for y \ then pick out tho tornia of 
the first degree in ^ and 1 ; and arrange thorn in the form o^'V{3i)> 
Tho gradient will bo -a,/j 8 , Tho expression (i) becomes 

rt H- 6 (.r -b ^)+0 (y -h»))+^^ (a! H- H- 0 (.r+^) (y 4- -ij) -b ,<7 (y+ t]f 

4 Z(iV4 4 w(a’ 4 ^f(i/ 47y) 4 n(x 4 ^)(y 417)^ +p{y 4 r)f, 

Tho part of tho first degree in ^ and ij is 

(64 2du 4 oy 4 Ux^ ■\- ^mxy 4 wy®) $ 

H- (0 4 ca!4 2yy 4 jjkr® -b 2H.-i;y -b 3p/f)i'i. 

Tho oooflfloiont of ^ is /' tho coofiiciont of n is fL and thoi'oforo 
tho gradient is4/;. ' 

This rule is of very gonoi’al application. Tims take 
7 / 2 — 2xy - x^ - Sx 4 2y -5=0. 

Denote tho polynomial by /(.r, y) j then 

/;= 27 /- 2 aJ 42 

and 

^ 23/-2.V42 2y-2aj42 
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If y **"C*'®^+1)^ - (.i?^ -1)=0. Doiiofco tins polynomial by 

• we then have 

f{!^^ y)* +1 )y- {x^ -1), /«= - 2.V, /;+1 

n.n<a , _ 2.v ~ 2.^y 1)- 2 A'(.ra~ i) _ 

?/- .^.a+i (SH1)S ~(.v^+iy‘ 

^VV"o liavo oxprosaed the gradient in terms of .v alone by putting 
fc>x> ^ its value (-v^— !)/(.«*+1). 

3. Find the gradient in the following eases: 

<i) - a* =« 0 5 (ii) + 4ay - / -1 =0 j 

3/®*» 2avr+} (iv) 2/wy+6?/*+ 2gr.v+2/;/+o=0 j 

Ca; (vi) x^ +f=‘xy(x+y ); 

Ifvii) 5 (''“0 


lUx. 4. Find and express the result in terms of x alone in the 
following examples : 

(i) (a‘+ 2)^-x -1 ; (ii) .v®?;«I; (iii) xy «= 1; (iv) (.^-’^+l)y=a’ j 
C^) (1 -\-- 15 (vi) (1 + \ (vii) (1 +a-)^^ 


IElx« D. If y^v,(v and i/i<, v are polpiomials in x alone^ then 

, vii'—ni/ 

wliGi’o «' and F aro the doinvativos of n and v roapoetively. 

‘Wi’ito the oqiiation in the form 'oy-n=% and denote vy-^v, 

l>y y) { then 

fl,=v 


/ /a w'-«»'?/ vn'-uv' 

y —' :;;; “ ,,3 > 

Jy 


D 

siiioo ulv, and tl i oroforo V— v'y =»(W — uv')lv. 

If 3/«=“ 80 that «» 1 , «'w» 0 , then — ^■ 

'W’g ha VO thus found a rule for obtaining the dorivatiyo of a 
cixiotient, and it contains also the rule for a product nv. Write uv as 

4 ; 1 io quotient of w by ~} then 

T 


V 
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Ex. 6 . 

(i) 


Find ?/ in the following cases: 
.r^+.r+l /..V 0 




(v) y = 0 !+^y(a;® +1); 


(in) 2/=^/(.^'«+l)5 
(vi) ?y*=(AS-a)X«'’+&)» 


123. Orders of Small Qiiantities. In dctorminiug fclio 
shape of a curve near a given point on it, wo retain some 
terms and reject others ns being* small in comparison with 
those retained; wo are thus led to speak of diilcrent orders 
of small quantities. 

Wlien X is small, is small in comparison with x, and a?® 
is small in comparison with because the ratio of x^ to x 
and of x^ to is the small quantity x. The quantities 
(j)® and are called small quantities of tho second and 
third orders respectively, oj itself being considered as tho 
standard small quantity or tho small quantity of tho jh'Sl 
order; ax^ and hx?, where a and h are constants, are also of 
tho 2*”^ and orders rcsjiGctivoly. 

Tho following examples show how thoso notions of 
order are applied; wo suppose tho cijuatiou to bo in tho 
form 0=Ui 4* 'i<' 2 +^^8 + • • • § 122. 


Ex. 1. 0=2.^'-4;/-3.^’3+4.-cy+2;/H.^’®.(i) 

Tho tangent at (0,0) is S-tJ-d?/—0, and this gives tho first approxi¬ 
mation y—j^,v 5 near Ibo origin thoroforo y is (if tho !“'■ ordor. Sinco 
y is of tho first ordor, .vy andy® nro each of tho 2’"’ order, so Uiat tlio 
Bocond approximation to equation (i) is _ It is, howovar, 

more convonionfc, as a rule, to give Huh approximation explicitly in 
terms of x ; avo tlioroforo write 

y=ia’+i(- 3.r®-i-4.iy-l-27/),.(ii) 

and in tlm terms on tho right side, in place of y put tlio valuo of 
y from approximation. Wo thus find 

y- 3.v®+4.r. i.v+2. ~ .(HI) 

Equation (iii) shows that near tho origin tho curve lies boloAv tho 
tangent. 

Ex. 2. 0=y - a.’® + 3.ry+2y^+-1-y®...(I) 

Tho tangent at(0, (h is y=0. Near tho origin y is muck amalUr 
than X 5 it is of a hiffhet' ordo' of mnallnoss. Tho equation suggests 
y_A'3c=,0 as tho next approximation j this makes y of tho second 
order, and thoroforo xy of the 3"* ordor, y® of tho 'P' ordor and y® of 
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fcUo 6“‘ order. Honco is the coiTeot approxinial.ion, and near 

tho orif'in the curve is approx iiuatoly a parabola, 

Similarly for blio equation 

0=.r - 7/2 q. +.^’2+y 2,...(ii) 

the approximation is x~y“\ when we take// to bo of blio first order, 
.vfj is of tbo 3*'' order, ,v^ of the 4'''*' and .r^ of tho 0^'^. It depends on 
tlio given ojpiation whether .v or y is to bo taken as tho standard 
small quantity or tho quantity which wo call that of tho first oi’dor. 


Ex. 3. 0=',^'“.v//+2y2_.^•3...(i) 

In this case tho terms of tho aeeoiid degree contain y as a factor, 
and thorofnre vanish when //=0 ; in Exanqile 2 (i), y is not a 
factor of tile torms of tho 2'“' degree. Tho next approximation is 
given by y~.%^~^ ; tliia iiiakos y of tho 3"* order, xy of tho and y'^ 
of the 6^'*', 

When is a factor of 7i.^, tho second approximation is derived 
from 7q+773=0, and not from 77,+773=0. Take, for instance, 

0 ~y — X — %v^+xy +7/2 - .^'3 _y3. .(ii) 

Here 77,3=(y - x) (y+ 2 .v}=Vi(y -p2.r)- VVrite equation (ii) in tho form 

Va; - _ ..3 4. 0/+2.^’) 

y "*~l+y + 2.t"‘'‘ l+y + 2.r ’ 

Since tho first approximation is tlio numerator of tlio fraction 
last written is of the 4“' order, while tho doiioininator is nearly unity ; 
tho fraction is thus of tho ‘R*’ order, and tho second approximation is 
tboroforo y _ 

TJio origin is a point of inllexion. 


Ex, 4. .^’2+y2_3c^.^y=0. 

Near tho origin, on tlie branch to which .7/=0 is the tangent, 
?/ must bo mucli snmllor than a’j wo therefore try .7;'’-377,?,v/=0 or 
3a//=.r2 as tho approximation. This makes y of tlie 2’"' order, and 
thorofoi’o tho rejected term y^ of tho order, so that '^oy^x^ gives 
the eoiTOct approximation. 

Similarly 3f7,r=7/2 ^ijo aiiproxiniation when .r=0 is tho tangent; 
this makes tho rejected term of tho 0^'' order when y is of tho first. 

Ex, 5, y-,v*~4,r2y=0. 

Tho approximation, wlion 7/=0 is-the tangent, is 4y=—.t’2: this 
makes tlio roiected term y* of'tlio 8“' order. 

Corresponding to tho repeated tangent .r=0, tho approximation is 
givon by 7/'-'i,r2y —q or 2.r=+y^. When y is of tbo first order, 
X is of the'fractional order 3, anti tho rejected term of tho 6^*’ order. 

Ex, 0. Show tliat 2y2+.i,’3=0 is a first approximation to tho equation 
of Example 1 V)hen x andy am large. 

The equation 2y2+a’2=6 gives y= +(- ; wo may call y a large 
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quantity of order ^ when is the standard largo ciuantity. The 
term (cij is of order of order 2, y of order i], x of order 1; tlnia 
the two terms y® tind are of the S'"'' order, and the rest of lower 
order, Obvidusly x must bo nogaiivo if y is real. 

124. Curve Tracing. We shall now givo some harder 
examples of curve tracing; tlie following general directions 
should be noted, 

The usual procedure is to select some points on the 
curves, to obtain approximations to the equation for each 
selected point and draw the corresponding elements of tho 
curve, and then to join tip the olemonts thus found. In 
joining up tho elements any symmetry, axial or central, 
will bo very helpful ; symmetry will also leason tho labour 
of calculating approximations. It will sometimes be 
possible to iind values of one variable that make the 
other imaginai'y, and thus to determine regions through 
which tlie curve does not pass; the sUijdGnt ft'kould look 
carefully for mcK regiam. 

Important points to be oxamiired are: the origin and tho 
points whore tho curve crosses tho axes, tho points at 
infinity and points whoso coordinates can bo soeu by 
inspection of the equation. If turning points can bo found, 
theso are very useful, hut thero is generally considorablo 
difliculty in locating them exactly. Occasionally it will 
bo necessary to solve equations, and tho motliods of Ghaptoi 
XV will be useful. Tlie determination of tho gradient by ^ 
the methods of § 122 will also be helpful in some cases. 

It should be remembered, however, that all wo profosa. 
to give are tiio leading features of tho curve; acciuute 
determination of its details is beyond our plan, ; 


Ex. 1 . 

Tho curve ia symmotvical about both axes (Fig. 100 ); the origin la ^ 
node and tho tangents there are y==x and ~x, 

Near y .v, we have 

y=«!'h 

Near y— -a?, we have ' 

Tho points (0, a), (0, - a) avo on the oiu’vo, Shift tho origin { 
{0, a), and the equation bocoiuoa 




0 =a -h 4* +'ft 
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and fclio slmpo neai’ tho now origin is given by 2«r7+^‘''~0. Near 
(0, —a) Avo have 

By solving the c(^nation for y wo see that tho greatest value of x is 
given by tho equation A’®in Avhich case y^=\a\ At tho 
points given by theso values of x and y the tangent is poi'pondionlav 
to tho A-axia. Sineo a® ia not greater than tho values 

of y must also l)o Unite, and tho curve is a closed curve. Tho curve is 
slioAvn in Fig. lOG, whore a is ropresontocl by 10 divisions on each axis. 



l^ia. 100. Fio. 107. 


Ex. 2. (y or y=x'^±sjx/^. 

Tho origin is a ouap (Fig. 1G7), but hero both branches lio on Ihe 
same side of the tangent near tho point of contact, and the cusjj 
is called a ouap of iho second kind for a rlmuiphoid cusp). 'I’ho lower 
branch crosses the .v-axis at (1, 0) and lias a turning point whore 
a?=0’64. Tho curve ia easily tracod I>y plotting iiointa (Fig. 107). 

Ex. 3. ......(i) 

Tho origin is a node (Fig. 10()> p. 203), and tho shape there is given 
(§ 123, Example 4) by •^ay—x^ and 3a.v»y®. 

By § 122, Example I, tho gradient at any point (.a', y) is 
(cty-x^fiy'^'-dx), mxa. is zero when ay—x^. If avo solve equation (i) 
and tho equation ay=.r® ns sinuilLanooua oquationa, wo shall Ibid tbo 
turning points; disregarding tho Roliition ,x'~0,^—0, avo find x~ci 'i/% 
y^ai/A as tho coordinates of a turning point. Tho gradient is 
'infinite Avhon y'^^ax\ and by solving tins equation and equation (i) 
a. A. a. • V 
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as simultaiioouB eguat-ions wo sco that Uio ill. Uia 

(a |4, a- /^3) is perpend ten lav to tlio a’-axis. 

Since equation (1) is not altovod by intnrobnnfrinff a’ tlia rnr ve» 

ia svium Ctrl cal about tlio bisector 7/®=a’ of tbo auglo X(> 1’; from 
symmetry the coordinates of tlio point of contimt of Ibo 
perpendicmlar to tlio a’-axis might bo dodiicod from llmmt of tl*‘* 
turning jjoint. 

The relation of the curve to the asyiiiptoto ih (liKcnHfJiMl 

in .^121, Example 2, for the vahio I of _ 
if we seek the points in which the line ]inru11el in tli» 

sisyniptefco, meets the eiirvo, we gel the equation for ;i:, 

3(;V+ a),v^ - 3\(A -b n)AH' A-'’ 0.< i t > 

Since tWs equation is of the 2*'*' dogroe, one root in iulhiilr, u'** il 
should IJe; the discriminant of the equation (ii) for the oUu'r 
points of intersection is 

^-9A^(A-fo;7~12A^(A+ct)=3A®(A-b«)(««-A). 


^ T?or real roots therofore wo must linvo sukI llu« iMtrvt'j 

lies between the asymptote a’+;/= ~a and the lino dhq xvliidi 

touches the loop at 

The curve is shown in Tig, 106, p. 293, for tlm v(iln<' 1 of (/, 

In equation (i) pufc;y=ta’ and solve for .r; wo tlnis ilm'l tlm ffrfthtm 
tqxmtion^ of the curve, 

.<“*> 




and from these equations the coovdinntos of pointn nm-y bo (wmily 
It will bo a good oxorciso for Um ntudenl to*Hhnw tImL 
It i IS the point given by equations (iii), tlm mirve in tineol in Uw 
fo/iowing order. As ( iucreaaoa from -co to -1, J’ mnvos 
along t/te brmich (?j^ to inflnity ; as / iuevoaMes frmii i u» €.h 
^ returns to 0 from infinity afoiig tbo branch W \ and lUmlly. im 1 
increases tmn 0 to + oo, P doscribos tlio loop OABC, ^ 

iVote tliat the lino y==ix moots the curvo in uw riniiifcH at itriil 

0 j tho coordinates of P am Uirrufc^JS 
25tio«»J factious off. Tfheii tho freedom oquatioiiH luin Im oi.miiit5! 
they enable us to caleulato ojisily the eoordiuatoa of and U» 

draw the curve with greater aeemuoy. ^ 


Ex. 4, 




... , ' ...(i) 

.(ii) and .(Hi) 

(ael0^‘dinaiy or hratoid cusp, or a cusii of llm fir«i 
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at the origin, which ia a cusp.. The U’i])lo point ia tliua made np of 
an ordinary point anil a cusp. 

Thoro nro two asymptotes, and thoir rolatioii to tlio curve is givon 
by the equations j I 

,y=.V+l_._ „,d ,,= -.^.+ 1+-. 

To find wliero an asymptote crosses a curve at a finite distance from 
the origin, wo solve tho equations of asymptote and curve as siniuN 
tanooua equations, Tho n8yjm])t()to ?/=.«+1 crosses at tho points 
( —0’3, O’?) and (“1*7, —0*7), while tho asymptote y~ —.«+! crosses 
at (0*3, 0*7) and (1*7, —0*7) j those numbers aro approximate. 



Tlio freedom oquationa of the ciirvo are 

\G =“j" ix ^ j • 

It is fairly obvious now how tho curvo goes (Rig. 108). 

Ex, 6. (x’^A-y'^y^Aax^y. ...(i) 

Wo suppose a>0; wo may note at once that y cannot bo nogatiyo, 
and that the ^-axis is an axis of symmetry (Fig. 10!)). 

Tho origin is a triple point, and tlio approximations tlioro are 
Aay^x^ and 

Solving tho equation for x\ we got 

>= 2a;/ -y-* db 2yA/(«“* *" ^H) .(ii) 

Ecjuation (ii) shows that y cannot bo greater than a ; thoroforo x 
also 18 finite, and tho curve’does not go olT to infinity, ns is othorwiao 
obvious, sinco (a^A-y^)^ cannot vanish for real valuoa of x and y» 
















308 analytical GKOMISTRY. [OII. 

Ffom ’ 5 VO see llmt t,wo values of are equal when ?/—« } 
UYO points (a, a), {-a, a) are tiievofoi'O turunig ponils. 

The freedom eqviations of the curve are 

4at .. . 



Fig. 109. 

It may be shown that the gradient is given by the equation 
, _ 2g. v,y-.r ( .r^ __ ~ 

the second fraction being obtained from the first by nmne 

(i). To find the points where the tangent is jiorpondiculiiL’ to the. 

A’-axis, solve equation (i) and a'(.r“-3y^)i=0 5 wo got ' 

I 

The curve is shown in Fig. 109, 

Ex. 6. 0 a= 2.4’ - Ay - Sa*® -\- 4,vy q- 2^®+.4''*’. .v.. * .^i) 

This example is much harder than tho provious oiioh. ' 

The curve (Fig. UO) gods tlirongh the origin and croRsoa the ttxes 
also at the points (1, 0)^, (2, 0), (0, 2). Tho sliapo near blioso i>oint8 
is given as follows : 

Near (0,0)} Ja;®. ' 

Near (1,0)} 

Near (3,0); 

Near (0,2); + 

Now solve equation (1) for y in lorms of ,v ; ivo got ' 

(2y+3.V - 3)®=(kf -- 2)2 ~ 2(.'G» - .p 2.r) 

= ~2(,v-1)(.v2~4.iH-2) 

= - 2(.r - O’Q)(.4’ -1 )(.v -- 3’4), .<ii 

where we have taken *y2=l’<l in finding tho factors of .v^ — 4n?4- 0. 


j 
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From equation <ii) wo see that y is imaginary (a) if a’ > 3-4, (i) if 
1>.'V>0'6, and is real for all other vnlnos of a. Wlien a=3’4, 
j;t=s-2'4 twice i when a=l, y=0 twice ; when a=0'6, y=0’4 twice } 
the tan{?onts at (3'4, -2‘4), (1, 0) and (O'G, 0’4) are perpondiculav to 
tlio a-axis. 



Fm. -IIO. 


The shape near (1, 0) has ii) ready boon deter mined j it is easy to boo 
how the curve runs noar (0‘flj 0*4) and (3’4, — 2'4), since the curve 
exists only on one side of the liiiigent at the point, 

For largo vahios of x and y wo have soon in 'Kxamplo 6, § 123, that 
tho curve approximates to tho graph of 

Tim gra)>h therefore consists of an oval and of a hranoh oxtonding 
to infinity on both sidos of tho .r-axis, (Fig. 110,) 

Ex. 7. 0 ==?/--,....(i) 

Tho ciu'vo (Fig, IH) gooH through the origin and moota tho axos 
also at (I, 0) and (0, -1). 'J'lm approximations aro ; 

Near (0,0), \ noar (I, 0), ^^; near (0, -1), y = - 3^. 

Tho asymptote is and tho rohition of curve to nsyinptoto 

is given by ’ , 

The asymptote croasoa tho curve at tho point (S9i «S) w (O’G, O'O.S). 
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To got furtlior information, (ind wlioro blio_ c.uvvo moots the lino 
A, piivallol to the asjmiptoto j tho abscissae of the points of 
iiitersoctioii are given by 

(3\ ~ 2)a’2 - (3 A2 + A + 1 )a'+ A(A -|- 1)«=«0 .(ii) 

Equation (ii) has two finite roots unloss A—2/3, as it should have. 
Tho discriminant 1) of e([uation (ii) is 

/)=(3A“h-A+1)2-4A(A+1)K3A.»-2) 

, = ~ 3 A'* ” lOAH 11 AH 10A+1. 



Fio. 111. 


D is obviously nogntivo Cor large values of A whothor A is positive 
or negative. It will Ijo foniul by trial that /) is nogativo (i) if A Is 
groator than 1'4, (ii) if A lies bolwcon -0‘2 and -Of;, (iii) if A Is 
nogativo and numurically groator than 4'1 j those values are approxi¬ 
mate, but are sufiioiont to show how the curve goes, 

Tho curve consisla of a branch oxtonding to infinity and lying 
between tho line,s x-Vy^V‘\: and a’+^=-0'2, and of an oval lying 
between the linos -OT) and x-\-y^ -4‘1. 

By giving to A a aeries of values wo can got a number of points, 
and thus have a fair idea of tho general coiu’so of tho curve. Wo 
give the table: 



0 

wm 

-2 

-3 

-4 



0, - Of) 

0, -0-tt 

-0'22, -HR 



-0'08, -0-31 


Tho curve is aketclicd in Fig. lU. 




















§124] 


EXERCISES XXXII. 


311 


EXERCISES XXXII. 

Trace Uio curves given by eqtiaUons 1-30: 

1, rt'(.v2-y^)=.t'*, tho Lonuiiucato o£ Gorono. 

2, the Lomiiiacato of Bernoulli. 

3. ahf^i:b‘\i‘f={aj^+i/^f, the Leiuniaeato of Booth. 

4. 

6. tho Logocyelic Curvo. 

6. 7. 

8. a(y‘^~3.r'*)—.r(.c‘'^q'y“), the 'J'riHoctrix of Maolaurin. 

9, 10« (it—tho Oisaoiil. 

11. a>0,7^>0. 

12. ax^ - hf ~+^®), a > 0, 6 >0. 

13. a^/•^-(.v-~y)(.^■‘‘^-y2). 

14. y"^(x *1-rt)= X(x -«)(.^• — &), h>u'> 0. 

16. y'^{x- a) ~ hx (.V'ho), a>0, &> 0, 0 > 0. 

10, 17. y{x~-y)^x{x‘+y^), 

18. (y-2.vy^=.^’■■’-h^/, 19. a(y-xY~xy^. 

20. .V^(.r-h.y)—21. 

22. a‘‘xy-,t!'^~y\ 23. uhy={{V^+i/y. 

24:. x(4y^-x'^)=y*. 26. .r*-hy®“a’®+3.i'y+4?/-l-y”0. 

26. a^(.v^-hy'*)~(.v^'f'y^-«.^'')^ tho Gardiokl. 

27. 6y=b^’2.|.yj)(y„a)3 28. .r‘-7/-100rt2.ra + 9G6y=0. 

29. (y-^2.r‘')'-i=4.y. 30. y’>h.v'-r)/~3a'a'h6=a. 

31, Provo that tho curvo 

8/=(2a’+1)(4 «■*-!) 

liaa a dotihlo point and two roal jjninta of hdloxionj and that thoso 
throo points aro tho vortieos of an oquilatoral trianglo, 

32. Trace tho curve 

(.e -h // +1 )(2.r -h/y A' 1) -I-A’”'/=0, 

and allow that tho curvo 

(.i?+y -h 1 )(«.B -h % -I- a) 4- =» 0 

will havo a double point if it— a. 



[on. XVlll, 




CHAPTER XVIII. 

OANORICAL EQUATIONS OF THE GONTO SECTIONS. 

125, The Para-hola, and its Canonical Equation. Lot a 
variable point P move ao that its diataneo from a fixed 
point /S ia equal to its perpendicular di.stanco Pil/ from a 
fixed line ZX ; then the locus of P is a parabola of foms S 
and direotrix ZX, The form of the curve is shown in 
Pig. 112. At the middle point of the perpendicular BX 



Fia, 112. 


from ^ to is tlio vertex of the curve and the lino A is 
the axis. It is clear, from the definition, that the curve is 
symmetrical about its axis, 

Lot the curve ho referred to and the porpondicnlar 
through A to AB as axes of x and y respectively; lot A A, 
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NP be the abRci.s«a and ordinate of any point P(a), y) 
on the curve; then avc have, aa tlio 0 {'[uation of the curve, 


.( 1 ) 

or y2 = 4ax, .(2) 

where AS == a. 

Proof. 

NP'^^SP'^-Sm 


since ^P = Pi¥. 

^{AB-VAPf^{AN-ABf, Hince XA==AS, 


.( 1 ) 

or y‘^’=.Aiax .(2) 


Since the ourve is syininotrical about its axis, the ^/-axia 
is the tatij^ent at tlie vertex; henee 2 /^ = 4c(a; is the equation 
of a parabola roforred to its axis and the tangent at the 
vortex as axes of a) and y, and is called the coAionical 
' equation of the parabola. 

Lot LSL' bo the double ordinate through the focus; then 
SL^XS^2AS=-^a, 
there fore LlJ~‘ki. 

hfJ or 4ft is the latUH reoiu'in of the parabola. 

Freedom oquationa of the parabola are xs^at®, 

y s=5 2at. 


Ex. 1. Eiiicl tho otjimUon eC lh« pimibnla whoso fouuR is Lho origin 
and whoHo dirootrix is y^,v~-% Find also Llio equation of its axis, 
its lalim rectum and Um coordiiiatos of its vortex, 

(i) Lot V{x .,?/) ho any jioint on bho parahola, 

Thon tho doliuing condition givea 

Hquaro of diBlanco fro)u P to origin 

assquaro of distance from P to .r-;y-l-2s=0 




whonco -t ?/2 -|. 2,toy ~ 4a’ -1* 4y - 4 - 0 

is tho equation of tho parabola. 
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(ii) TIio axis is the porponcliciilni* from fclio focus (0,0) to a?—,y+2i=0 

01* A’-Hy—0. 

(iii) Tho latus rectum®!twice distance of focus from directrix 

=2(2/^2) = 2^2. 

(iv) With tho usual notation, A, the vortex, is tho middle point 

of SX. ^ 

Now X is tho intersection of tho axis and tho directrix, that is, of 
•r=«0 and .v +2=0. 

Hence- X is (-1, 1); thoroforo A is (-1/2, 1/2). 


Ex. 2. AQ, A/i are chords of a pai'abola drawn at rif^ht anj^los to 
each other from tliu vertex A. The rectangle A Q/'Jt is cunipbtod on 
A/i. Trove that tho locus of P is another ])aiubola. 

Lot tho given paraholii ho 

Jjot Q, li bo tho points and 

Thon the gradients of AQ, Alt are or 

^ at{^' uL? fj’ h 

But AQ, All arc at right nngloa; therefore -1.(i) 

Tlio coordinates of the iniddlo point of QH are 

Hence tho coordinates (A, P) of P aro such that 

h =-P t./) and k =2« (f | + ^a). 


or A=«(< 1 + ~ 2a<ii2 ...(ii) 

and k ^ 2a (^t + />i) ...(iiO 


Using (i) and (iii) to substitute in (ii), wo got 
A3 

A «+8a or A*=4ti(A - 8rt). 

Writing x for A and;y for k to denote a vai'ying point /*, wo have 
2 /’^—4a(.A’ —8a) 

as tho equation of tho locus of jP; and this roprosonts a parabola 
whoao voi'tox is the point (8a, 0), whose latus roctum is 4a and whoso 
concavity is in tho direction of tho .r-axis. 


Ex. 3. Provo that tlio chord .«+/«/—4a suhtonds a right angle 
nt tho vortex of tho parabola ?/3!=4aa.’. 

If wo put A*4-Ay I’oi’ in tlie equation ?/3aa4rt;<?, U'O got 
y-* = X (,}.• -1- Ay/) oi’ .a’3 -I- h.v>/ - ^('3 -- Oj 

a hoinogonoouB equation of the second degree which roprosonts tlio 
two straight linos joining tho origin, or vortex, to tho intorsootionH 
of tho chord and tlio curve, Sineo tho sum of tho coollicionts of 
a’ 3 and is zero, those linos are porpondicular, by § 42 j so that tho 
chord subtends a right anglo at the vortex. 
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'phis ai’i/iluio of making one eqnalioii homogeneous oy means of 
aiioih*!'*-' in of some importance; it enables ns at once to gob an 
Qiiuittion giving the linos joining the origin to the intersections of the 
Hpooiflod by tho equations. 


EXERCISES XXXIII. 


] )i’a\v the parabola whoso focus is tho origin and whose directrix 
ia Kind its equation, tho equation of its axis, its latus 

Pcctvnii anil blio coiirdinatos of its vortox. 


% Draw bho_ parabolas whoso foci and directrices aro as follows ; 
find their (iquationH, tho equations of their axes, their latera recta, 
utid Uni imordiiiafcr.H of tlieiv vertices: 


(i) focus; 

Oh'i); 

directrix: y=-v. 

(ii) .. 

1) i 

„ 4.T-3y-6=0. 

(id) .. 

(1,1); 

„ 3.'<7+4y — 8=0. 

(iv) „ 

(i> -1); 

„ 4.t'+3y-6=0. 

(v) „ 

(0, 0); 

„ r).r+12y-13=0. 


3 , Hhow that may ho defined geometrically as tho locus 

of II imiiib whieli inovos so that its distanco from (1/2, 0) is equal to its 
dinbancie from y!- = l/2. (live a goomotrieal definition of 
Mlcetoh lintli curvos. 

4 . h’iiid bbo focus and directrix of each of the parabolas 

.y y--x\ x=~if. 


5 . ilofor tho curve whoso equation is to parallel 

axort of i and q through tho point .r==2, y=-3, and prove that it 
ronroHtmtH a parabola. Kind its latus rectum; and also the focus 
and d I matrix referred to tho ,v and y axes. 


0 , I’rnvo that y^A y=(.^’-l)^ y=.'c3~2.v+2, y=.v2+3.i;+3 and 
y are congruonb parabolas. 

7 . Vrovn that and 7/-^=-la(.v+a) are cougruent parabolas. 

8 . J-’rovo that y^2.v^, y 3, y=2.^’2+^}a’+ q are congruent 


|)ii mill Man. 

0 . l/rovo that v="a.^’* + &.^•+o represents the parabola whoso 
vortox iH whoso hitus rectum is tho absolute value 

of l/iti whoso axis is parnllol to tho y-axis, and whose concavity is 
iipwarcltt or downwards according ns a is positive or negative. 

10. find Urn ociuatloii of Iho mmbolii wl.« 

till). y-axiH Hiid wliich jHissoa through tho points (I, 3), (2, 4;, t , ;■ 

11 . If 6.17-1-<1 and have equal values when w,, 

a'«.V 2 , and prove that they have equal values foi all values 

of .V. 
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12. Parabolas with thoir axes pavallol 

through the following sots of Uu’eo pomtH, (uul wliothoj thou 
concavities are turned upwards or down\vai'<ls: 

0) (0,1).(- 1 , a). ( 2 ,3), (ii) 0 , , -3. 

(iii) ( -1, 2), ( - 2, - 2), (1, ' 8) 5 (>v) (1. f>). ( - ^ ^ 

13. Find the distance between the foci of ciwh of Uio foUuwm^ 


pairs of parabolas; 

(i) ^2 = Aax and ^ 46 (.« d* 6); 

(ii) /=4a(.t*+6) /-4<.P'|-4 

14, P is the centre of a variable circle whioh KiuehoH llm .j'-iixm 
and the fixed circle, centre (0, «), radius «j prnyo that tlio Imum 
of P is a parabola. Find its laUis iitctuui, the cnorduiatort ol Uh rmuin 
and the eciuation of its directrix. 

16. A variable circle passes through a fixed point J and timrliOH ii 
fixed straight lino L ; aim ^IP is the clianiolcr of tlitJ circlu Lb rough .•!. 
Prove that tho locus of P is a parabola; and Ibid its focus, vorlox iiiul 
directrix. 


16. A variable point P niovoa so that the length of the tiiiigciit 

from P to the circle is cyual to the erdiiiatn of r \ ju'i'vo 

that the locus of P is a imrabola. 

17. The vertex A of a variable triangle vl//P in tho lixi'd point 
(0, p ); the variable vertices P, (J move on tlio a;-iixiHHo that 

is constant, where tho origin 0 ia tho foot of the perpmuUciihir from 
A to PC'. Prove that tho locus of the cirenin-contra of tlui triaiiglo 
ia a parabola. 

18. A variable circle cuts a fixed circle at right angUm and loucliea 
a fixed straight line. Provo that tho locus of its uenti’o is a paiwlmlit. 

19. A chord P(^ of tho parabola whoso vortex is A nmetfl tlio axis 
in 0. If MP, NQ are tho ordinates of P and <j?, ]H'ovo that 

AM.JN^A(A 


20. Two chords PP* and QQ' of a paraholii iiitorHOct at a point on 
the axis} prove that tho roctangle contiiinod liy the imlinatfH of 
P and 2^ is equal to tho roctan^o contained liy the ordinaton nf Q 
and Q'. 


21. If Pp be a focal chord of a paralmln, of vertex A and fcjtuiH/?, 
and if AP, Ap meet tho latus rectum in ^/, prove that Py, ititi 
equal to the ordinates of p, P. 

22. il'P is the ordinate of any point P on a parabola of vortox 4*1. 
PM is dnwn porpendioulur to A P to meet tlio axis in Jf 
perpendicular to the axis moots tho parabola in Q, Provo tlml; 

23. A parabola is described through four coiineeiitive aiigiilnr 
pointe of a regular boxagon, Show that tho radiim of tlio oii'clo 
insci’ibod in tho hexagon is equal to tho latus rectum of the pai’ttboJn, 
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24. If from tlie vortex of tlio parabola y^~Aux a pair of chords ho 
drawn at right angles to each other, find the eq\iafcion of tho locus of 
the middle iJoint of tho chord joining the further exti*emitios. Show 
that the locus is a parnhola, and find its hitus roctmn and tho 
coordinates of its vortex and focus. 

25. Provo that tho locus of tho middle points of a sories of chords of 
a parabola drawn through its vortex is a parabola. 

26. Given tho axis of a parabola and two points on the curve, 
determine tho focus and directrix. 

27. A variable chord of a parabola snbtonds a right anglo at tho 
vortex. Provo that it passes through a lixed point, 

28. Find tho coordinates of the middle point of the chord of tho 
parabola y*=4rt.v whose equation is.//—.j;-hc, and deduce tho equation 
of tho locus of tho middle jioint as o varie.s. 

29. Provo that y=«2a/m is the loons of the middle points of tho chords 
of tho parabola y^=4ax which have a gradient m. 

30. Prove that y=nix+o Is a tangent to tho parabola y’*=4ax if 
o=a/m, • 

126. The Ellipse. Lot a variable point P move so that 
its distance iSP from a fixed point ^ beans a constant ratio 



c, loss than unity, to its disianco Pilf from a fixed lino ZX ; 
then tho locus of P is an cllipso of rntmiiricily q, focus B 
and direclvijc ZX. Tlie form of tho eiirvo is shown in 
Fig. 113. 




y8 ANALYTICAL 6K0MI5TRY. [OXI. XVIII. 

■ Lob A and J.' divide 8X, tlio perpendicular from 8 to 
ZXy internally and externally, so that 

SA = e.AX and SA' = e.A'X\ 

lob 0 bo the middle point of AA' and let B'GB, L'SL, per¬ 
pendicular to AA', meet the curve in B\ B and L', L, By 
the definition of the ellipse, 8B ~ a . OX and 8L = e . 8X. 
men 

A A' i.s called the major axis and BB' the minor ems; 

G is called the centre and LL' the latus rectum of tho 
ollipso. 

Let AA'~^a and jB7/=2&. 


Theorems. 

G8^e,0A^ea\ .( 1 ) 

GA^e.GX or GX^aje^ .'...(2) 

08,GX=GA'^^a^\ .(3) 

6®=a^(l—e®); .(4)) 

8L=^h^la .( 6 ) 


Proof, (1) SA^e.AX and SA'^e.A'X; 
therefore, by auhtraction, 

8A'--8A^e(A'X~AX), that is, 208^^e,GA, 
whence G8~e,0A~ ea. 

(2) Also, by addition, 

8A'-^8A = e{A'X-\^AX), that is, 20A^2e. OX 
whence GA = e . QX or OX ~ aje. 

(3) G8,eQX^eOA.GA, by (1) and (2); 

hence G8.0X^GA^^a\ 

(4) h^^0JP^81P-G8^=-(e.GXf-^G8^ 

== a®—aV, by (1) and (2), 

(6) SL=o.8X=e(aX-08)=efi-ae)=a{l-^=V^/a. 
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Tlio Rtudonfc will have noticed that wo liave not used 
".stoxiB” in the proofs. In this respect wo arc following- 
tlio cnstoniary practice of Qp.omp.iviGol OoniGSy and wo shall 
continue to do so in similar cases. 

EXEEOISES XXXIV. 

1. If 0)5=5 aiul (7vl=G, ealoulato o and Iho clialancoR of B and Q 
from the diroelrix. 

2. If Ct'I=G luid Ctr=7, cnlculato 6 and tho distances of and A 
from Uio directrix. 

3. If a=5 and ?> = 3, ealculaLo c and SX. 

4. If Od = 0 nncl e=l/2, ealculaLo 6'7j, SX and SA, 

6. If 0.5=4 and CtY=G, calniilaLc 0/L, UB and o. 

6. If ft=5 and 0=4/5, calculate &, OS', OV, dA”. 

7. If &=4 and o=3/5, calculate ft, 0.5, *.5^1, t5A'. 

8. I/' ft=5 and = calcnlato the length of tlio latus rectum. 

9. Tf tlie focus of an ulll]wo, whose occonti-icity is 1/2,^ is 3 ins. 
from the directrix, calculate the longtlis of the major and minor axes. 

10. Lh’ov{5 that .S77=6tl and that 0 jS®4-0/1^ = 0A^ 

11. Tf d^5//l'.S'-29/!10, as in tho case of tho Earth’s path round tho 
Sun, ealculaLo e. 

12. If 0*5=0/], calcnlato c. 

13. Prove that ^1.5. /I'*5 = 0/i^. 

In tho following oxoroisos tho ollipso is referred to GA and CB as • 
axes of x and y \ O/V, NP aro the abscissa and ordinato of a point 
P(.v, y) on the evu-vo. 

14. Tf ft=5, ft=3, .5P=4, prove that 0=4/5, JYA'=r), 0#=B/4, 
iV/>= ->3^15/4 and 

16. If ft=5, 6=3, iSP=3, pro VO that a?=5/2, and 

16, If y) aro tho coordinates of Z, prove that 1. 

17. If (,r, ,?^is a point whore y=x moots the ollipso, prove that 
,r= ± ftft/s/ft^'+p^y and n^ju^-\'y'^lh^ =1. 

18. P is any point on an ollipso, M its projection on tho directrix, 

[f tho bisector of tho angle *S/W meet SM m find tho locus of (3. 

19, If tho focus of an elllpso ho tho common focus of two parabolas 
whoso vortices aro at tho ends pf the major axis, thoso parabolas Will 
iutorseot in points whoso distance from oach other is equal to twice 
tho minor axis, 
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127. Canonical Equation of the Ellipse. IC tho ellipse, 
whoso semi-major and semi-minor axes are 6 M=a and 
GB~h, is rererrecl to QA and GB as axes ol! a) and y, its 
eq[uation, then called tho canonical equation, is 


Let P(aj, y) be any point on tho curve (Fig. 113); lot 
GN^x, NP^y. 

Then = NP^ = SP'^ . Pilf«- NS^ 

^e\GX-GNf-{G8-GNf 

- ^20 _ _ aj) 2 ^ hy ( j) a^d ( 2 ) of § 126, 

=(a— coif — {ac — 05 )® 

=a®-h (3®a5®—a®e®—as® 

* =(a®>-a5®)(3 ~e®) 

7)2 

= by (4) of §126. 


Therefore 


or 


y^ _a?—x^ ^ 05® 



= 1 . 


JYote. (1) Tho equation may he put in tho form 
7)2 PP^ GJP 

aF^~a^ Oil®-6W®”6'A®’ 
or, as it is usually written, 


_NPl__GB^ 

ANTNA*'"!^ 


( 2 ) Tho curve is symmetrical about both axes. For the 
image of P(a:, y) in is (o 5 , —i/), which lies on tho 
curve; and the imago of P in BB' is (— 05 , y\ which alsp 
lies on tho curve. 
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(3) Every straight line drawn throiigli 0 and ieruiinated 
by the curve is bisected at 6'. This follows from (2). 
Such a line is called a cliameteT. 

(4) For any point 2/i) inside the curve, 

For if CQ meet the curve in F(oy, y), and y^C^y 

(numerically), so tliat x^fa^+y^^^jo^Cix^la^+y^lb^, and 
therefore <[ 1. 

(5) For any point Hix^, y^ outside the curve, 

If OR meet the curve in P{x, y), and y^'^y 

(numerically), so that x^ia^\y^llr'^x"lo?-\-y^lJF, and 
therefore >■ 1. 

Ex. 1. Find tho oquation of fcho ollinao whoso focus is fcho origin, 
directrix .r+y-|-2=0, and occoulricity 1/2. Find also tho coordinates 
of its contro. 

Lot ^ bo tlio focus, PM tlio porpoudicular from a point P(a;, y) 
on to tho directrix ; then ^p 2 __^ 2 y>j /2 



wh icl» reduces to 7.r* + 7y® - %vy — 4.r—4^/ - 4=0. 

Lot X bo tho foot of tho porpoiidicular from »S to tlio directrix ; 
then X is tho intorsoction of .t'~w=0 and .v+«-|'2=0, that is, 
(~ 1, --1). But SAjAX^lj^ and SA'jA’X^ -1/2, whoro A and A' aro 
the vorticos. Ilonco (§10) A and A' aro tho points ( — 1/3,—1/3) 
and (1,1). But (7, tho ceiitro, bisects AA '; thoroforo G is tho looint 
(1/3, 1/3). 

Ex. 2, Porpondiculara through P to PA and PA* moot tho major 
axis in jirand M *; prove that MM* is oqiuil to tho hitus rectum. 

Lot P bo tho point (.Vj, y^). Then gradient of PA is yMx^~a) ; so 
that gradient of PM is and tho equation of PM is 

a-.r. / V 
(.r-.r,). 

Whon //=0, GM ; thoroforo CM 

Similarly QM* =.i’, + - —. 

* .rrl-a 

Thoroforo MM*^ CM* - CM^ 2a. since b 

a 

X 


a. A. a, 
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EXERCISES XXXV, 

1, Find the eeconti’icity of tho ollipso 2 q"^* 

2, Find tlio eccon tricity and tho Intus rectum of tlio ollipso 

.^’2/25 -|-?//9 = l. 

3, Find the cnnonionl equation of tho ollipso whoso minor axis 
is 6 and latus rectum 2, 

4, Find tho distance from tho focus to the directrix of the ellipse 

a’Vl0+//7 = l. 

6. Find which of tho following points aro inside and which aro 
outside the ollipso spocifiod by a=6 and h='A\ 

(2,-3); (-4,2); (-0'3,3'2); (3% 2'8). 

6. Detormino the points of intorsoction of Uio ollipso 

and tho diameters fowned by tho bisectors of the angles fonnod 
by tho axes. Find also the length of either dininetor. 

7* Find tho distance from tho centre of tho ollipso spocifiod by 
ci=6, 6=3, to either of the points on tho curve whoso abscissa is 2. 

8. Establish tho following formula for tho length of tho aoini* 
diamotov of gradient tan 0 : 

h'i 

r® =S jr-g-5-^* 

1 - COCOS''y 

Tills is tho polar equation of tho ollipso, rofovrod to O' as nolo anct 
GA as initial lino, 

9. If tho diamotor of gradient unity is equal to tho major soinl* 
axis, find tho eccontrioity of tho ollipso. 

10, Establish tho formulae : 

SP^a ' ox. 

11, The points_(.r, ;/), {-x, y\ (-.v, -?/), (.r, -?/), vl, A' are tho 
vortices of an equilateral hexagon inscribed in tho ollipso 

prove that 

12, If GA and GB aro tho linos 2.t’—and ,r+2y-3*wO, 

p,nd C7?==3, find tho oquation of tho ollipso. 



XVIII.] 


EXRRCISES XXXV. 


323 


13. If QB is tho lino 4 .i’+- 33 ^ 4 - 2 = 0 , find (S' niul A are the points 
(1, 1) and (2, 7/4), lincl tlie equation of tho ellipse. 


14. Find the conlres, and the equations and lengths of the nxe.s 
of tho following ellipsOH \ and sketch the curves: 


(i) 


e r H ^ ■L» 


(iii) 


(iv) 


M ■ (4.r-3;/)3 

^ ^ 125 80 

(vii) +4^2 - O-v+8^ = 5. 

(ix) 9.^'2q- 3/ _ 12.);q- 2. 


/,.?\ - %+1 ? , (2a’ +?/H-1 )® , 

-yo-+- - -I 

(viii) 8.%^ + 4B;/2 - 8.uq- 00^ q* 12 = 0. 
(x) 9.r®q-3^2q'12.vq-6^=2, 


16. Draw on wpmved paper tho ellipse w1k)So focus is tho origin, 
directrix .v-i/=C) and eccentricity 4/B. h’ind its equation and its 
latua rectum. 


16, Draw on squared paper tho ellipse who.sc focus is ( 1 , 2 ), directrix 
3.a-4|?/-H0»s0 and eccentricity 1 / 2 . Find its equation and the 
coordinates of its centre. 

17. One vortex of a variable parallelogram OAPB is fixed at tho 
origin 0. Tlio adjacent sides OA=a and OB~h make equal and 
opposite angles with tho .r-axis, while the parnllologram opens 
and shuts, Provo that P braces out the ellipsa 

18, A straight lino of fixed length moves so that its oxbromitios lie 
on two rectangular axes; prove that every point on it truces out an 
el) ipso, 

19. If a circle roll inside another of double its radius, show that 
tho oxtromifcios of a diameter of tho rolling circle, invariably connected 
with it, doserlbo porpondiuular straight linos and that any point 
invariably connected with tlio rolling circle but not on its circumforonco 
do.Horihe 8 nn ellipse, 

20. Circles are described on AOA'^ BGIP, tho axes of an ollipao, as 
diameters 5 a variable radius vector GQR meets tho first circle in Q 
and tho second in R ; parallels through Q and R to Gli and GA 
I’ospectivoly meet in P. Provo tliab tho locus of P is the ellipse. 

Draw tlio ellipse specified by rt=«r), 6—3. 

21, P is a point on the ellipse whose axes are A'GAy B'CB and is 
the projection of P on tho minor axis B'CB j prove that 

nJ^>,B'n,)tB^CA^\GJP. 
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22, FQ is a variahlo oi'diiialo of tho circlo and P is 

taken on iVQ so that ; prove that tho locus of Pis the ellipBO 


1 

If Nl’=-, NQi find the equation of the locus of P, and tho area 
contained by the locus, 

23. AO/I' and BOB' are straight lines of lengths 2a and S& 
roapecUvoly, which bisect one another at right angles at G \ on AO A' 
aro taken points and Q' so that OQ, GQ'==a^. If BQ, B'Q' cut at 
find tho equation of tho locus of l\ and sketch tho locus. 


24. A point P moves so that tho length of tho tangent from P to 
n given circle bears a constant ratio c, less than unity, to_ tho 

I jorpendicular distanco of P from a given tangent to tho circle. 
;*rov6 that tho locus of /’ is an ellipse whoso occontricity ia o and 
whoso latus rectum is equal to tho diaiuotev of tho circle. 

25. GP and CQ are two perpendicular aoini-diamotors of tho olHpso 
+?//&“=! ; prove that 

GP'^^ 


26. If tho two ellipses 


=1 and 


«! 




have the same eccentricity, prove that If a radius vector 

OPQ meet the first in B and the second in ])rovo that OP \ C‘<j> ia 
constant. (Tho ellipses aro said to bo homothetio or mnilar and 
umilaHy situated.) 

27. If P is a point on the oltipso and CIS" equal to 

OS is out off from OA'^ and if 8p and B'P aro at right angles, show 
that the ordlnato of P is equal in length to 

28, On CA^ CB as diameters, circles are described ; find tho coordi¬ 
nates of their points of inlorsection with the ollipso whose sonn-axoa 
aro GA and GB, 


29. If a tangent bo the circle whose equation is 

q- 7y2 „ ct‘‘h^l(a^ + b'^) 

moot tho ollipso x^Ja?-\-y^lb^=l in P and prove that PQ will 
subtend a right angle at the centre of the ellipse, 

30. Find tho coordinates of the middle point of tho chord of the 
ellipse 2.r®+3y®—0, whose equation is .r+y=l. 

31. Find tho locus of the middle points of chords of tho ollipao 

parallel to the diameter y~mx, 

32. Find tho equation of tho ellipse whose focus is (1, 2), directrix 
a?+* 2 ^= 1 , eccentricity 1/2. Find tho equation of tho straight Hnq 
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wliich biBeata all chords parallel to the vr-axis. Draw fcho curvo and 
the lino. 

33. Provo that a pair of common chords of tho circle 

and tho ollipse ,vYa^+y^jh^~l pass tlu’ough tho common centre. 
Find tho equation of tho pair. 

34. Provo that y=inx ± \/aW 

are the tangents of grc,dlent m to the olUpao x3/a3+y2/b2=l, and that the 
join of tho points of contact passes through the centre, 

36. Prove that lx + iny=n is a tangent to the ellipse if 

a^r'*-|-hW=n^. 

128, Fooi of the Ellipse. If the ellipse (Fig. 113) be folded 
about the minor axis BB' ao that A falla on A', the two 
halves of tho figure will be superposed. Let F fall on P', 
B on S', ZX on Z'X\ FM on P'JIP. Then B'F^c,P'A[\ 
so that tlio ellipse may be traced from B' and Z'X' as focus 
and directrix, instead of from B and ZX. 'Jlio ellip.se baa 
thus two foci and two corresponding directrices, and the 
following theorem, which was taken in § 71 as the definition 
of an ollipse, can now he proved. 

Theoukm. 

The of the focal distances of cmy point on cm 
ellipse is constant and equal to tho majen' axis; 07’ 
BP-i-B'F^AA'. 

Proof Woliavo(Fig. 113), if 03, 
BP^e.PM^e.{GX~ON)=^e.GX^e.GX:=a-ex, (1) 

BT = c. MP = d. (A"a+OiV)=e. CZ+d. OiV=a -|- cai, (2) 
because e . GX == (7J.« a. By addition, wo now get 
^P+^'P«2a«/U'. 

Tho relations (1) and (2) that express the focal distaneea 
of a point in terms of a, e, and tr, the abscissa of the point, 
are of some importance. 

EXERCISES XXXVI. 

1. A string, 10 in. long, has its oxLromiUos at fixed points 8 in, 
apart. ^ If tho string is kept tiglib by a moving point, find (i) fcho 
occenfcricity, (ii) tho major axis, (iii) fcho minor axis of tho oilipso 
traced out by tne'moving point. 
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2, If the ellipse is drawn liy the use of a string, 

find the length of the string and the distance apart of its oxtromltiea, 

3, If »S and S' are the points {ao, 0), (-nr, 0), and a variable point 
P(.r, 2/) moves so that SP+ST=^a, ostaolish directly the equations: 

(i) (S^P"\/(ao-.r)2+y2, S'P=\/{ae+,vf+^S (iii) 

putting h’^ for a®(l - o®). 

4, One circle lies completely within another'. _ If a variable circle 
move so that it touches the inner of tlie fixed circles oxtornally and 
the outer internally, prove that the locus of the centre of the vaviahlo 
circle is an ellipse, having for foci the centres of the fixed circles, 

6. A variable circle, centre P, touches the fixed circles 
— 20.r=0 and +?/^ — 28a’ -I- IGO=0. 

Eiiid the equation of the ellipse which is a loons of 2\ and Lho 
eccontricity of the ellipse. 

6, ABGD is a jointed frame-work consisting of four rods AB, jlP, 
BB, DG, of which Lho mom hers AG and BD cross at P. If 

and AG=sBD^ and if A and B are fixed, prove that the locus of i* is 
an ellipse whoso foci are A and B, If AP=a, AG=h, find tho 
eccentricity of the ellipse. 

7, If P is a point on the ellipse, eccentricity e, and foci S and S\ 

prove that . _ 

tan iPSS'. tan ^P,S'P= 

8, /I is a fixed point within a fixed circle, centre B, TJirough ./I ia 
described any clrcno, centre G, of the same radiiis as the fixed ciroloj 
and interaeoting it at Q-aiid P. If AG and QJi cut at P, prove tlmfc, 
the locus of P is an ellipse of foci and B, 

129. The Hsnperhola. Let a variable point P move flO 
that its distance SP , from a fixed point iS bears a constant 
ratio e, greater than unity, to its distance PM from a fixed 
line ZX ; then the locus of P is a hyperbola of eccentrioitjf 
e, focus S and d/weetrix ZX. Tlio form of the curve is 
si'iown in Fig 114 

Lot A and divide SX, tlie perpendicular from tho 
Cdcus to the directrix, internally and externally, so that 

;SfA=:e.^X and BA'=^g,A'X\ 

tet (J be tho middle , point of AA\ and lot L'8L porpondi- 
cular to A A' moot tlie curve in L' and L. 
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Thon^ is called the i/ramaverae aa^ia o£ the hyperbola 
a,nd iH denoted by 2a; 0 is called the centre and L'L the 
laW o£ the hyperbola. 

B'GB bo perpendicular to AA', and B'G=GB = hi where 
b'^ ss — 1), then B'B is called the conjugate cmia of the 
hyi')0i’bolo'« 



PW. 114. 


PW. 114. 

Theorems. 

QB^e,GA^ea\ .( 1 ) 

GA^e,GX or GX = ale] .(2) 

OB.GX^GA^^a^l .( 3 ) 

SL^a{6^-l)-^ . 


Proof, (1.) SA^e, AX and BA'^e. A'X; 
fclioroforo, by addition, 

BA + SA '« eiAX + A'X), that is, 2(7^= 2e. GA, 
whence GS==^e,GA= 
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(2) Also, by subtraction, 

SA' -SA = e{A'X - AX), that is. 201 = 2(!, OX. 
whence GA = e . CX or GX ~ —• 

C5 

(3) GS.e.0X=^e.0A.0A, by (1) and (2); 

hence G8,GX^GA^^a\ 

(4) BL^e.SX^eiGS-- QX) == « a{cJ^- J) - 

since — 1). 


EXERCISES XXXVn. 


1. If GS=G and (7/1=5, calculalo o and tho distauiiOH of A* aiid C 
from the directrix. 

2. If (7/1=8 and (7/5=7, calculate o and the distuncoa <if B und A 
from the directrix, 

3. If a=4 and 6=3, calculate o and tho diatanco from Lho tMcu« to 
the directrix. 

4. If a=3 and 6=4, calculate e and tho difltnnoo from Iho tnciia U> 
the directrix. 


6, If (7A=6 and <j=2, calculate GB, SX and /S/4, 

6. If OS—G and (7A''=4, calculate (7/1, OB and e, 

7. If a=6 and (j=f, calculate 6, (7/5, QX^ AX, 

8. If 6=4 and fl={l, calculalo a, (7/S, /S/I, SX, 

9. If a=3 and 6=6, calculate tho longtii of tho latiw vofitunu 

10. If the focus of a liyporbola, 'whoso occonbricity iu a, \» 8 in, 
from the directrix, calculato tho longtha of fcho tratiavuiiNU njaixl 
conjugate axes, 

11. Provo that AS.XS=>GB"^ and A /S/zl'/S=(<?- !)/(<)-h 1). 

12. If e > Vs, show that 6 > a, 

13. Dmw on squared paper tho hyperbola whoro C/S«3. 

If ^ is the aomi-latus rectum of tho hyperbola apooUlRfl litf* 
OA—a, CB—b and eccentricity=o, prove that 


(?= 


I 

-1' 



C7.S= 


d 

jrrf 
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In tlio foUoM'ing exorcises OA, CB are token as axes of a- and v ■ 
pBT, NP are LIjo abscissa and ordinate of P(a, y\ a point on tbe 
liyporbola. 

16. If a=4, &«3, ,SP==5, then e==6/4, iVA"=4, CbV= 36/5 
i0s/l4/b and.^’V-yV6=‘=l. 

16. Tf rt=l2, &=fi, SP^\'&, then c=13/12, iVA'=«]2, (7A^= 300/13, 
zk 10Vn4/13 and 

17. If (.1’, ?/) are the coordinates of 7), prove that 1. 

18. If and y=a meets the hyperbola in the point (.r, y), 

X>i-ovotliat 

iind 3-'4=1. 


i 


slW~a^‘ 


■ 130. Otinonical^ Eauation of the Hyperbola. If the hypcr- 
Viola, whoHO Homi-axoa are (771 = a and OB^h, be referred 
to 6*71 and GB as axes of a) and its equation, then called 
fcho canonical eq^(,ation, is 


Lot P(aJ, y) be any point on tho curve (Fig. 114); let 
Then 

2/2=^ spz _ ^ e2, ^ 

« 6\GN-GXf - {GX-- GSf 

—{x^aef, by (1) and (2) of §129, 

= {ex — a)2 — (iw *- aof 

= q- a* r-. a;2 — 

= (a52-a2)((32-l) 

= (flj2 — a^). —, 

a2 '"a.2 ’ 


fcliorofoi’o 
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J^ote, (1) Tlio equation may be put in the form 

JS[P^ C'jrja 

or, as it is usually written, 

NF^ GB^ 

AN.A'N^GA^' 

(2) The curve is aymmetrical about both axes; for the 
imago of P in viz, (n;, --y\ is on the curve, and the 
imtvjife of P in BB', viz (—ir, y), is also on tlie curve. 

(3) Every straight line drawn through Q and terminated 
by the curve is bisected at (7, such a lino being called a 
maTYider of the hyperbola; for if FGF' is bisected at G, F' 
is the point (—aJ, —y), and { — x, — y) is on the curve. 

W any point y^) outside both 

branches of the curve. 

( 5 ) ^ 1 for any point {x^, y^) inside either branch 

of tlie curve. 

EXEROISES XXXVIII. 

^3 nj^ 

1, Eind the eccentricity of the hyperbola 

2, Find the eccentricity and tho senii-latua rectum of the hyperbola 


3, Find tho canonical equation of the hyperbola whoso BOinl- 
conjugate axis is 3 and aomi-latus rectum 1. 

4. Find tho distanco from the focus to the directrix of Uio , 
hyperbola 

6. Find which of the following points are inside and which arc not 
inside a branch of the hyperbola specified by a =>4, 6—3! (2, 

(-6, 2), (6, -4),<_7,-4). 

1} 

6. If m<~, find the coordinates of the points of intorsootlon of 

^ V 

y^QDUG and ?/=: -‘ms: with tho hyperbola Discuss tho otwii} 

whore ?a=-. 

a 
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7. Show that Uio hiaectors of the angles formed by CA and Cfi 
moot Uio (uirvo in four real and distinct points if ft > a. 

8. If fe~fc, prove tliat 

9. Eiiul tlin distance from the centre of tbe hyperbola specified by 
^=4, ft--di, to the points on the curve whoso abscissa is 6. 

10. Establish the following formula for the length r of tho senii- 
diainoter of gradient tan 9 : 


c®coa‘‘^^~l 


■VVlum is r real and finite, infinite, imaginary? 

This is tho nofro’ equation of tho hyperbola referred to O as pole and 
OA UH initial line. 

11, Kstiiblish tho formulae : 

SP ~ J{(ae - xf -t-2/H 5 
SP=ex-a. 


12, Ifiiul the ocpiations and lengths of the axes, and also the co- 
ordi nates of tho conbroa of tho following hyperbolas. Sketch tlio 


oil wort 






= l5 


00 75-3=1 i 


(iii) ar-*- V - Gx - 8?/ = 13 J 0^) 8.r^ - 46/ - Sx - 60^=28 i 

, (vi) <i!i=^-<s±t^=i. 

tv; / 16 9 

13. Draw in ono diagram the hyperbola 

liuoay-^ ^ 

14. Draw in one diagram tho hyperbola = - 

?yt=5 

IK Tf .1 i-ndius vector GP=r bo drawn to meet the hyperbola 

to'c/'.u; m««6 lt.o >" 1’™''“ “““ 

1 




1 

ft*' 


and its latus rectum. _ 

tho coorclinates of ita centre. 
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18. Prove that tht equatiom 

y =a mx db - b® 

give the tangents of gradient m to tho hyperbola x^/a*^—y3/b^=:l, 

19, Prove that the line ix+ttiy=n touohea tho hyperbola 

x»/a2-y2/b®=i if 


131. Poci of the Hyperbola. If tho liypcrbola (Fipf. 114) 
be folded about the conjugate axis JVJ' ho that A fulls on 
A', one branch of the figure will bo supeviiosod on the 
other. Let P fall on P', S on S\ ZX on Z'X\ PAl on 
Then S'P'=^e.P'M'y no that the hyperbola may bo traced 
from S' and Z'X' as focus and directrix instoad of from S 
and ZX. The hyperbola has thus two foci and two corre¬ 
sponding directrices, and tho following theoroin, wliich was ■ 
taken in §72 as the definition of a hyporhola, can now be 
proved. 

, 1 ; 

Theorism. 

TJlb (I'iffevc'TicG of the focal clisto/accs of ct'iiy jooMJt/ ou cl ' 
hypcvbolo/ ts coifistct/Kil a%ct c^'ilclL to the tvo/nsvevsc Hiiyi8 w 

SP^S’P^AA'. 


Proof We have (Fig. 114), if GW^as, 

8P=6.MP==c.(aN-OX)=c.aX~e.GX^,.x~a. (1) 

S'P=6. M'P =c. (aJV+ XV) ^e.ON-+e.OX:=, ex + a, (2) 

because «,OJ=OA=a. By subtraction, wo now gol 

S'F~SP='2a=AA'. i 

If P were on the othov branch, tho absciasii m would boi 
negative, and we should have wouki boj 




SP=-ex+a, .(!') S'P = -«-«. 

“d 8P~8'F = %,=AA'. : 

are^rfS'imiZi^^’ diatanj 

ot some impoitanoe; these expressions are all jjositm | 


ti 
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EXERCISES XXXIX. 

1. In the mechanical description of a hyperbola, § 72, fclio ruler S'K 
is 12 in. long, the dislaneo botwcon the lixed end of tlio rnlor and 
the fixed end »S of tiio string is 10 in. and the string is 4 in. long; 
find (i) the oecontricity, (ii) the transverse axis, (iiij the conjugate axis 
of the hyperbola described. 

1/2 

2. If the hyperbola is mechanically described, what is 

the distance between the fixed ends of rulor and string? 

3. If <S' and S' are the points (ac, 0), (~ nc, 0), and a variable point 
P{A'f y) move so that SP^S 'establish directly the eijnations ; 

(i) (ii) /S'y>=V{(«e+.r)H.f}; 

(iii) ** l, pu tti ng h‘^ = (c- ~ 1). 

4. One ciriilo lies coniplcitoly outside another. If a variable circle 
move so that it touch os both circles oxLornally, or both internally, 
prove that the locus of tho eontro of the variable circle is a hyper¬ 
bola, having for foci tho centres of tho (ixed circles. Discuss the 
case where tho contacts are one internal and one external. 

6 , A variable circle, centre P, ton eh os tho fixed circles 
x'i +iya ~ 8 , 1 - 4-12=0 and + 8 .r-p 1 ft =0 ; 

find tho equations of tho hyperbolas which form the locus of ]\ and 
their occontricitios. 

6. Through a given point 1\ outside a fixed circle, centre C, is 
described any circTo of tho same radius as tho fixed circle, If tho lino 
joining tho centre of tho variable circle to P moot tho common chord 
of tho two circles in Q, prove that tho locus of Q is a hyperbola whoso 
foci are G and P, 

7. A parabola passes through two lixi-d points and bus its axis in 
a given clireetion, Provo that tho locus of its focus is a hypor- 
Imla. 

8. A variable circle touch os two fixed straight linos on which A 
and /i are fixed points. Tlio socond langonLs drawn from yl, Ji to tho 
circle moot in Ib’ovo tlmt the locus of P is a hyperbola. 

132. Xhe Asymptotes of the Hyperbola. Tho equation 
— — may bo written in tho form 


(; 

M)(M)=i. 

.(1) 

The two linos 


J 

11 

o 

....(2) and ~+f'. = 0. 

^ ' a b 

.(3) 
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are the asymptotes of (1). For if wo solve equations (‘t) 
and (2) or equations (1) and (3) as .simultaneous equations^ 
Ave get the anomalous equation 0 = 1., whovo a quadratic is 
in question. Hence (§117) the linos (2) and (3) both meet (1) 
at two points at infinityj and may be eonsidored iangcmlH 
to (1) whose points of contact are at iuiinity. Linos (2) 
and (3) are shown in Fig. 114. Tho asymptotes have 
certain important properties which wo proceed to investigato, 

TnEoiiERi 1. 


If j>wrallelB to the asy'inptoUs of a hyperbold dnmm from 
a point P on the curve meet them at M and then 
PM . PH is constant, 



Let PM, PK (Fig. 115) ho tlio perpondiculavs from t)m 

hyperbola (1) to the asyniptotoH (2) 
and (3), Then {nv/mencally) 




a'^b 


a h 


because x^ja^ — y^jh^ = 1. 


/y2 
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Now let 2w be tlie angle between the asymptotes; then 
{nu'mcrically) 

PM sin 2« ~ PH and PH sin 2 a)— PK ; 

r/27)2 

therefore PM . PiV 8in22a)= PH. PK=~^, 

so that PM . P iV is constant. 

Since tan w = hja, 

. _ 2 tan (o 2a6 

sin 2ft) - j ~ ^^^ 2 * 

I-Tcnco, PM. PH= 

4 

so that the value of the constant is 6^)/4. 

The theorem may be stated analytically as 

TlIEOIlliM 2. 

If a hyperbola, of senvi-a^es a and h, he referred, to its 
asymptotes as aices of ce and y, its oonslraint equation may 
he imditen in the fomn, 

xy ” 0 ^ 

and its freedom equations in the form 

x=ct, y = p 

U 

where c®=(a® H- &®)/4. 

Those axes are rectangular if, and only if, the asymptotes 
are at riglit angles to each other; in this case tlie hyperbola 
is called a rectangular hyperbola, or an equilateral hyperbola. 

If the axes are nob the asymptotes but linos parallel to 
the asymptotes, then, as is easily seen by changing the 
origin, the equation of tlie hyperbola will talce the form 

axy+bx-f oy + d=0, 

an equation which may also be written in the form 

_p x4-q 

^“rx+s* 
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Theorem 3. 

If FM, PN‘, P'M', P'iV' are d/rcmn parallel to the 
asymptotes from points F, F' on the cm'vet then M'N 
cmd FF' a/re parallel. 

For, in Fig. 116. MN\ M'N are parallel if 
GM^GM'^GN^^GN, 

that is, if GM . GN = GM\ GN' ; and this i.s true, since P, P' 
lie on the curve xy = c^. 

Again, parallelogram (7il/PJV=parallelogram GM'F'N', 
since GM. GN== GM'. ON', 

And the parallelograms GMFN, GM'F'N' are double the 
triangles FM'F, NM'F' respectively; so that the triangles 
NM'F, NM'F' are equal, and therefore ilPiY is parallel 
to FF'. 

Theorem 4. 

If the chord FF' of a hyperbola meet the asymptotes in 
R,k,thenRF=R'F'. 

Using the notation of Theorem 3, we see that MN', M'N, 
FF' in Fig. 116 are the diagonals of parallelograms, and 
that the other diagonals form one and the same straight 
line through G. Hence the same diameter of the hyperbola 
bisects FF' and MN'. But the diameter wliich bisects 
MR' also bisects the parallel RR'; therefore Pi^' and RR’ 
have tlie same middle point, V, so that RF = R'F'. 

Theorem 6. 

The locus of the middle points of pa/ralld chords is a 
diameter. 

The diameter which bisects FF' in Fig. 116 also bisects 
MN', As FF' moves parallel to itself, so does MN'^ and 
MN' is constantly bisected by the same diameter; thoreCoro 
so is FF' 

Theorem 6. •• 

The portion of a tangent intercepted between the 
asymptotes is bisected at the point of contact, amd the 
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tangent fo'ims with the asynvptotefi a t/riangle of constant 
iwea. 

The first part follows from each of Theorems 3 and 4, ’ 
Take Theorem 3 and let P' (Fig. 115) inovo into coincidence 
with P; then M' coincides with M and N' with N\ PF' 
becomes the tangent at P, so that the tangent at P ia 
parallel to ikTiV", If the tangent meet the asymptotes at 
T, T, then FT and FT' are both equal to il/iY. 

Again, triangle O'TT is twice tlio parallelogram Oil/PP", 
and therefore its area is constant. 

133. Polar Eauation of a Oonic. The polar equation of 
a conic with the focus as pole is often useful, and though 
wo shall make little use of it in this book, wo shall establish 
it hero so that it may be referred to ^vhen required. 

Take S' in Fig. 113 as polo and S'X' as initial line; 
denote S'F by r and angle X'S'F by 0, Then 

S'P^e.M'F^e.X'N^e{X'S' + S'F) =c. X'S' +c .SF (1) 

But e>X'S'\ii equal to the somi-latus rectum, which wo 
.shall donoio by I ; also 

S'S'F cos FS'F=r cos (tt — 0) = — r cos 0.(2) 

Equation (1) now bccoinos 

r — i —ercosd or r(l-t-cco3 0) = i,.'..(3) 

so that the required equation is 

cos 0.. .. 

The proof holds for any conic; for the parabola e = 1. 

If the initial lino is not S'X', but a lino which makes 
with S'X' the aiiglo a, then the vectorial angle 0 will not 
be X'S'F but X'^P increased or diminished by a; instead 
of 0 in equation (4) wo shall have (0 ± a.). 

The clianges in equation (4) when tho vectorial angle is 
nob X'S'F but XS'P, or when tho focus S, instead of 8' 
is pole, will bo easily made. 






338 ANALYTICAL GEOMISTRY. [cil. XVIIL 


Ex. Show that tho soini-latus reoturn is the havmonic moan hotweoi) 
tlio two segments S'P, S'Q of any focal choi’cl PQ- 
Let 6 bo the angle then (il-hTr) is tLo angle Fi’ora 

equation (4) we have 

1 1 + (3C03(9 1 l+g C03(^ + 7r) 

I ’ S'Q~ I ’ 


and therefore 

sinco cos (0 +tt) = - coa 6, 
S'P and IS'Q, 


1 , 1 ,_2 
S'P'^S'Q~l* 

Hence (§ 44) I is tho harmonic moan between 


EXERCISES XL. 


1. Provo that the lino y<=>mx meets tho curve in 

real points if m lies between i/a and - i/a. 

2. What are the asymptotes of tho hyperbolas \ 

(0 4*«-'o/=3a ! (ii) i (iii) i 




Draw tho curves and the asymptotes. 

3. Provo that tho conjugate liyperbola — \ has tho 

sam 6 asy mpbotos as ~ fjb'^ -+l. Show bh o asym ptotos and b otli 

curves in one diagram. 

4. If the asymptotes of a hyp erbola of eccentricity e m eet a t an 
angle 2a), prove that sin toesVc^-l/a, sec to= 0 , and tan w=*s/<3'^“l. 


6, If tho two hyperbolas 


and 


_ iV* — 
^ 5 ?" 


1 


have the same eccentricity, prove that a/«j»i/&(. If a radius vector 
meet the first in P and tho second in $, jn’ovo that CP ; GQ is conatanti 
(The liypoi’bolas are said to be homothetio or siinilar and similarly 
silmled,) 

6. Discuss the variation of the form of the hyperbola 
as h diminishes from 1 to 0. 


7. A rocbangle is formed by drawing narallols to A A' through 
5, ff and to through A, A'; prove that tho diagonals of tuo 
rectangle are the asymptotes, 

8. If tho axes of w and y are at right angles, show that tho 
length of each axis of the hyperbola .i^=o^is 20 ^ 2 , 
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9, Pi’ove Uiat .r;/ + 2.V“3?/=0 repi’osmitaa rcctangnlar hyperbola. 
TTintl the equations of its asymptotes ami the coordiniiLos of its centre. 
Draw the curve and its asymptotes. 

10. Find tlio asymptotes of the hyperbola 

a.tv/ -f- h.v +cy -h d - 0. 

11. Eind the lengths of the soini-axcs of the rectangular hyiJorbolaa 

(i) xi/ = 1; (it) G.1V/+ 4.v - Oy = 7. 

12. Provo that the product of the perpendiculars from any point 
of the curve 3.v^+‘l.rv/ = G on to the asymptotes of the curve is the 
constant 0/5. Eind the HCiuares of the semi-axes of the hyperbola 
represented by 3.'r''-h4.^’y=0. 

13. Pind the asymptotes and centres of tlio hyperbolas : 

(i) (2.v-y-l-l)(.r-t-J/~2)= .3 ; (ii) 3.r3- hry-4/-5.v-G?/=3. 

14. Eind tlio equation of the hyperbola whoso asymptotes are 
parallel to 2.r-|-3y=0, —27/=0, whoso centre is at (1, 2), and which 
passes throiigh (5, 3). 

15. Show that the two chords of the hyperbola 

xi/ — 2.r - 3y -1-5=0 

which pass through (0, 2) and suhtond a right angle at the origin 
are inclined to the .r-axis at angles 135° ami cot“‘6. 

16. P is any point on the fixed lino y=«i.r, A and B are the fixed 
points (c, 0) and (- c, 0). The lino PQ suhtonds a right angle at each 
of the points A and Ii j prove tliat the locus of Q iu a hyjiorhola one 
of who.Ho asymptotes is tlio y-axis and the other the finrpoiulicuhir 
through the origin to tho locus of P. SUoteh tlio locus of (J). 

17. Provo that tho equation of tho tangent to 

.r‘y=<!®, 

at tho point (.ri, yi), is .t’/A’,'l-y/7/i=2. 

18. Provo that tho equation of tho chord of xy~(i\ wlioso 
oxtroiiiibies are (c^i, ojt^ and (ct^, is 



Deduce tho equation of tho tangent at tho point t. 

19. A parallelogram has its sides parallel to tho a8yin]>totos of a 
hyporljola and the oxbreniitioa of one diagonal lie on tho curve : prove 
that tho other diagonal passes through tho contro. 'Deduce (hat the 
locus of middle points of parallel chorda of a hyperbola is a diamolor. 

20. A chord of a liyperbola meets an asymptote in A, and il/, jV 
are points on this asymjitoto aucli that Jfi’, NQ are parallel to tho 
other asymptote j prove that GM—AUt, 
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21. Any two points /*, Q avo tal<on on a hyperbola, centre 0, 
Lines through /*, Q parallel to the asyniptotes meet in A". Eroyo 
that GK bisects PQ< 

22. E and F are fixed points on a hyperbola, P a vai’iablo point. 
PE^ PF meet an asymptote in il/, N. Provo that MN is of constant 
length. By considering P at infinity on the curve, verify what the 
constant length is. 

23. Show that the tangents at the extroniitios of a chord of_ a 
hyperbola moot either asymptote in jjoints equally distant from its 
intoraeetion with the chord, 

24. MM' is any chord of a hyperbola and P is an extremity of the 
diameter bisecting the chord. Lines il/A”, PQ^ M'K' are drawn 
parallel to one asymptote to meet the other in A', Qi K', Show that 
OK> GK‘=-C(^^ whore C is the centre of the hyperbola. 

• 26. Prove that the tangents at the vertices of a hyperbola meet 

its asymptotes on the cirouniforouco of the circle of which the lino 
joining the foci is a diameter. 

28. Given one asymptote of a hyperbola, two tangents and the 
point of contact of one of them, construct the other asymptote. 

27. The tangent at a point P on a hyperbola moots tho asymptotes 
in T' and the circum-circle of the triangle GTT' outs llio axes at 
0 and (f ; prove that the line Gcj is the normal at the point P (that is, 
the perpendicular at P to tho tangent). 

28. The straight line .vja-\-yjh—\ moots tho axes at A, /?, and 0 is 
the middle point of A.B, Find tho equation of tho hyporbola which 
passes through C and has the axes as asymptotes. If tho axes arc 
rectangular, find tho length of either semi-axis. 

29. If r, r' be focal radii of an ellipse at right angles to each other^ 

prove that A IV ,/I IV 

is constant, where I is the semi-latus I’ectum. 

30. If /, f bo two focal chords of a parabola at right angles to each 

other, prove that 111 

7 + 7 “®’ 

where I is tho sonii-latua rectum. 
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CHAPTER XTX. 

THE ELLIPSE AS THE ORTHOGONAL PROJECTION 
OF A CIRCLE. 

134. The Aiixilia-ry Oircle. We shall now eon.sider the 
ollipso from anoUior point of view. On the major axis 
A A' of fclie eilijpso as diameter, describo a 

circle; its equation is - 



Let WP, an ordinato of the ollipso, meet this circle in 
Q (Fig. 116). Then 


Om , NP'^ 
ir+TT 


ftnd 


■y+ir 


NJ” w „„ 

'^~~w “ 


npA.wq. 

€t 


therefore 
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Hence the ellipse may be* doi'ivocl from 

the circle by vshortoning each ordinato NQ 

the circle in the ratio h\a. Or wo may supjiOHo i-lio cirola 
AQA' to bo tilted round AA‘, out of tlio boiuj^oubid piano 
of the paper, till Q lies vertically over P, blion blio ui)poi' 
half AQA' of the circle will lie vertically ovor APA\ tho 
upper half of the ellipse, and the under half of bho circle 
will lie vertically below the under half of tli<‘. ollipHo, If 
vertical rays descend upon the circle in its tilted j><>Hition, 
those which graze the circumference of the circle will inavk 
the outline of the ellipse. Hence an cUlpHo is Huid to he 
the orthogonal projection of a circle. The circle ou AA^ 
as diameter is called the auxiliary circle and Q ai’o called 
corresponding points. 

The an^le AGQ is called the eccentric angle of P, and if 
this angle is denoted by Q the coordinates of P arc 


For 


but 


x = acos0, y=:lJ8m0. 

‘ ON 1 Ll ^ 

cos u — and tlierolore o) = « eoH 6, 

and therefore NQ^ f63in 0; 

y=NpA.NQ^hRme. 

ct 


P is often called “ the point 6.” 

The equations w = a cos 0, y :=h Bin B 
are Freedom Equations of the ellipse. 


Ex. 1. 


mn- mi"" .* Tri7/.‘ ,, corrofinoiKUnK orciinaloH A7', 

• ^ ‘ i both fltnpH, and all coiToanoiid- 

ing ordinates are m tiie ratio 6 : a, bo that ^ 


area of ellipso ; aim of circle = & ; a. 


Therefore 


area of eliipae«!~. (aim of circle)* 


a 


7ra^=frixh 


projection of P on the minor axis P/i'. and ff 
^ diamotor in bIiow that MP ; MP* /« 

^ ^°dueo tho theorem that tho eirolo an 
BIP aa diameter is the orthogonal projection of tho ollipao, 





§§ 184,135] ELLIPSE. AUXILIARY CIRCLE. 343 


We have, from the equations of ellipse and cii'clo, 


BO that 


' 


A[P'^ GM^ - 
+"Tr = l> 


63 

MP 

MP'’ 


By tilting the ellipse round BB' till P lies vertically over P', wo 
prove the projection theorem, as we proved the coiTesponding theorom 
m the text on the relation of the auxiliary circle to the ellipse. 


136. The Tangent and Normal. Tho normal at any point 
P on a curve is tho perpendicular through P to the 
tangent to the curve at P. We now prove 

Theorem 1 . 

Tangents at P and Q, corresfponding joints on the 
ellipse and the aicxilitmj circle, meet on the major axis at 
a point T such that OT—GA^ 

where R is the projection of P or Q on the major axis 
(Fig. 116). 

Let QCf, a secant o£ the circle, meet AA^ in T\ Now 
tilt tho circle, and tho secant with it, round T'A A' till tho 
circle projects into tho ellipse; T'QCf then projects into 
T'PP', tho corresponding secant of the ellipse. Let T' 
move along tho major axis so that 'PQQ' turns round Q, 
bringing Q' linally into coincidence with Q', T' will roach 
some ^oint, T say, on the axis A A', Since P, Q and P', Q' 
are pairs of corresponding points, P' will come into coinci¬ 
dence with P when Q' comes into coincidence with Q, 
I-Ionce tho tangents at P and Q to the ellipse and the circle 
will moot at T. 

Prom the similar triangles GlhQ, OQT, wo now have 

or 

In tho same way, by malcing use of tho circle on BB' as 
diameter (§ 134, Ex. 2), wo deduce 
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Theorem 2. 


The tangents at P and Q, cor}'‘esponding ]}oinis on the 
ellipse and the circle on BB' as diameter^ meet the mmor 
c^aJ^s at a point t such that 

Gn.Ot^GB^ 

where n is the projection of P or Q on the minor axis. 

From Theorems 1 and 2 we readily deduce the equations 
of the tangent and normal at any point P(acosd, 6siu0) 
on fclie ellipse — 

Let tlie tangent (Fig. 116) meet the major and minor 
axes in T and t respectively; 


then 


GT^ 


QA^__ a 
GN "cos0’ 


_ 

Gn sin Q 


and therefore the equation of the tangent is (§ 32, (4)) 


QT^ Gt . ^ ^ 

or . 

a h 

If P is the point (ajp i/j), then GT—a^joe^, Gt — h^/y^, and 
equation (1) becomes 

a2 ^ . 

The normal at P is the perpendicular to the lino (2) 
tlirongh tlie point (acosd, osinfi); the equation of the 
normal is therefore 

({» —o-cos 0)—(i/-6sin 0)~r^“O 
' "^cosd 

or = .(4) 

cos 0 sin 0 ^ ' 

The equation cf the normal at (a;^, y^) is 

a^x bV o 
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Ex. 1. Show that the condition that the line 

Iv+mi/^n .......(i) 

should bo a tangent to the ellipse — l is 

Equation (i) must, if tho lino touch the ellipse at the point 0, be 
equivalent to equation (2) above. Hence 

£__co8 0 m__8in0 

n~ cs ’ n~ b * .^ ' 

and thoi’ofore aH^ + bW= (cos‘^ 0 + s in^ 0)= n\ 

Tho point of contact is given by equations (ii). 

Otherwise.^ Express tho condition that tho equations of tho lino 
and the ellipse, regarded as simultanGous equations, should have a 
repeated solution. The equation for x is 

{l^a^ -p A’® - ^ilaH + <i? (7i®—=0, 

and tho condition for equal roots is 

K= flS -P (7i® — 

or 


Ex. 2. If iSF, )S'F are tho porpondiculnrs from tho foci on the 
tangent PT at P, show that 


S is the point (crt, 0) and S' the point (-m, 0) (Eig IIG); form the 
expressions (^30) for the longtha of tho porponaiculara on tho lino 
given by equation (2) of tho text, wliich may bo written in tho form 

hx cos 0 -t- ay sin 0 - rti!>=0, 

and wo got 

_ Ga 6 co 30 -fl& ~ocihcosO-~ah 

" s/{b'^coB^0+a^m\^0) cos^0+sin'* 0) 


a^6^(l -c^c os^ 0) 

0^008^0'P a^8in^0' 


But eV'*=a®-i®, and tho numerator becomes 

{it? ~ a? cos'^ 0 -I- 6® c 03 ^ 0)—6® (a® si n^ 0 +Ifl cos® 0), 

and therefore 


Ex. 3. If p is tho perpendicular from tho centre G on the tangont 
P7 at i, show that p=:abjsJ(a^BU\^0'\-b'^cos^0). 

0 is tho point (0, 0); tho required perpondieular p is thoroforo the 
numerical value of _ a&/^/(i2co8®0+a'®sin®0). 

Ex. 4, R is tho point of intersection of tho normals at tho points 
Pand Q on tho ellipse and the lino joining tho coutro 
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Glo R bisects PQ 5 show that the tangents at P and Q intovsoofc ftt 

be the eccentric angles of the points P, 

Then the equations of PR, QR, the normals at P and Qt f^ro 

(UC hy O J.a Ay 


and 


rsaa^ — S’*. 


COS 0 sin 0 cos </> sin </> 

Hence, by § 38, the equation of GR is 

ax hy _ fl.r hy 
cost/ sin0 co8(/) sine/) 

<r.^■(co^ (\i - cos (?) _ &?y(sin <\) - sin 0) 
cos 0 cos ~ sin 0 sin (/j 

But C7P passes through the point -11(008 0-I-cos c/j), 
since this is the middle point of PQ, ^ 

(t^(coa^^-cos^0 _ ~ 0) 

cos Ocosef) ~ sin 0 sin </j ’ 

b COB 6 6 cos </> _ 

a sin 0 a sin (/) ~ 

Now the equation of the tangent at P is 
X cos 9 , y sin 9 , 

-^+—5-«l, 

so that the gradient of the tangent is “icos0/<»ain0j aud similarly 
the gradient of the tangent at $ is - & cos f/>/«sin </>, 

But we have shown fliat the product of these is -1. 

Hence the theorem is proved. 


Therefore 
which reduces to 


EXERCISES XLI, 

1, If a’=a cos 9, y—b sin 9, prove that 1. 

2. "Find the eccentric angle of tho point (4, -1‘2) on bho 
a;V25+//4=sl. 

3. Prove that the eccentric angles of tho extremitioa of the Intom 

recta of the ellipse are given by the oqnabion 

tan 0= ± &/«<). 

4, .Find the abscissae and ordinates of the points on blio ollipno 

whose eccentric angles are 30*, 41)*, GO*. 

6. Prove that the eccentric angles of the extremities of a diiunabtup 
differ by t. 

6. Prove that, with the usual notation, 

>$P=ia(l—ecos 0) and >S'P=a(l+<}coa O'), 
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7. If iff is the point on tlio auxiliary circle eorroaponcling to i, an 
extroniity of llio latus rectum, prove that ,W^OB. 

8i If P, Q) ]ioinba on an ellipse, whose eccentric angles are 0, 
cjoi'rospontl to the points p, q on the auxiliary circle, ijrove that the 
o<iuations of FQ are 

- COB +c/))sin 1(0+</>) == cos 

COB 4(0 + </))+‘^ sin 4(0+</>)=cos It (0 — 4>), 

Doduco (i) that PQ^ intersect on the major axis, (ii) the equation 
of blio tangent at the point 0. 

9. If and 4? are corresponding pointa on the ellipse x^ja^+flb^~ 1 
and its auxiliary circle, and m is the gradient of 01\ lind the gradient 
<jf GQ, 

10. If P, Q are corresponding points on the ellipse .r7rt“+y7i!'^=l 
and ita auxiliary circle, and w is the gradient of the tangent at P to 
bho ollipao, find the gradient of the tangent at Q to the circle. 

11, If .Vj is tlie ahaciBBa and 0 the eccentric angle of P, prove that, 
"Nvith tho usual notation, 

C'J'~ a?!xx = a/cos 0, and (a® - a’i’*)/a’i=«8in20/co8 0, 

N'P is called tho autotangent. 


12. If 0 is tho eccentric angle of P, prove that tho gradient of the 
fcaiigont PT ifl ~ h cos Oja sin 0. 

13. Provo that tho equation of the tangent at tho point (.r,, i/i) on 
tlio ollipao .#/«'“*+,v7^'''’®= I is 


a® ^ 6'^ * 


by using the equation of tho tangent at tho corresponding point on 
Lbo auxiliary circhi. 

14. If OJ) is tho sonu-diamotor parallel to P7\ tho tangent at the 
point 0, prove that D is tho point ^+| (- a sin 0,6 coa 0), and that 

' C'/«+P7)3«a2+&'^. 

16. Provo that tho oirclo on the subtangonb iVP as diameter cuts 
Uio anxiliai’y circle orthogonally. 

18, Tho tangent at P meets tho major axis in 3’} AP and ^d'P 
moot tlio porpondicular to A A* through 3’ in Q and i/ i’oapectively ; 
prove til at Q(^ is hisoctod at 3'. 

17. If F is tho projection of tho centre G on a variable tangent at 

P to tho ellipse prove that the maximum value of PF 

m a-~b. 



3d:8 ANALYTICAL GEOMEl’RY. [OH. XIX. 

18, Eind the condition that lx-\-'iny=\ may bo a tangent to the 

ell ipse -I- j _ 

19, A vai'iablo circle of the same radius as tlio circle 

passes tlu’ougli the point (4, 0); prove that the common chord of tho 
circles touches the ellipso a’726+yV9 = L 

20, Provo that tlie equations of tho tangents to tho olHpso 

of gradion t m are y—mx ± V+ h^. 

21, Tf AA\ BB’ are the princijml axes of an ellipse and A 

show that the sum of tho squares of tho perpendiculars from A, B on 
any tangent to tho curve is constant, 

22, Pbid tho eccentric angle of if tho tangent at is porpoii- 
clicalar to tho tangent at P, whose eccentric angle is 0, and prove 
that the locus of intersection of the tangents at Py Q is the oirclq 
called tho direotor-oii’ole, whoso equatioti is 

23, Prove that tho product of the distances of a chord of an ellipse 
from the two tangents i)araUel to it is the difroi’onco botwoon the 
square of tho semi-axis minor and the product of the porpondiculai’s 
on tho chord from the foci, 

2i. Tho tangent and normal at a point P on an ellipse moot tho 
minor axis in i and g j prove that tg subtends a right angle at oaeli of 
tho foci. 

26. Any tangent to the ellipse meets tho 

ellipse — l in two points, the normals at wliich are 

equidistant from tho conbro, 

26. Find tho condition that Ix+my^n may bo a normal to tho 

ellipse !• 

27. If from any point on an ellipse perpendiculars are drawn to tho 
axes, show that the line joining the feet of these porpondioulara is 
always normal to a fixed concentric ellipse, 

28. Show that, if the normal to an ellipse meets tho minor axis 
in g and is a focus, Sg^o . t'g, 

29. Tf PF bo a diameter of the ellipse 4-7/7^®=! '1, prove that the 
locus of the intersection of the normal at P with the ordinate at F Is 

30. P ia the point on tho ellipse whoso coordinates 

are a^/N/a+6, 6^/Va+6 ; find (i) the length of the pori)oiidicular GQ 
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lot fall from tho contro G on tlio tan gout at 1\ (ii) the length PQ, 
(iii) tho equation of tho normal at (iv) the coordinates of the point 
wliere tlio normal moots the curve again. 


31, If SYf F>Y' are tho porpomliculars from the foci of an ellipse 
on tho tangont at P, and if tho normal at P meeta tho major axie 
in (?, prove that 

11 4 

is constant. 


32. If tho chords joining tho pairs of points a, (3 and y, S respeotivoly 
moot tho major axis in two points oquidiatiint from tho centre, provo that 

tan “ tan tan ^ tan - ~ 1. 

^ a ^ 


33. Eind tho equation of tho ollipao. whoso soini-axoa are a, 6, 
roforrod to A'A and tho tangent at A' as axes of .r and y. By 
considoring the limiting form of tho equation as e tonds towards 1, 
^yhilo tS', A' romaiii iixod, show that tho parabola is a limiting form 
of tho ollipso, 


34, If 0, f/j aro tho occcntric angles of the oxtremitiea o£ a chord 
throngli tho focus, provo that 


0” (/> 

cos —--i-=:o , cos 
2 


0 + 


36. PSQ, PS'Jt avo two focal chords of an ollipse and tho cccontric 
angles of tho points Q and /i aro (j>i and c/)^. Show that tan ^ : tan^ 
is a constant ratio for all positions of f’. 

36. If PQ) Vli are focal <5hords of an ellipse and 2a, 2^, 2y aro tho 
occontric angles of P^ (j), A’, provo that 

tan'‘‘« Ian p tan y=l. 

37. If P, Q aro tho points 0, (j) on tho ollipso ,7/76^=1 such 

that arc parallel and in tho sauio direction, prove (1) that 

o<=^Hu\ ~ 0)pin 1(<I) + 0), (2) that 7^ toiiohos tho ellipse 

“ 1 - }p/IA ~ 1 /a\ 

and (3) that tho tangents at /^, Q intoi'scct on tho auxiliary circlo. 

38. 7-*, P aro covresj ion ding points on tho ollipso 

and its auxiliary circlo. If OP’ meets the noniial at 7Mn <y, iind tho 
equation of tho loons of Q. 


136. Oonjugato Diametera. ConHklor a cHamobor Q'OQ of 
fcho auxiliary circlo. Ill l)iBcct« all chords of tlio circle 
perpendicular to it, and ilicHc form a ayatem of parallel 
chords of the circle, Now turn tho circlo, and tho Bystom 
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of parallel chords along with it, about A A' till the oirelo 
projects into the ellipse; the system of chords of fcho 
circle will project into a corresponding system of parallel 
chords of the ellipse, and the tangents at Q and Q, which 
are parallel to the chords of the circle, will project into 



I’m. 117. 

fcho tangents at P and P' on the ellipse, which will bo 
parallel to tlie chords of fche ellipse. Since the middlo 
points of the chords of tire circle lie on the straiglit Hno 
the middle points of the chords of the ellipse will' 
lie on the straight line P'OP, Hence wo have (h’ig, 117) 

Theorem 3. 

The locus of the middle jwints of a system of pa/fallel 
chords of an ellvpse is a diameter of the ellipse, and (he 
tangents to the elli/pse at the ends of the diameter' are 
parallel to the ehovds bisected by the diameter. 

Again, suppose QVQ and li'GIi in Fig. 118 to bo two 
perpencUcular diameters of the auxiliary circle. Each of. 
these bisects chords parallel to the other; therefore thoVi' 
project into diameters P'GP and B'GI) of the ellipse, oaoll, 
of which bisects chords of tlie ellipse parallel to the othetv. 
Such cliamocers are called conjugate diameters, and wo havo 
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Theorem 4. 

If chords of an ellipse pa/rallcl to a diameter DVD 
are bisected by the diameter DVP, then^ chords parallel 
to the diameter PVP are bisected by the diameter DVD. 

If tho angle AGQ^O, then the angle jfl(XR=0+'7r/2 and 
the angle AGR' — Q—'irj^; therefore if P is the point 6, 
D will bo tho point 0+^/2 and D' tho point 0—‘7r/2. Wo 
now prove 

Theorem 6. 

If GP ct/nd GD are conjugate semi-diameters, 

GP^^GD^=GA^-\-GlP, 



P is tho point (acos0, 6sm0) in Fig, 118 and D the 
point (•~asin0, i cos 0), bocauso cos( 0 + 7 r/ 2 )= — sin 0 and 
8in(0+7r/2)=cos 0, Therefore 

(7P2=0.2 oos20+6® sin20, GD^ =a® ain20+6* cos20 
and 0P2d- ss (cos^dsin®^) 62(sm20-f cos^d) s=! 0,2 -p b\ 
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Theorem 6, 

If GP, OD m'e cor^xigate semi-diameters and p is the 
perpend/iGular from the centre 0 on the tangent at P, then 

p.GD = ah. 

Since CD = aos^d), this theorem is proved in 

§136, Ex. 3. 

Tlie tangents at the ends of a pair of conjugate diamolors, 
PGP' and DGL', form a parallelogram (Eig. 11V), called 
the conjugate parallelogram; Theorem 6 shows that the 
area of this parallelogram is constant, and equal to 4ja6. 

Theorem 7. 

If GP, GD are corrugate semi-diameters, then 
GD^=SP,S'P. 

Let P be the point 0; then, § 128, 

8P~a—e{x of P)=a—ecteos 6, /ST=a+mcos0, 
so that 8P, S'P = — e^a^ cos®0 = — (a^ — h^) cos^d, 

and therefore SP. S'P — (P sin^d + 6^ cos^d = GD^. 


Theorem 8. 

If the semi-diameter GP of an ellipse hiseot the chord 
QQat V, then the temgents at Q and Q' meet at a point T- 
on OP produced, such that 

GV.OT=GP^ 

Suppose the figure (Fig, 119) projected from the cori’o* 
sponding figure for a circle, and use small letters to denote 
corresponding points on the circle. Then qq' is porpoii- 
dicular to Op, and the tangenis at q and q meet on Gp 
produced at % so that 

Ov, Gt — Gq'^ = Gp^ or Gv : Gp = Gp : Gt 

But the ratios Gv : Op and Gp i Gt are not altered 
projection, since G, v, p, t lie on the same straight line; 
therefore (Pig. 119) 

OV’.OP=^GP:GT or GV.GT^GPK 
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Tiiisohrji 9. 

If P'GP, B'GD are hoo conjugate diameters of an ellipse 
and V the middle point of any chord QQ' parallel to 
GB, then VQ^\P'V.YP^ GJJ '^: GP^ 



Fia. no. 


Projecting from the corresponding figure lor a circle and 
using'tho same notation as in Theorem 8, we have (Fig. 119), 
since cl'Gd and fvq arc porpoiidicular to p>Cpt 

: Gd^ ^p'v . vp : Gp'^t 

because v<f~p*v . vp and Gd^ — Gp^, But the ratios rq : Gd^ 
p'v : Gp and vp : Gp arc not altered by projection, because 
vq and Gd are on parallel linos and y/) G> i) aro on the 
same straight lino; thoroforo (Fig. 119) 

VQ^\GD^^1^'V>VP:GP^ 
or FQ 2 . jyy, VP^OIP : GP\ 

Since P'F. -C^F^, wo may put the result in 


tlio form 


Oy2 7Q2 _ 

'aP^'^GI)'^~' ' 


and, taking P'GPt B'OD as oblique axes, GV—x, VQ^y, 
OP«a", GB^^h', wo got tho equation 




which is tho 6q[uation of the ellipse referred to two conjugate 
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diameters as axes. It is easy to show, by Theorem 8, that 
the equation of the tangent at the point (aJj, y^) is 




= 1 . 


(S) 


Gradients of Gonjugate Diameter's, Tf m, m' are the 
gradients of the conjugate diauietors P'OP, D’GD of tlio 
ellipse then 

mm'~ .(3) 


If P is the point 6, then D is the point 0d-7r/2; the 
coordinates of P are a cos 0, h sin 0, and those or I) aro 
— ft sin 0, h cos 6. Hence 


& sin 0 , h cos 0 

ttcos0 —asin0 


mm = —:«• 
or 


Ex. 1, If blio tangent at P on an ellipse nieota the directrix in 
prove that the angle JPSZ ia a light angle. 

Let the tangent at P(a cos 6, b sin 0) bo 

-cos0+f sin 0=1.'•••(0 

CC 0 

The abscissa of Z is 0A'’ or afe ; therefore, putting a/e for .v in (i), 
wo find for g, the oixliimte of Zf the value 

(e~co3 0)6 
e sin 0 

Hence the gradient of SZ is 

(g-coa 0)6 . (1 ~o^) a h(e - cos 0) 

e sin 0 ' g a(l -• e'^) sin 0‘ 

But the gradient of SP is and therefore the product of ■ 

the gradients of SZ and SP ia -1, since &®=a®(i — o®). 

See also § 137, Theorem 2, 

Ex. 2. The porpondieular from S, the focus of an ollipao, to a ohoi'd 
of the ellipse, meets the directrix ZX whore the diameter bisecting; 
the chord meets it. ' ' 

Let the diameter meet the parallel focal chord QQ' in F, the curve, 
in P and the directrix in T. Then, by Ex. 1 and Th. 8, TS is thp 
perpendicular to Q(^, and therefore to the given chord. 'L'his proves ■ 
the proposition. 
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Ex. 3. To construct a pair of conjugato clianictora of a given ellipso 
which shall contain a givou angle «, and to find avIiou tho angle is a 
minimum. 


Using Uio notation of JSxamplo 2, wo see that angle GTS is —aji 


honco T is found by deacribing on CS a segment of n circle containing 
an angle — diameters, tho other ia the 

perpendicular from Q to TS, 

'rlioro are two poaitions of T ; when they coincide tho angle a is a 
minimum and tlio conjugate diameters are eciual. It may bo verified 
that then tan iu—>/(l -e*^). 


BXEEOISES XLII. 

1. Find tho gradient of tho diameter conjugate to ?/=.u 

2. A diameter of tho ellipso .r'*/25-hy7^=l is parallel to the lino 
2.r+7?/“r)=0 ; find tho equation of tho conjugate diameter. 

3. Find tho equation of tho lino joining tlm centre of the ollipae 

16 to tho middle point of tho chord avIioso equation is 

+ ?/ = !. 

4. Establish tho identity 

{SV- GA f-\-{GA <7»S2, 

following the usual notation. 

6. If tho diameter through a point P on an ellipse bisects tho 
chord which is normal at % prove tliat tho dinmotor through bisects 
tlio cliorcl whicli la normal at P. 

6. PQ is a chord, of an olllpao norihnl at J*, G% tho porpendiculnr 
from tho contro G on tho tnngont at 7’, and GD tho somi-dianmtor 
conjugate to GP, I’rovo that PQ’‘lOD^GA . GP ; GJP-\-P^^> 

7. If UP, GQ biHcct chords parallel to tho bisectors of tho angles 
between tho x- and y-axos, piwo that tho product of the gradionis of 
OP and GQ is -' lAjaK 

8. Provo that tho axes form tlio only pair of conjugate diameters 
at right angles to oacli othoi*. 

9. If Pl^i a diamotor of an ellipse, subtend a right angle at tho 
point R on tho ollipso, prove that tho axes are parallm to Ri\ RF. 

10. Provo that the diameters of tho ellipse Avhoso 

gradients aro 6/ff, ~ 6/«, aro oqnl>ooiiJugate diameters. 

U, If a diamotor of an ellipso subtends a right angle nt tho ends of 
its conjugate, show that the length of tho diamotor is dotorminod, and 
find tho coordinatofl of its ouds roforred to tho principal diamotors 
as axes. 
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12. Show how to construct a pair of con jugate cliamotors when the 
angle between thorn is given, ancl prove that when tlie angle botAveon 
a pah’ of conjugate diameters is a minimum, the inclination of one of 
thorn to the major axis is tan“V(l “ ^'0* 

13. If 01\ GJy are conjugate aomi-dianiotera and the tangents nt 
P and P meet in ?’ find the locus of the middle point of and nlao 
the locus of 7. 

14. An ellipse passes through the six points (2, 3), (3, 2), (3, 1), 
n., 3), (1, 2), (2,1) j jn’ovo that its canonical equation is §“ + 3?j'''-2=0. 
Fiiici the coordinates of the centre and the equations of tho diainetei’s 
which bisect chords parallel to tho x- and //-axes. 

16. If the normal at P meet the major and minor axes nt (?, g, 
prove that with tho usual notation 

(1) m : GN^PG : Pg^BG ^: AG\ 

(2) 8g\GD^GS\GB. 

16. Find tho equation of the chord of the ellipse 
whoso iniddlo point is (a’j, 

17. Find the coordinates of the middle jmint of tho chord of bho 
ellipse a’®/a2+2''W=I> "whose equation is 

18. A tangent to the ellipse Avhoso centre is 0, 

Kioots the director circle in Q and Q'\ prove that CQ 

and OQ' are conjugate dianioters of the ellipse. 

19. Tlio locus of the centres of nil ellipses whicli touch two givoti 
straight linos nt given points is a straight line, 

20. Tho normal at P to an ellipse meets the lino joining tho centre 
to the corresponding point on the auxiliary circle in Q; prove that 

PQ^GB. 

21. Tho perpendicular through to GP meets tho directrix Avhore 
tlio conjugate diamotor of GP meets it, 

22. Prove that one pair of conjugate diamotors of an ellipse is 
harmonically conjugate with respect to tho axes, and that those 
diameters aro equal ns well as conjugate. 
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CHAPTER XX. 

GEOMETRICAL DISCUSSION OF SECANTS, TANGENTS 
AND NORMALS OF A CONIC. 

137. The General Conic. Some properties of tho conie pe 
most' simply found by geometry, especially those relating 
to foci, tangents and normals. The following account of 
them will servo to make tho student better acquainted 
witli the curves, before proceeding to examine their pro¬ 
perties further by analysis. 



T^heorem 1. 

If a aeoani PQ of a conic, whose focus is S, meet the 
directrix ZX in Z\ then Z'8 bisects the cmgle P8Q exter¬ 
nally or internally. 
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Proof. Let PM. 

to the directrix ZX} join ISQ. SZ, aird pioduco if 
necesaary, to JR. 

Then ZT PM 

8Q' 


therefore Z' cuts the bfuse PQ of triangle P^^Q oxfcovimlly* 
(Fig. 121) or internally (Fig. 120) in the same ratio aa Iho 



sides ISP, tSQ, so that Z'S bisects tUo angle PBQ oxtoi*nftlly 
or internally. 


Theorem 2, 

If tJie tangent at P on a conic, wJiose foam ia IS, meci 
the directrix ZX in Z, PZ s'dbiends a, ricifU angle at ik6 
focnc 8. 

Proof Let the secant PQ in Fig. 121 ent tJio oiu yfi 
again in Q and the directrix in Z', and lot the Una 
turn about P till Q coincides witli P; at this inomoJlt 
PZ' takes the position of PZ, the tangent at P, Whefi 
Q is all but at P, PSP is all but two right aiiglosj ISKJ, 
that Z'SP, being half oi PSP, is all but one right tvuglo*: 
Therefore the angle ZSP is exactly one right anglo. 
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EXERCISES XLIII. 

1. Show how to draw tho tangont at P on a conic whoso focus 
and directrix are given. 

2. If FSQ Is a fooal oliorfl of a conic, tlio tangents at P, Q meet on 
tho directrix. 

3. Show how to draw tangents to a conic from a point on tho 
directrix, 

4. The focal chord PSQ of a conic meets the directrix in R ; prove 
that PQ is divided internally and oxtornally in tlio same ratio at 8 
and R. 


6. If SL is Iho Bomi-latus roctura, prove that 
STj 

wlioro P, <2 are tho oxtromities of any focal chord. 


-1 4 . 2 . 
'sp'^sq' 


8, PSQ^ FSQ fsxa two focal chords of a conic. Prove that tho 
other fmu’ linos joining P, Q' meet in pai:*8 in two points on the 
directrix which subtend a right angle at tho focus. 


7. P(^ is a fixed focal chord of a conic and i2 is a variable point on 
tho conic. RP and RQ meet the directrix in U and F; show that 
U8V is a right angle and that XU, XV=>X8^, 


8. PQ is a double ordinate of a conic, and tho lino joining P to A', 
tho foot of tho directrix, cuts tho curve in P'. Show that P'Q passes 
through tho focus. 


9, P8Qy a fooal chord of a conic, moots tho directrix in K} prove 
that {PQiSX) is a harmonic range. 

10. A fooal chord PiSQ of a conic moots tho directrix in K j prove 
9 11 

that whoro SPf 8Q, 8I{ are steps on tho P^-Hno. 


11. Tho aegmonla of any focal chord of a conic subtend equal 
angles at tho foot of tho directrix. 


12. P8Qf a focal chord of a conic, moots tho directrix in A', tho 
tangent at P meets tho directrix in % and the pornondicular through 
Q to P^ moots tho tangont at P in 7'j prove bnal X{PQSK) is a 
liarmonic pencil and tliat tho directrix bisects QT, 

13. Tho latus rectum cuts the tangents at tho oxtromibioa of any 
focal chord in Pand IP ; prove that SII^SIP. 


14. ^ If tho projections of /r, any )miut on a tangont to a conic, on 
the directrix and tho focal radiim of tho point of contact bo I and V 
rospocbivoly, prove that SUt^^o, KI. (Adams’s Property,) 
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16. Uso Adams’s Pi’operty to construct the tangents to a conic 
from an oxtonial point, and to show that the tangents subtend equal 
angles at the focus. 

16. The tangent at Z, the extremity of the latua I’ectum of a conic, 
meets the ordinate NP of a point P in Q j pi’ovo that 

17. Given the focus of a conic, a tangent and its point of contact, 
and another point on the curve, show how to construct the vortex 
and the directrix. 

18. The tangent at P to a conic meets the directrix in Z and the 
axis through S in T', prove that SM touohos the circle SZT. 

19. If Y is the foot of the perpendicular from S to the tangent 
at P, prove that SY : YX=SP : PJu, where M is the projection of P 
on the directrix, 

138. Notation and Definitions. The following notation 
will bo used unless the contrary is expressly stated. 

S, S' are the foci of a conic, and the correspond¬ 
ing directrices; X and X' are the feet of these directrices; 

A and A' are the corresponding vertices. L, L' are tho 
extremities of the latus rectum. 

The circle on AA' as diameter is called the auxiliary 
circle. 

G is the centre of the conic; ON and JVP are the abscissa 
and ordinate of a point P on the curve, FM the perpen¬ 
dicular from P on the directrix ZX. 

y, Y' are the feet of tho perpendiculars from St S' on tho 
tangent at P. 

The nm'mal at P is the perpendicular at P to tho 
tangent at P. 

The tangent and normal at P meet the transverse axis : 
of the conic in T and Q respectively; NT is called tho 
suhtamgent and NQ the mhnorrmd at the point P. 

139, The Parabola. 

Theorem 3, 

If the tangent and normal at F on a parabola ' 
droAvnt then . ■ 

(1) lSFT=lMPT, (2) ;SP=,SfT, (S) SF^SG, . 

(4)TA^AN (5)NG^^AS, 
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P^ooft Lot tliG tangent at P meet tlie directrix in Z 
(Fig. 122). 

(1) Anglo ZBP is a right angle, by Theorem 2, so that 
hriangles iJSP, ZMP are congruent, and lSPT= /lMPT, 

(2) By (1). lSPT= lMPT, 

But lMPT^ lSTP, 

fchoreforo lSPP^lSTP and SP==^ST. 



(3) By (2), S is the centre oJ! the semi-circle which 
contains the right angle TPG; therefore 8P=SG. 

(4) TA =<Sf2’-^A = 

But PM=^NX, SA^AX, so that TA^AX. 

(5) XG’=Sa-8X==^8P-SX=^XN~-8N=2AS. 


Theorem A 

The loGU8 of 7, the foot of the 'pf^Tpendicvlm' from 
the focus on the tangent at P, is the tangent at the vertex. 

Proof, Join 8M (Fig. 128); tlion 8PM is an isosceles 
triangle and PT bisects the vortical angle, by Theorem 3. 


362 ANALYTICAL GEOMETRY. [OII. XX, 

Tliorefoi’e PT cuts BM at right angles, so that tho 
intersection of and PT is F, the foot of the porpon* 
dicular from 8 to PT. 

Now Y, A bisect 8M, SX ; therefore A F, being perpen¬ 
dicular to A8, is the tangent at tho vortex, and the locus 
of F. 



Gor. 1. 5 F bisects the angle T8P. I 

Got. 2. y = mx ci/m is the tangent of gradient vi to thO;" 
parabola 2/^5= 4aaj, 

Theorem 6. 

SY^==^A8.8P. [ 

Proof. In triangles ASY^ Y8P (Fig. 128), 

lSAY=::l8YP and lASY^lYSP] 
therefore the triangles are similar, and ;) 

A8'.8Y==:8Yi8P or SY^:=A8.8P, 

Theorem 6. i 

If tangents at P and P' meet in 0^ OP and OP' suhi&ddt 
equal angles at the foeus, the triangles 08P a/nd OSP' dr4': 
simila/r, cmd 80'^ = 8P . 8P', 
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Proof. Let OP, OP' (Fig. 124) meet the tangent at the 
vortex ‘in F, F'; join SY, ^'F', 80. 

Then, by Theorem 4, angles jSfFO, 8Y'0 are right angles, 
so that the lour points 0, F, 8, Y' lie on. a circle.,.(1) 

Also, as in Theorem 6, 

l8PY:^ Z.SFA - lSOY, by (1), 
and l8P'Y'=8Y'A - lSOY, by (1). 



Tlieroforo the angles jSPO, SOP ol triangle OSP are 
equal to the angles 80P\ SP'O of: triangle OSP'. 

Konco L OSP = A that is, 02* and OP' subtend 
equal angles at the focus. 

Also, the triangles OSP, 082*' are similar, 

and SO'^^SP.SF. 


EXERCISES XLXV. 

1, Provo that SVMT in a rlioiiibuH, 

2, Provo lliat ovory point on ]*T is oquidiatnut from S and M. 

3, Given the fociia and directrix and a point 0 on ]*'i\ show how 
to find P 5 and then givo a conatrnotion lor drawing Lho tnngonta 
from a given point 0 to a parabola whoso focus and directrix are 
given. 
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4. Given the tangent PT and F ila point of con taut, given also 
the focus, draw the directrix. 

5. Given the tangent PT but not P the point of contncfc, givon 
also some point Q on the curve, and tho focus, sliow liow to ilnu tho 
directrix and tho point P, 

6. Given tho tangent PT but not P tho ])oint of ooiitact, givoii 
also tho axis and the focus, show how to find tlio directrix and tho 
point P. 

7. Tangents at the extremities of a focal chord of ii parabola 
intersect at right angles on the directrix. 

8. The circle on a focal chord of a parabola as dianioLov touohoB 
the directrix. 

9. Tangents at tho extremities <2' of a focal chord of a parabola 
meet at Z, and the parallel through Z to tho axis meoLs tlio ourvo at 
P', prove that QQ'^^P. 

10, The locus of tho middle points of focal chords of a parabola in a 
parabola. 

11. If l~SL, the semidatus rectum, and in-ovo that P(P is 

equal to 2fr. 


12. If PT^PQ and P‘T\ P'Q' be the'timgQnta and norinalH at P. 

^ parabola, and if the diilcronco of tho H(|iiai’eii oil 
P(jf and P G is constant, prove that TT' is eon a taut. 

13. If l—SL^ the semi-latus rectum, and SP^r^ prove that 

SZ=rll'<J i(27‘ ~ ^), 

length of the porpondicular from tho foons on 
to the tangent at the end of the latus rectum is ^'1*5, 

15. Prove that XL is tho tangent at Z, the end of tho latuH-rootuni. 

paSlefi™ Jven iSo. P'”'’'”'"’ 

unFj'ivf ^ OttlouliiUi PT 

Jt, ^rova“tw “> "‘'S and ATm mm of * 

aim y, prove that Ar^ajm and AT=ajm^. 

yisoiatTepotatr"'/''^® 

What is the geometrical significance of tho quantity i ? 

fixld imbfa and JS is tho 

thit drawn porpmuhenlar to pi’ovo 

timfc IP envelops (that is, is a vamlilo taiiBoiit to) the omVo ’ 

9.i“+24»3/+16/-122.1;+=31, 
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21. V is Lho muldlo point of a focal chord of a pai’ahola ; and 
the tangents at Q and Q' meet in O. Tf the tangent parallol to QQ' 
meet the curve in P and OQ, OQ in /f, R\ prove that tho five points 
0, /i?, R\ V lie on a circle, centre l\ 

22. The oxtoi’nal angle between tho tangents OP, OP' is half tho 
angle between SP and HP'. 

23. Tho tangents at P and P' meet in 0 ; prove that 

24. 7'P, TQ are tangents from a point T to a parabola, and TS is 
jiroduced to T' so that TS~ST '; prove that tho triangles T'SP, 
T'HQ are similar. 

26. If TQ, TQ' bo tangonts from T to a parabola, tho bisector of 
tho angle QTQ' is ociually inclined to ^S^Paiid tho axis. 

26. Tho tangents to a ]>aral)ola at P and Q intersect in P; tho 
circles oircnmscrihiiig tho triangles HP'l\ HQT meet tho axis again 
in II and K. Provo that PJI and TK are parallol. 

27. If 7’P, PP are tangonts to a parabola whoso focus is >S, show 
that tho tangonts ut tho points wlmro ST cuts tho parabola are 
parallel to tho bisectors of tho angle P'PP'. 

28. Two parabolas whoso fo(‘i are S and S' havo a common clircotrix ; 
prove that tho bisoetors of tho angles formed by SS and tho directrix 
are common langotits to tho parabolas. 

29. Tho tangents at tho oxlrcmitios of a focal chord of a parabola 
moot in 2'and the nornials in i)rovo that TF \h parallol to the 
axis, 

30. Tho locus of intersection of tho normals at tho extroniitioa of a 
focal chord of a parabola is a parabola. 

31. Show that tho anglo between any two tangonts is C 08 ~'(r,/r 2 ), 
whore rj, are tho rcspoctivo distancoa of thoir point of intersection 
from tho directrix and rocus. 

32. Tho circle pawsing throngh tho points of intersection of throe 
tangents to a paraliola also jiasscs througli tho focus. 

33. If 7'is a point oii tho latus rectum of a parabola, tho tangonts 
from T to tho parabola are two of tho bisectors of tlio angles bot\yoon 
tho latus rectum and tho tangents drawn from T to tho circle 
doacribod on tho latus rectum as diamotor, 

34. Given two tangonts to a parabola and tho focus, dotormino tho 
vortex and the directrix, 

36, The tangents OP, OP' are cut by a third tangent in Q, 
respectively; prove that OQIQP^^F'C^fC^O. 

36. If tho normal PG bo nroducod to moot tho curve again in Q, 
and PQ subtend a right anglo at tho focus, prove that tho ordinate 
of P is equal to llio latiia roctum. 
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37. If a imvaljola touches three sicIob of a ti*iangle, its directrix 
passes through the orthoeontro, 

38. .Provo the following construction for finding on a paraliolii n 
point V such that the portion of the tangent at P iutei’ceptcd between 
the directrix and the tangent at tho vortex is of given length A. 
With centre S and radius L describe a circle cutting tlio_ tangent at 
tho vortex in B. With centre S and radina AB describe a circle 
cutting tho tangent at tho vortex in G, Draw GQ porpondioular to 
SGy and lot it touch the parabola at <2' Find a third proportional, 

F, to SQ and Tlion /'’is the abscissa of tho required point P, 

39. A circle whose eonti'o is on tho axis of a parabola touches Iho 
parabola; prove that the tangent to tlio circle from any point on tho 
parabola is equal to the perpendicular let fall from the point to 
the chord of contact. 

40. Given three tangents to a parabola, and the point of contact of 
ono of them ; determine tho focus and directrix. 

41. P ia a variable point on a fixed lino and A is a fixed point; 
prove that tho peipendicular through P to PA envelops a fixed 
parabola. 

42. Provo that the line joining tho projections of a point on a 
parabola on the axis and tangent at the vertex envelops a fixed 
parabola. 

43. l^rovo that tho parallel through 6^, the foot of tho normal at a 
point P on a parabola, vertex ^1, to AP touches tlie fixed parabola 
whoso focus is tho point (-2a, 0) and whose tangent at the vortex ia 
.v=2a, whore tho axes of x and y are tho axis and the tangent at tho 
vortex of tho given parabola, 

44. The point P ia the foot of tho porpendieulav from tho vertex on ■ 
a variable tangent, gradient )a, of the parabola y^~Aax \ show that 

=5 - a/(l + y=ajm{\-^ 

are freedom-equations of the locus of P. Find the constraint-equation,., 
and trace tho locus from either of these equations. The locus ia tho 
pedal of the parabola with respect to its vertex. 

140. Oentral Oonics. The following ai'e tho impoi'fcanfc 
properties of tho tangent and normal to a contra! conio, 
ellipse or hyperbola. The proofs refer to tho cllipso, but, 
they apply with certain obvious changes to tho hyperbola, 

Theorem 7. 

T}i 6 focal ddstanccs SP^ S'P a/rc equally inclined to thfi.r 
tangent and normal at P, and ' 

(1) SG^e,SP, (2) 8V=e.8'P, {2,) OG^eKGN.. 
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Proof. Lot t]\e baiigont at P (Fig. 125) meet tlie 
directrix in 2', join 8Z, ^j\[. 

From Theorem 2, § J37, it follows that S, P, M, Z lie 
on a circle whose diameter is PZ\ PQ is the tangent at 
P to this circle. 

Hence in tnanglo.s BPG, ^PM, 

L SPG = L SlMP and l OSP = l SPM. 



Tlicrofore the triangles SPG^ SPM are similar, and 
SGiSP^SP'.PM=^e] 

so that SG~e. SP ; and similarly S'G—e, S'.P. 

Also, by (1) and (2), SG:S'G==^SP : 8'P, 

so that the normal PG is equally inclined to SPt S'l^. 

Since the tangent is perpendicular to the normal, it 
also is equally inclined to 8P, S'P. 

Again, CG== 08-GS^ e.GA-e.8P 
=c8(6LT~PJI/) = 0^CA^. 

Theorem 8. 

The locus of the feet of the pe'tv^i'i^dioulars from the foot 
on a va/nahle tangent is the avmUoA'y circle. 

Proof. Lot 8^P (Fig. 116) meet 8Y in II, Then, since 
PF bisects the angle 8PII, by Theorem 7, 

8P^PII and 87^^YH. 
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Therefore +PH == S'P +6’P=^ /I 

so that GY^ ^S'II= OjL 

Hence the locus of Y is the circle, centre (7, ratlins (M, 
that is, the auxiliary circle. 

Note. GY is parallel to S'P and GY^ is parallel to iSP. 

Theorem 9. 

BY,S'Y'==GB\ 

Proof. Let Y'8' meet the auxiliary circio a^ain in % 
(F%. 116). Since YTZ is a right angle, YZ is a diainck'.r, 
and therefore passes through G, 

Triangles GbY and GB^Z are congruent, .so that BYpi* 

Therefore BY. S' T=ZS'. S'Y'^AB'. S'A' 

^{GA + OB)(GA - GB)^ OJP. 


Theorem 10. 

(1) If tmgents at the points P and P' on an elHpm 
meet m 0, OP and OP' suhtencl equal angles at 
focus, amd a/re equally mcUnecl to OB and OS', each to 

Xioints P a/nd P' on a hypmiiottl 
meet in 0, OP and OP' subtend equal or S'limplenienlarii 
angles at either focus, according as P and P'^ are on 
sarne 6rfmc/i or ou opposite branches of the hypt^rboUi; 
a^so OP are inclined at equat or Hup])lenwnkn 

cmgles to 08 cmd OB, each to each, aoeordiraj as P 
hyp^bola branches or on the same branch of fM 

/oif0?, 0//®'^" “ 

Then, as in Theorem 8, 

SP^HP and S'lT^AA'. 

Hence, in triangles SPO and HPO, 

SP^IIP, 0P = 0P, LSP0=i,IIP0, 
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boeauso PO, the tangent at P, is eqnally inclined to PjS 
and PS '; therefore 

lOSP^lOI/P, lPOS^^lPOB, 
and OS-OIL 

Similarly, lOS'P'^ lOH'P', lP'OS'^ lP'OIP, 
and OS'^ OIF. 

Now, in triangles OS'H and OH'S, 

OH^OS, 0S'=^0IF, S'H=^AA'^irS\ 
therefore lS'OH^ lH'OS, so that lSOH^ lS'OB', 



I'm. 120. 


But it was shown that lPOS=^ lPOH 
and lP'OS'^lP'OII'\ 

therefore lPOS— l P'OS', 

or OP, OP' are equally inclined to 0/S(, OS', 

Also, from the congruency of triangles OS'Hy OH'S, 

L OHS'=L OSH', 
and it was proved that 

lOSP^^lOHP; 
therefore l OSP == l OSP' ; 

that is, OP and OP' subtend equal angles at the focus. 

Q.A.Q. 8 A 
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The Asymptotes as Tangents, Since tlie asymptotes aro 
tangents, Theorems 8 and 9 show tliat the feet of the 
perpendiculars from tlie foci on the asymptotes lie on tlio 
auxiliary circle, and that the length of each perpendicular 
is the semi-conjugate axis GB. 

If the tangent at P on a hyperbola meet the asymptotes 
in T and T', as in Fig. 127, and BK, BK' are parallel to the 
asymptotes GT, GT', tlicn BT bisects the angle so that 



Fia. 127. 


T is equidistant from SB and HK. But the perpendicular 
from T to BK is equal to the porpondienlar from B to 01\ 
which, as remarked above, is equal to GB, Hence tlio 
perpendicular from T to BB is equal to GB. Similarly, 
the perpendicular from T' to BB, being equal to the perpen¬ 
dicular from T to BK\ is equal to GB, Hence T and T' are 
equidistant from BB, so that P bisects TT' (see Th. 6, 
p. 336). 

Further, GB bisects chords parallel to TT (§ 132), so that 
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if GD is conjugate in direction to CF, OJ) is parallel to TT\ 
1 lence (§ 45) d{FDTT') is a harmonic poncil, or the asymp¬ 
totes are harmonically conjugate with respect to OP, QD. 

If the hyperbola is rectangular, TFG is an isosceles 
triangle, so diat the conjugate directions GP, CD are equally 
inclined to each of the asymptotes. 

141. Worked Examples. Wo shall now work some ex¬ 
amples of tho application of the above '^llheorcms, 

Ex. 1. SP, avo focal radii of a conic which arc ])arallol and in 
tho sanio direction ; prove that tho tan^jonts at P and Q meet on the 
auxiliary cirolo. 



Draw f?2’(EiK, 128) parallel Lo SP nr S'Q and in tho samo direction 
to moot tho auxiliary circlo in 2'. Thou Lho tangents at P and <2 pass 
through 2', according to Thooroni 8, Cor, 

Ex, 2. If tho normal at P on a roclangular hyperbola moot the 
tnuiBVovso axis in O, them 02^— PO. 

Draw tho tangent at P as in Fig, 127 lo moot the aBymptotos in 
2' anti 2"; draw CD jiarallol to P7’. 

P is tho middle point of tho hypotonuso of triangle 2’(72": thovoforo 
lPCT=l PTC~l 2*C1}, 

Honco O'P bisects both l POD and l QOB, so that L POO<=»lBCT>, 

Now PQ, 6'C'aropQrpondiculai' to CD, CB ; thoroforo 
Hence lPCG^lPOC and C7P=P(7. 
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Ex, 3. PSQ ia a focal cliorcl of a conic; the normals at I\ Q 
intersect in 0 and the tangents in prove that OZ passes through S', 
The four points Z, P, 0, in Eig. 129 lie on a circle, Z lies on the 
directrix and ZS. is perpendicular to P§. 



Hence L Q^*S«complamont of l ZQS=l 0QP«=l OZP. 

Therefore ZO and ZS make equal angles with the tangents ZP and 
ZQ^ so that ZO passes through N', by Inoorem 10, 

EXERCISES XLV. 

1. If the parallel through G to the tangent at P moot SP, S'P at 
P, E', prove that PE^PE'^GA, 

% Given the focus, directrix and a tangent of a conic, show how 
to determine its centre. 

3. If P is a point on an ellipse, whoso foci aro S and iS*, prove 
that the in-centre of the triangle SP^ divides the normal PG in the 
ratio 1:«, whore 6 is the eccentricity. 

4. If 'VQ and TQ' are tangents to a conic, the biaootors of angles 

QTq and STS! coincide. ^ 

6. ^ and F are points on a tangent to a conic, whose focus is »S, 
such that ESF is^ a right angle. The other tangents from E and F 
to tile conic meet it at P and Q ; prove that PQ is a focal chord. 

6, Provo that the external angle between two tangents to an 
ellipse is half the sum of the angles subtended at the foci by the chord 
of contact. 

7. From a movable point Z on the directrix of a conic, a tangent 
is drawn which meets the major axis in T, Sliow that tho locus of 
the intersection of the other tangents from Z and T to the conic is a 
straight line perpendicular to the major axis. 
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8. Pei’poncliculai’s ST, SZ aro diniwn from tho focxia S of an 
elhpsQ to two tangents TQ meeting them in Y and Z. Provo 
tluit YZ is at right angles to S'T. 

9. If Y is the foot of tho })oi'pondicular from 8 to tho tangent 
at P, prove that 8 Y : YX~SO : 8P. 

10. If the tangent and normal at a point P on an oUipao meet tho 
major axis at T and (/, prove that GCf. UT~GS^’ 

11. A is a fixed point; P is a variahlo point on a fixed circle; PQ 
is drawn pornondiculni' to yli*; proyo that PQ envelops a conic which 
is a hyperbola or an oiUpso, according as yi lies outside or iiisido tho 
cii'clo, 

12. A variahlo circle is drawn through a fixed point so as to have 
tho samo radius as a fixed circle; prove that tho common chord of 
tho fixed and variable circles envelops a conio which is a hyjiorhola 
or an ellipse, according as tho fixed point lies outside or inside the 
fixed oirclo. 

13. If the tangent at P moot the directrix in T, and r—jSi*, 

<3=eccentricity, prove that 

8TMrj^{{l-~c . rXlVe . i- Ol- 

14. lil==8/j and SP=i\ prove that 

16. If parallel focal chorda of an ellipse, prove that 

tho intorsQOtions of tho tangents at P, P\ </ lie on a directrix or on 
tho auxiliary circle. 

18. P is any point on an ellipse, PSQ is iv focal chord and PCF' is 
a diameter; prove that the tangents to tho ellipse at'<i^ and P' meet 
on the auxiliary cirolo. 

17. 'P is a iioint on tho auxiliary circle of an ellipse, 'PP and TQ 
are the tangents from T to tho ellipse; prove that the focal distances 
of 7’aro at right angles to TP and 'PQ. 

18. 'I'ho lino through 0, the intoi’soction of tlio normals at the 
oxtromities of a focal chord PP^ parallel to SS'y bisects PP\ 

19, If 0 is the intorsoclion of tho normals PQ, P'Q‘ at the 
oxtromities of a focal chord PP' and Oil parallel to PP' moots the 
axis in //, then // is tho middle point of 'GCr, 

20, li O^Z are tho intorsoebions of the normals and tangontsyit the 
oxtromities of a focal chord P8P'y and if A A’ are tho projections of 
0, Z on PP' respectively, prove that PD^V'M, 

21, If A Z are tho intersection a of tlio normals and tangents nfc 
tho extremities of a focal chord PSP’, prove that tim lino joining 0 to 
the orthocontre of the triangle ZPP' is parallel to ylyl'. 
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22. If J/is the projection of P on the directrix of an ellipao, prove 
that the locus of the intersection of SM and PG is the lino BB’, 

23. The normal at P to an ellipse moots the major axis in G and 
the minor axis in g ; prove that J OjPg is constant, and that Bg is a 
moan proportional between /’</ and Qg, 

24. The circle through the foci and any point on an ellipse passes 
through the intersections of the minor axis with the tangent and 
normal at the point. 

26. If the normal at P meet the minor axis in and n ho tho 
projection of P on the minor axis, prove that VgjCn—GSjBX. 

26. The tangent at ./■*, a point on an ellipse, in cots tho minor axis 
ill L and tho proioctioii of P on the minor axis is n ; prove that 
Gn.Gt^OB^ 

27. The normal PQ meets GF^ the parallel to tho tangent at P, in 
F] prove that PG>PF=GB^, If PG meets tho minor axis in g^ 
prove that Pg . PF^ GA^. 

28. Provo that tho projection of PG on BP or S'P is equal to 
the semi-latus rectum, 

29. Pind an expression for the aubiiornml of a central conic in 
terras of tho central abscissa, and deduce tho corresponding thoorom 
for tho parabola. 

30. Express the sublangent of an ellipse in terms of tho coutral 
abscissa; and deduce that, for a parabola, tho subtangent is twice the 
abscissa measured from tho vortex, 

31. A circle has its centre on the major axis of an ellipse luul 
touches tho ellipse at Q and /£; show that, if P is a variable point on 
the ellipse, tho length of the tangent from P to tho circle boars a 
constant ratio to tho perpendicular from P to QB. 

32. Tangents are drawn to an ellipse from any point 2' on tho 
auxiliary circle. Show that' the perpendicular drawn through one of 
tho foci, 5, to parallel to one of tho tangents and meets tho other 
on a fixed straight Ime whicli is at right angles to the axis and cuts it 
at Ft whore Gp - B/C^=CA’i 

33. PG is tho normal bo a conic at P, and Z is tho projocbibii of G 
on BP; tho lino GJV is drawn parallol to B'P to moot the tangent 
at P in F, and Z/l and B'^ are drawn perpondicular to tho tangent 
at P. Provo that PFjPli=Bl^(S'Z\ 

34. PG is the normal at a point P of an ellipse. If BOB' is tho 
minor axis and MQ the ordinate of a point such that BM=^OPj 
prove that AG^ A'G are equal to tho focal distances of Q. 

36. The four focal radii drawn to any two points of an olHpse have 
one common tangential circle whoso centra is tho intersection of tho 
tangents at the extremities of the radii. 
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36. An el Upas rolls on an oqnal ollipao, If extroimtios of the 
major axoa are initially in contact, find the locim of either focus of 
the rolling ollipao. 

37. A variable ellipse touches a fixed ollipae and has a enuunon 
focus with it; find the locus of ila other focus when its major axis is 
given. 

38. Given one asynnitote of a rectangular hypeihola and two 
points on the curve, find the contra. 

39. Prove that the intcrRcctions of the dircctricoR and the auxiliai'y 
circle of a hyporbola lie on one or other of the asymptotes. 

40. If the parallel to an asymptote of a hyjicrbola through the 
point P on the curve meet Lho directrices in ilf and M\ provo that 
PM and PM' are equal to the focal distances of P, 
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CHAPTER XXL 

ANALYTICAL DISCUSSION OP SECANTS, TANGENTS 
AND NORMALS TO CONICS. 


142. The Parabola. Let 

.»**(0 

and y~%d . 

be the constraint- and freedom-equations of a parabola. 
Then ( 1 / - i/i)( 2 / - ^/g)=.(3) 


is the equation of the secant which cuts the ciu'\'e at lha 
points 2 /j), (tKgj 3 / 2 )* Poi’ (3) I’oduces to a linear 0 (dilation 
in a), y and is satisfied by £B = rtjj, y and by a;==a' 2 , ^ 

Put ^ 2 " 3/1 2 /i® = 4c£a;j in (3); tlion, after rediiebiou, 


2/yi = 2c^(a;+fl:J;.(4) 

this is the equation of the tangent at the point (Xj^, y^). 

If 2/1 —2ai, then (4) boeoraes 

»=!+«(. .(6) 

wliich is the equation of tlie tangent at the point t, 


1 a 

If i = ~, ( 5 ) becomes y^mx-A —, ..(O’! 

which gives the equation of the tangent of gradient m, Ifc 
follows that y'=s'))ix-\-c is a tangent to (1) if c —a/m. 

We also see that i = cotd, whore Q is the angle botwoon 
the axis and the tangent at the point t, so that fclio 
freedom-equations of a parabola may be written 

aj^acot^d, 2 /= 2acold.(7) 








§142] PAUABOLA. TANGENT AND NORMAL. 37Y 


The normal at the point t ia, from (6), 

{y 2af)+i (a)—ai®)=0 

or y+toi—'^at+aP ...(8) 

If — m, (8) becomes 

y = ma) ~ 2a.nb - anr*.(0) 

wliich ia the equation of the normal whose gradient ia ra. 
Equation (5) may bo written as a quadratic in thua. 

C6i2—iy+a;=0; .(10) 

if X, y are regarded as known there arc two values of t to 
correspond; thcae vahic.s give tlic points of contact of 
tangonta to the curve front the known point («;, y). 

Equation (8) lUay bo written as a cubic in t, thus: 

(U^^i(2a,~~x)—y = i}, .(IT) 


showing that three normals can be drawn to the curve 
from a known point (oj, y)', the feet of the noinnals aro 
given by the roots of the eul)io. One root of the cubic 
must bo real, so that one real normal can ho drawn from 
any point to the curve. If the throe roots of the cubic 
(11) are real, then, by S 10(1, 


0 


or 2lay'^^4>(oi~2tif .(12) 

When 27a^* = 4}(jc~2ct)*, two of the normals are 
coincident. When the feet of two of the normals from a 
point G coincide at P, C is called the centre of curvature, 
tlie circle, with centre G and radius 6'P, is called tho circle 
of curvature, and CF is called tho radius of curvature at P. 
Tho locus of tho centre of. curvature ia called the evolute 
of tho original curve, Tho circle of curvature moots tiio 
curve at throe coincident points, and therefore lies as oloso 
to tho curve at tho point a.s a circle can lie. Tho contro 
of curvature is often spoken of as tho intorseclion of oon^ 
aeoutive normals. 
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EXERCISES XLVI. 

1, Prove that the equation of the chord of th« j)araboln y'^—Aax^ 
whose extremities are the points and 4, may bo written ns 

2. If the chord of the parabola y ~ wlioso ox tromitica are 

the points ti and is the normal at the ]Joint dp prove that 

2 

hA-h~ ~f ' 

‘1 

Hence show that the other oxtromity of the normal at the point i 
is the point —t — 

3. Provo tliat the tangents at the points <j, intorsoeb afc the 
point whose coordinates are 

and the normals at the point 

{+^8^+ 2), ~ i^a(^i + ^2) }• 

4, If the feet of two of the three norniala from a point Q to tho 

parabola =4aa? coincide at tho point prove that tho coordiiiatoa of 
the point (7 are a(3f'>+2), -2a<’, 

Find the radius of curvature at tho point t, and tho equation ot 
the evolufce. 

6. If the normal at 2o<) to tho parabola ji^^Aax moots tho 
parabola again in Q, and A is the vortex, prove that tho area of the 
triangle is 2a®(l + f*)(2+ 

6, If theuormaly«= -it’+2a<+ai!® to thoparaholny^=!4a.vmibtond 
a right angle at the vertex, doterniino tho value of t, 

7, Find the values of m so that ■>/=wx+al‘))i may bo a tangonfc tc 
the two parabolas ?/=!4a.« and 7/=4b(.r+c). 

8, Chords of the parabola ;/»=4«.v are drawn to touch tho 
parabola 46.1;; show that tho locus of tho intorsocLion of tangonta 
at their extremities is tlio parabola 6^^=4a*.i'. 

9, If the straight lino y=^)U’+ c toiichos tho parabola y^= 4a( a**[' a), 
prove that c~a^w.+~^. 

10, Show that tho tangents to tho circlo at tho points 

where the straight lino Cuts it nro also tangents to fcho 

parabola y=4/t(«+A). 

11, Show that if the normal at P to a parabola moots tho 011 rvo 
again at and 1/ is the micldlo point of tlio product of bbo 
ordinates of P and U is constant. 

12, If tho normal at tho point P on n parabola cut tho ax in in 
the length of the chord drawn through (/ parallel to tho laii(rcnt at 
P is equal to 4.^2, ;SP, 
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13. Show that the tangent to the parabola y^—Aax at the point 

whove the normal parallel to nioete the curve again is 

my{^ +wi')+ ft^x +a(2 + =0, 

14, ¥rom a fixed point P on the parabola 4a a’, chorda PQ, PQ' 

are drawn making equal angles (j) with the tangent at P. Show that 

will for all values of <j> pass through tho samo point Ji. Provo 
further that if P moves along the parabola, tho locus of Ji is 
(;»+2a)^^ + ‘ia* = 0. 

16. Write down tho coordinates of any point upon the parabola 
y^+i^(y-x)=0 in torma of a single paranioter, 

16. If the tangents at two points of a parabola meet at (.r, y) and 

tho normals at (^, tj), then whore 4a is tho latua rectum. 

17. Provo that the parabola y^=4ax may ho defined as tho locus of 
a point P such that 02^^ is proportional to iW. whoro 0 is a fixed 
point on the parabola and PA/, PW aro the perpendiculars from P on 
two fixed straight lines, ono of which is tho tangent to tho parabola at 
0 and tho other a tangent to tho parabola y®=4rt(.r+4«). 


18. Eind tho equation of tho normal to the pai'abolay®^4flj?, which 
makes an angle 0 with tho axis of x. From any point in this normal 
two other normals aro drawn to the curve. Provo that tho straight 
lino joining thoir foot is parallel to a fixed straight lino. 


19, Find tho equations of tho two real common tangents to the 


curves 




and y'^-’Silx. 


20. Two normals to a imrahoUi aro at right angles and moot the 
axis in (2 and G '; show that tho soiui-latus roctimi is a harmonic moan 
botwQon tho distances of G and O' from tho focus. 


21, Pi Qi Pi S aro tlio vorticos in order of a variable rectangle. 
P and It lie on the .r-axis, Q on tho y-axia, and P is fixed. Provo 
(1) that tho locus of S is a })arabola, (2) that Qlt touches a second 
parabola, (3) tliat ItS ia normal to a third parabola, 

22, Provo that tho locus of points at which a parabola subtends a 
given angle (tt - fx) is n hyperbola with tho same focus and directrix 
and an eccentricity sec a., 

23, Show that tho liiioy = m''f-m(o-2a)-a?a‘’ is a normal to tho 

parabola y®5=4a(.r + o)> Provo that, if a>b>0 and o>2((X-&), tho 
two paraljolas y»=4ce(.^M'0), bavo a pair of common normals 

iuclitied to tho common axm, and that tho distanen d botwoon tJio 
Curves measured along ono of those common normals is given by 

—4(a - b){e - «-h h). 

24, Tho aim of tho triangle Conned by tho throe tangents drawn 
at the points (.Vj, yj), (.r 2 ) ya)) (-’’a} ?h)i tho parabola y^^4ax is 

(yi~ya)(y2--2/8)Cy3-i'i)/lGa* 
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26, Prove that perponcliciilar normal chords of a parabola divide 
ouo another in the ratio 3:1. 

26. Prom a point T on the latus rectum of a parabola two tangents 
are drawn to the curve, and the corresponding noriualH intersect in Q, 
Show that tlie middle point of 7'Q lies on the axis of the parabola, 

27. Show that the locus of tho intersection of tho normals at the 
onds of a system of parallel choi’ds of a parabola is a straight line 
which is a normal to tho curve. 

28. Find tho condition that the lino lx+my-\-ii=0 may touch the 
parabola of which tho focus is at tho origin and the vortox at the 
point (a, 0). Show that if the two parabolas 

7/2=4a (.r -/) and = Ab (?/ —g) 

touch one another, then 

(/y- 9a6)2=4(/2+3ft</)((/2+3a/-). 

29. If normals PO, QO to a parabola intersect at right angles in (?, 
the third normal RO through die point 0 is cut by tlio axis in a point 

such that ZO&=OR. 

30. The normals at two points P and Q on tho parabola 
intersect on a fixed diameter '))=k ; prove that tho tangents at P and 
Q to the parabola intersect on tho hyperbola xy+ak—O. 

31. Tho normal at P to a parabola meets tho enrvo again in and 
the tangents at P and Q meet in T. Show that tho minimum value of 
tho area of tho triangle TPQ is twice the square on tho latus rectum. 

32. If two normals of the parabola y^=Aax make complomentary 
angles with the axis, show that their point of intersection lies on one 
of tho curves y^=a (.« - a), y*=a (.v ~ 3a). 

33. The normal at P to the parabola y'^==Aax meets tho axis in R 
and tho pai’abola again in Q ; tho normal at Q moots tho axis in 
il\ A tine RS equal to RR! is drawn through R porpondicular to the 
axis; show that tho locus of S is 

(.r - 2a)^=4a(.^’—a). 

34. Tangents aro drawn to tho parabola y'^=Aax from the point 
(x\ y) ; show that the corresponding normals intersect in the point 

\ a' a ) 

36. A parabola whoso axis is along tho axis of x intersects the 
ellipse orthogonally at the point whoso eccentric angle 

is <p. Show that tho latus rectum of the parabola is 2asin2</j/coa 

36, Find tho coordinates of the feet of tho normals from tho poiiit 
(^a, to the parabola =, 400 ;. 
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143. The Ellipse. Ijol 

^ 4 - C = 1.(i) And 02 = a cos ^ 2; sin 0.(2) 

Oj 0^ 

bo tlio constraint- and Iroodom-cquationH o£ an ellipso. 

Thon 

(03 ~ a)i)(03 >-03.) , (1/ - ^ _ 0)8 ^ ^ 

--- 4 . __ .(d) 

is tbo equation of the chord whose ends are (x^, y^), (Xg, y 2 ); 
because (3) reduces to a linear equation in in, y, and is 
satislied when 03 = ccj, y — y-^ and Avhon o)=ojg, 2 / = X/a- 
Put 03j = a cos 0j, 1 /^ = 2) sm Op aj^=a cos 02» 2/2 " ^ ^2 

(3); thon, after simplilication, wo get 

03 ^l + Oa I y • 01+0? 01-: 02 . /A\ 

^ cos 2 -^+J Bin = cos ; .(4) 

tills is the equation of the chord whose ends are 0^, 0g. 

Put 03g=03i and ('O? after reduction, 

?+f=A .w 

this is the equation of the tangent at (x^, y^). 
i’ut 03^ =s Or cos 0, 2/1 = sin 0 in (6); thon 


03 cos 9 y sin 0 


-- =1 


is the equation of the tangent at the point 0. 

The equation of the normal at (x^, y^) is, from (5), 

03 — 031 y — Vi 
A'l “ ?/l 

(.c^ 2)2 

HMio equation of the normal at the point 0 is, from (6), 

7 

■ («-aon«fl)e+g-(2'-''™®)5E-g = 0 

or . 

COS 0 Bin 0 


.(V) 
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Since 


sin (9= 


2t 




and 


. 1-^2 


a 

where ^=tan|, we may nso (see § 80) as froedom-e(|uafcionfl, 
instead of (2), 

a(l-f-) 2ht 

®= i+r- 2'“r+T«. 

Equation (6) then becomes 


,...( 9 ) 


(‘O-- 


2yt 


+ 1 


•-= 0 , 

a 


.(10) 


the equation of the tangent at the point t. If (fu, j/) ho 
regarded as known, then (10) is a quadratic in t, wlioao 
roots give the points of contact of the two tangents from 
(aJ, V\ 

Equation (8) becomes 

2(aaj+a2-62)^3 q, 2(oo)—«2+- ^2/~ •. ■( 11) 

the equation of the normal at the point t. If (oJ, y) Ije 
regarded as known, then (11) is a quartie in t, wliOHo rool« 
give the feet of the four normals drawn from (oj, y) to tlw 
ellipse. 

It is easily shown (§ 136, Ex. 1) that 
y — mx+o 

is a tangent to the ellipse if 

o=±N/aW+52,...(12J 

and that lx -f my=oi 

is a tangent if ...(^ 

144. Worked Examples, W© shall now work some 
examples on the ellipse. 

•'ho four points (?,, Oa, Om Ot on the oIIIdso 
are coneiirreiit, prove that i* a> ''J) I'-i sjiw oiiqrao 

+ ^^2 + dg + Oji =(2a H- l)7r, 

Prom equation (11) it follows that and P,m_i, wliora T, 
moons the sum of tho pioduets of tan|l. taiA, ta„& tan & taken 

two at a tune; and so on. 2 2*2* 3 
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Blit 

tliei’oforo 


tan^(0j + (?2+^?3+0,,)= 


T,-T, 


:00 j 


1-2’3+7’4 
+ 02 + ^3+ 0,|=* (2?l + 1 )t. 

TOx. 2. If tho iioi^mals to tho ollipso at 0i> 02» 03 ai’6 concurrent, 

Hill (03 + 03)+sill (03 0i) -h ain (0i + 02)=0, 
and convoraoly, 

Lot 04 bo tho foot of tho fourth normal from the point of con- 
iToncy of tlio thrco specified normals. Then, ns in Ex. 1, ?3«=0; 


CUl ‘1 

fchoi’oforo 


tan ^ tan ^+tan ^ tan ^+tan ^ tan 
= - tan ^tan +tan +tan 

tan ^ -f tan tan ^ 

since ?!,= - 1 , 




i.-.. V3 


tan — tun—tan '2 


»cot“^co6 -^-hcot ^ eot-^+cot— cot^* 


Thoi'oforo 


that ia, 


;(cot| 


2 “‘I 


■ tan ~ tan — 


)= 0 , 


>^-,2(coa 02 lioa 03 ) 


==0 


sin 0a sin 03 

on ' Ssin 0i(coH 02 +eos 03 )s=O > 

or i)sin(02+0,,)=O, 

Since tho stops aro rovorsiblo, tho convorse holds. 

Bjx. 3. If tho normals at four points on tho ollipso are concurrent 
and two of tho points lie on tho lino 

b 

tho othor two will lio on the lino 

tjot On 0a» 0;i» 0,| l>o tho four points, Then 

.V ooaJiOi -I- Oi) I sm i (0H-0a) ... 

oOHi(P,-0a) i cosf(0j-0a) ...^ 

.r crmi( 03 + 0 ,,) 7/ smH03*h0.i) i_q /jn 

«‘d'os^(03^04)+0’cosKCT) .W 

aro tho equations of u pair of chords joining tho four points. 
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Now 009^^1 +^ 2 ) _ _ C08i(^a~<^4) 

cos ^ (^1 ~ 6 ^ cos ^( 03 H- 0.i) 

if 2 cos ^ {$1 + 02 ) cos 4 (03 + 0^) + 2 cos ^ (03 - 0 . 1 ) cos i (01 - 02 )“O, 
that isj if cos | (0i + 02 + 0 s+ 04 )+cos | (0i + 02 - 08 “ 04 ) 

+ cos ^ (08 — 04 + 01 — 03) + cos ^(03 “ 04 — 0i + 02)“O, 
that is, if {sin (03+04)+sin (04-I-02)+sin (02 + 08)}«0, by Ex. 1. 

And this is true, by Ex. 2. 

Honco (i) and (ii) may bo written in the form 

b ^ arhii 

146. The Hyperbola. Lot 

.(1) and a}=a.seo0, iy = &tan0.(2) 

bo tho constraint- and freedom-equations of a Ixyporbola. 
Then 

(aj~(B,)(fl)~a)2) {y-Vi)(.y-V2)-0i^ 

^ ^ ¥ "“a2 ^ ^ 

is the equation of the chord whose ends aro (x^^, y^), (Xg, yg), 
Tlie equation of the chord joining the two points 0j, 
on tho curve is 

5cos^-| sm^=oos^.(4) 

The equation of the tangent at the point (Xj, y^) is 

’=1..(S) 

and of tho tangent at the point 0, 

“ sec 0—tan 0=1.(6) 

a b 

The equation of tho normal at the point (x^ y^) is 

. (?)■ 

^ yi 

and of tho normal at the point 0, 

005 sin 0 -b =(a* -b &^) tan 0. 


( 9 ) 
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The lino y = mx + c 

is a tangent ii; — .(9) 

and lx~\-my~n 

is a tangent if aH^ -* = 11 ", .(10) 


EXEROISES XLVII. 


1. Provo that tlio point of iulorsocfcion of taiigoiita at llio points 
01 , 0>i on tlio ollipso ay1)^=1 has coordiimtos 

co3 ^(t?i +ffa) 

"cos'^(t/i~0ay 

2, Provo tliat the ocuontric juiglos Oi, 0^ of tlio oiuls of any ohortl 

of tUo ollipso wliioh is parallol to tho tangont at tho 

point 0, satisfy tho relation ^?| + 02 = 2 ^?. 


3, If the chords joining tho pairs of points 6, (?j and 6, are 
I)orpondiculai’, prove that 


tan 


0+0 


^ tan 


O'-v O 2 

2. 




4 . Provo that tho point ,a cos 0, 6 sin lios on tho 

normal at tho point 0. Provo also that ovor;^ chord through tho first 
point snbtonda a right anglo at tho second point. 

6. Provo that tho foot of tho normals to tho ollipso x^la^-\-yyh^=l, 
which moot at tho point (A, A), lio on tho roetangular hyporhola 

(ct‘^ - 'I- hH'x =0. 

6. P is a point whoso projections on the major and minor axes of 
an ollipso aro tho points in which those axes arc cut by a normal; 
show tliat tho locus of P is an ollipso. 

7. Provo that tho tangents drawn at tho points 0, Op-vj 0~~ir 

7/2 . . . ii C 

on tho ollipso intorsoct in pairs on tho Q\\ip(iQxya!^+y^jb'^=ii, 

and that tho centroid of tho triangle formed hy the tangents is tho 
common centro of tho cllipBOs. 

8. Provo that a ono-fold infinity of triangles can bo inscribed in 
an ollipso such that tho controid of eacli coincides with tho contro 
of tho conio, If PQli bo such a triangle and P'Q'W tho trianglo 
formed by tho tangents which toucli tho conic at 2\ Q, ll, show that 
tho^controid of trianglo P'Q‘11' also coincides with tho contro of the 
conio. 

a.A.ci. 2 b 
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9 Find tbe intersection of the normals at tho points «/j on tlto 
eiiinse x2/a2+y3/b'‘>«i, and deduce the point of Intovsootlon of ''oonsoontlvo 
Donnala” (centre of curvature) at the point (?. Find also tho radius of 
ourvaturOj and prove that the equation of the evoluto Is 
(ax)4(by)^«(a3-b2)l 

10. Normals at P, Q on tho ellipse a-2/aa+.y7^>‘-*= I meot the inujoi* 

axis in &. K reapectivoly : prove that tho pixtjectioUH of l‘U\ (^h 
on PQ are eqvial, and deduce (gcoinotrically) that P(//(,l/i, 

where T is the intereoction of tho tangents at /', Q. 

if the common value of tho projoction is q and if PQ'-<U lu'ovci Ihiil 
where k is tho semi-diamotor parallel to /Vi ' liu 

semi-minor axis, 

11. Provo that the locus of the in-contro of trituiglo ;’.V>S’' m /* 
moves round an ellipse, whoso foci aro /S', S’ and whoso oecenlrii'il.^y 
is e, is an ellipse whose major axis is SS' and whoso wKiontrioil.y irf 

[2e/(l+o)]^. 

12. P is any point (a cos 6, 6 sin 0) on an ollipso and PSUi ni'O 
focal chords, Prove that tho distance of P from Qlt is 

{(1 +e7^sin^d-l-(l - 

13. Show that 

a* ¥ 

is the equation of the chord of tho ellipse wlnmtii 

middle point is (.Ti, y,). 

14. The locus of middle points of chords of the ollipso .r'V»-■ 1, 
which subtend a right angle at its centre, is 

(p ^ (x^ , 


15, Show that if (a’l, y,) is tho middle point of a id 
ellipse x^ja>-X-')/j¥= \ (^, i)) the point of inloi’Koetion of tho mirinalH 
and (. 1 ’, y) that of the tangents at its oxtremitioM, then 




16. If Wj, are tho gradients of tho tangoiiLs from tho point 
(,r, yl to the ellipse x^la‘^-\r'}j^j¥-\ prove that they aro tho I'ootn of 
the following quadratic equation in w: 

{(P - +2,rywi-h -y^) tw 0. 

17. Deduce from the result of ISx. iO that if tho tangonlH from tho 
point (a^, y) to the ellipse moot at an angle r/i, 


2a6 
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18. Provo thal tho locim of llio point of inleraocUon of reotangiilai’ 

tangents lo tho olHpse \ is the direotor-oirolo 

19. Show that Uio foot of the four normals from (.r, y) to tho 

ellipse are given by either of tho ccpmtions 

o'* coa‘*<?- 2(3%,r cos'Jil'l- {d^.v^ -i- J)'y^- c'*) coh"0-P2c%.vcos 0a\v^~ 0, 
8in'*0 + 2(3®6y sin^t? -I- {dhP' -p — c'*) sin“<? - '^g%i/ sin Q - = 0, 

whoro d^=d'^~VK 

Provo that tho coorclinates of tho centroid of tho four feet arc 


(«%’/2c2j _ A3y/2o2), 

20. If ^ 1 , 021 03 > 04 eccentric angles of tho feot of tho 

normals from any'point (.r, y) to the ellipse x'-^jd^-\-y'^jl)^~\, prove that 


(i) 


~ h'^ . 

2fi 


) (JOS 0 ; 


7,'J „ «3 

(i\) 


21. If tho foot of two of tho normals from a point coincido at tho 
point 0, prove that the locus of tho middlo point of tho join of tlio 
feet of tho othor two normals is 



22. Pj'ove that if two lines drawn through tho point (?!«, moot 
tho ollipso x'^|d^^-y'^jh'^==\ at four jJoinLs, tlic normals at wliich aro 
concurrent, ono of the linos M'ill he A!i'ja—yjh^% 

23. When two of the four normals Lo the ollipso x^jd^-Vy^lh'^ — 'i 
coincido, prove that tho lino joining tho foot of tlio othor two is 
a normal of tho ollipae ^,g 

24. Find an equation wlioso roetts aro tho gradients of tho four 
normals Lliat can bo diwvn from (.r, y) to tho ollipso il^jd^^^y^|h'^~\. 

26. Prom any point {x\y‘) four normals aro drawn to tho ollipso 
x^ja^-Vy'^lV^'^l ; prove that tho tangents to tho ellipse at the f( 3 ot of 
those normals touch tho parabola 

(.r.v' - yy' ~ -I- -l> d xx'yjf « 0, 

26. Provo that any tangent Lo tho hyporliola 

yS [ 

moots tho conio in two points, the normals at which 

aro equidistant from tho contro. 

27. If »Sr, (5'r' aro porpondiculava from the foci lo tho tangont at 
a point P on a hyporuola and JS^P is tho ordinato to tho tranovorso 
axis, prove that tho angles SNV^ SNY' aro ocpial. 
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28. Show that the part of a conimou Ungonb of the curves 


55 + 48=1 and 


y2 ai+h^ _ 


intercepted between the points of contact subtends a right angle at 
the eenti‘ 0 , 


29. Tf the sura of the squares of the nonnals from a point to the 
eiuvo .i?y=aa.* is constant, tho point must lie on a cii’clo. 

30. Find the equation of the normal of tho hyperbola =I, 

drawn in a given direction, in the form 

X cos a sin a,=(a ®+¥) sin a. cos a.(a^ sin’^a - ft® coa®a.)~^. 

31. ITrom any point on tho hyperbola .r®/rt®-^®/6®=l straight lines 
are drawn perpendicular to tho asymptotes and cutting tlio curve 
again in Q and Show that tho envolopo of QQ' is tho hyperbola 



32. Show that the tangents to tho rectangular hyperbola a'®~?y8*sa® 
nt the oxtromitios of its Tatora recta pass througli the vorticea of tho 
conjugate hyperbola ir® -y® = - a®, 

33. If PiV bo tho ordinate and P(? the normal at a point P on a 
hyperbola, whoso centre is (7, and tho tangent at i’ intorsocl the 
asyjnpkotos at L and Z', show that half tho sum of (7X and GTJ is 
tho moan proportional between <7^7 and 00. 

34. The tangents at tho ends of a chord PQ of a hyperbola moot 
in 3’, and Tif, TN are drawn parallel to the asymptotes to moot, them 
in jl/, Jf, Trove that MN is parallel to PQ. 

36. A variablo tangent is drawn to tho hyperbola jsal 

cutting the circle .r®.[-y®aT:ct® m P and Q. Show tliat tho locua of the 
middle point of PQ is tho cardioid (.v®+y®)®=a«®(.«®-y®). 




CHAPTEK XXIL 


POLE ANO POLAR. 


146. Joachimsthal's Section-Eciuation. Lofc T (Pig. 130) be 
the fixed point ((«i, 2 / 1 ) and U the variable point («), y), and 
let TU meet a conic in 1 \\ tlie study of the position- 
ratios of i\, A with respect to jf^and XJ, viz. TFJl\lf and 
TF^jP^U, as U varie.s under certain conditions, loads to 
important results. Lot the conic bo 




= 1 . 


( 1 ) 



l?ia. 180 . 


Lot X denote n\IFJJ (or TFJF^U), then the coordi¬ 
nates of P| (or i\) aro 
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Since Pj (ov Po) lies on (1), the values given in (2) must 
satisfy (1); subsULuto those values in (1), then 


&V±2!£)!4.(E±M! 
^ b‘^ 




or 


This is JoachimstliaTs Equation. It i.s a quadratic in X, 
whose roots are TFJP^U and TP^jP^U. The student 
should work out the forms of the equation when tlio conics 
are = 4sC(m, x^jcP — y^jh" =? 1 and xy = o^. 

For the parabola y^ — ^aXy Joachimstlmrs Equation is 

V- {y^ - te) 4- 2\ {i/7/i - 2a (a;+a;^)} + (i/i^ — = 0. (4) 

For the hyperbola — y^jh^ = 1, 

Joachimsthars Equation is 




f 

'h^ 


l) + 2x(®-f>-l) + (|”-|(-x) = 0. (B) 

= ...( 6 ) 


and for the hyperbola xy = g\ 
X®(®i/~(!®)+2x(®+®‘''' 


147. Pair of Tangents from a Point to a Oonio, If P of the 
last section lie on oitber of the tangents from T (Fig. 130) 
to the conic, then PPJP^U^TPJP^JJ\ tbo two roots of 
Joaebimsthais Equation am equal. Hence fi’oni (3) the 
pair of tangents from (oj^ y^) to tbo ellipse x^jiP-Py'^jb'^^l 
IS given by 




VVi 

IP 



from (6) the pair of tangents from (ftJi, 'J/,) to the hyperbola 
= l ia given by 




from (4) tbo pair of tangents from {x ^, i/j) to tlio parabola 
= 4 «,t) is given by 

(1/ - 4ct(»)0yi2 _ 400)^) {yy^ ^ 2ct(a;-h 
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148. Pole and Polar, Definition, If a secant through a 
point T cut a conic in Pj and Pg, and U be the harmonic con¬ 
jugate of T with respect to ^11 the locus of V is the polar 
of T. 

If {PJ?^TU) in Fig, 131 is a harmonic range, 
TPjr,U^-TPJF,U-, 

therefore the sum of the roots of Joachimsthars Equation is 
zero. Hence the polar of (ajj, y^) with respect to 

(1) the ellipse 

(2) the hyperbola = 1 

(3) the parabola y^ =4aa5 is yy^ = 2a-(ft}-}-X 


JTia. 131. 



The polar of a point with rospoeb to a conic is bhorofore 
a straight line, and the point is called the pole of tho lino. 

The poloA' of a point outside a eonio is the chord of 
contaet of the pai/r of tangents from the point to ike conic, 
As TPJ\ (Fig. 181) turns round T into the wsition of 
a tangent from T, TPfP^U^^TPfP^U.awd 2'lies outside 
of P^Ptt so that JI lies between P^ and Pg. When Pj and 
Pg run together at U also is at P, tho point of contact; 
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hence the point of contact of each tangent from 2* lies 
on the polar of T, But the polar of T is ^a straight line, 
80 that the cliord of contact of the tangents is the polar* 


149. Reciprocal Property of Pole and Polar. If tlm 'poini 
•^{®n Vi) polar of B{x^y y^) 'loilh respect to a 

coniCj the point B lies on the 2 ^olar of A, a/ncl A and B 
ewe called conjugate points, Lot the conic bo 

then the polar of B{x 2 , yf) is 


A{Xi,,yi) lies-on tho polar of B', therefore 

^1^2 I ViVi „ 1 

"^+'-5r--L. 


.(1) 


Again tho polar of A(x^, y^) is 


XXi 

'W 





and aj 2 » ^2 satisfy equation (2), according to ^1), so that 
B lies on (2), that is, B lies on tho polar of A, A and B are 
called conjugate points. If two tines a-, h aro such that 
ono passes through the polo of tho other, it may ho shown 
that tho latter passes through tho pole of tho form or, and 
tho linos are called conjugate lines, If a pair of conjugate 
lines meet in 2', then they are harmonically conjugato with 
respect to the tangents from T to the conic. 


160. Examples of the Use of Pole and Polar. Wo shall now 
give some applications of the theory of polo and polni*. 

Ex, 1. If a variable eooant through a Axed point 0, vrhioh lies outeldo 
or inelde a oonio, out the oonlo In Q and Q', and tho tangents at Q and Q' 
moot In T, the looua of T is the polar of 0. 

9Q’ i32), tho chord of contact of tangents from 'J\ is tho polar 

of 2' (§ 148^ BO that 0 lies on tho polar of ?'; thoroforo, hy the 
Poaiprocal Property, T lies on tho polar of O', in other 'words, tho 
loouB of T is the polar of 0, 
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Ex. 2. The polar of a point within a conic Is parallel to the chord of 
the Qonlo whloh Is hlseoted at the point, 

Lot V bo Lho mkWlo point of Iho cliord Q(/ in Fig. 132. Since Q(^ 
is a chord tlirough F, thou, by dofinition, tho harmonic conjugnto 
of Fwitli respect to Q and Q' lioa on tho polar of V; call tho point I. 
Since F bisects QQ', / is tho point at infinity on tho line QQ' 116). 
Again, T lioa on tho polar of F by Rx. 1 ; thoi’oforo IT is tho polar 
of F. But 7^7’is tho ])arallol to QQ' throngli so that tlio polar of F 
is TK parallel to tho chord bisected at F. 



If V is (Xit and tho conic is x^}a^-\-y^jb^==\. 
.rA’,/a®+.i/y,/6«~l; honco tho equation of Q(^^ tli 


bisected at (.rj, yi), is 


tho polar of F is 
;io chord wliicb is 




Purthor, ail chords of tho conic tlu’ongh (7, tho contro, avo bisected 
at G ; honco tho chord through G which j)asao8 through /, tho point at 
infinity on 777, Q</i is also bisected at (7, so that the polar of I 
goes through 6'. But 7'F is tho polar of /; thoroforo 7'F passes 
through (?, and if it moot tho conic in I\ F' as in Ifig. 132, {PP'VT) 
is a liarmonio range, since QQ' is tho polar of 7', and 0 1^. GT— GP'K 
Again, all cboras parallel to^ Q(^ pass throiigli /, so that tho polar 
of i is tho locus of middlo points of chords paraliol to QQ'^ and tho 
locus is thoroforo tho straight lino (7F. 

If Fis tho point (.r,, ?/i) within tho parabola tho equation 


of QQ' is 




BO that tho gradient vx of the chord whoso middlo point is y.) is 
2a/yi^, and thoroforo Honco tho middlo points of clioras of 

gradient m Ho on the line ;/—2a;/??i, parallel to tho axis; this lino is 
tho diaimiar for such cluirds, rQ is called tho ordinate of Q with 
respect to tho diameter P F. ^Hoo ^ 162.) 

Wlion V thoroforo lies within ii parabola (Fig, 133), 7'F is ptmillol 
to tho axis and (7'FPco) is a harmonic range, so that 7'i'=>PF, This 
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gives a siraplo couatiniction for llio polar of a point V within a 
parabola. Draw VPT the diamutcr {parallel to the a-xis) throvfih F 
to meet the parabola m i’, and make Ft equal to PV} the 2'>olar 0 / Fts 
the faraliei TK through T to the tangent at P, 



Kx 3, If NRy N'iV are the ordinates of tV with rospotjt to the 
diamotor through a point A on a parabola which moots bho chord itit' 
inO, A0'^=AN.AJ^'. 

Produce OA (Pig. 134) to O' so that OAs=AO'^ then O'P narnllol to 
Ahit is the polar of 0, as was scon iu Ex. 2. Honco (Il/HOP) is a 
harmonic rfuigo (if RIV meet O'P in P)', tlioroforo, by (OG'iFiV') 
is a hai’monic range, so that AN' (§44). 

Ex. 4._ If TQi TQ' bo tangoiits at and Q! on a parabola, tlio 
poi'pondioular from the focus >S to QQ' bisects tho intorcopt iniido by 
PQ) PQ' on the tangent at the vortex. 



Lot 2'Q, TQ' (Fig. 135) meet tho tangont at tho vortex in jl/, iV, and 
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let V bo the iniildlo point of QQ'. Draw TK parallol to (?$'; then 
TK is tho polar of V and T(QQ'VK) is n liai'inonic pencil. Now 
SM, ;SiV aro ])erpendicular to TQ^ TQ\ and SL^ tho latus I'cctuni, is 
porpondiculav to TV, Thoroforo, if wo draw SJI porpondicular to 
TK or QQ* to moot MN in //, S{MNL7[) is a harmonic pencil 5 
and jf/jVis a transversal of this pencil parallel to the ray SL\ thoroforo 
i/iV is bisected at II (§ IIG). 

It may bo noted that if QQ' moots the axis in 0 (Fig. 135), _7’0 also 
bisects MN. .Draw TO' porpendionlar to tho axis to moot it in O'. 
TO' is tho polar of 0, so that 'l\Q(^'00’) is a harmonic pencil, of 
which tho transversal MN is parallol to tho ray 7'0', which shows that 
TO bisects MN. OT is also bisected by MN \ for tho vertex A bisects 
OO', since TO’ is tho polar of 0, 


.Ex. fi. Tho polar of tho focus of a conic is tho directrix, and tho 
tangents at tho ends of any focal chord cut tho latus rocUim produced 
in points equidistant from tho focus. 



Lot any focal chord PT^Q (Fig. 130) moot tho directrix in 7/ and lot 
Mi N bo tho projections of P, on tho directrix. Then 

PSjUq - M VjNQ - - PIIjnQi 

so that PQ is out harmonically at H and M. Konco tho loous of 77 
is tho polar of S 3 in other words, tho directrix is tho polar of tho 
focus. 

If tlio tangents at P and Q moot tho directrix in then 7i(PQSIf) 
is a harniomo poncil, and tho latus rofstum is a transversal parallol 
to tho ray if//; honco FTF, tho portion of it intorcopted hotwocn ^P 
and ZQi is bisected at »Si, 
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Ex 6 PAB, POD are seeanta of a oonlo ABOD arawn ftom a point R 
If AO,'BD meet In Q and AD, BO in B, show that QR is tho polar of P. 

Let X, Y in Fig. 137 Le the harmonic conjugatea of 1 wilU roHpoofc 
to A, B and <7, D respectively. 

IT Tr. i.\^ n/ A nv 


Orare in’one and the same straight lino 

lies on XT. Now XT is the polar of 1\ thoroforo Qhm <m the poliu- 
of P. Similarly Jt lies on the polar of P, so that Q/t is tlio iiolar of I». 

Note. If QB meet tho conic in T and 2'', wo now know that P*J\ 
PT' are the tangents from P, The example shows how to draw the 
tangents from an external point to a oonlo hy use of the rulor only. 



If A, By Gy B aro any four points on a conic and AB and 01) moot 
in Py AG and BD in AD and BG in liy as in Fig. 137, wo Imvo 
seen by Ex. 7 that QR is the polar of P, Similarly PQ may lio 
shown to be the polar of i?, ao that, by tho liociprocal J’roporty, 
RP is the polar of Q. Tho trmngic PQR is thoroforo auoh that oiioh 
side is the polar of the opposite vertex; Buoh a trianglo is called n 
self-oonjugate triangrle or a aolf-polar triangle. 


Ex. 7. The tangent at P on an ollipao cuts tho auxiliary oirclo in 
1 and Y ', and the other tangents from Y and Y' to tlio olltnao touoli 
it at § and ; show that QQ' meets tho taiigoiib YY' on tlio major 
axis and that Y^y Y^Q intersect on tho ordinate at P, 
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Lot Q'l" moot in 0, and lot <?§', YT' moot in Y. Then is 
the polar of 0 with reapoot to tho ollipao, ho that T lica on the polar 
of Of and thoroforo 0 lies on tho polar of T. But P, being the point 
of contact of tho tangent ?'P, also lies on tho polar of 2'; thoroforo OP 
is tho polar of 2'. Henco if OP moot QQ' in Mf is a 

harmonic range; thoroforo 0(QQ']ifT) is a harmonic poneil, and tho 
range (YY*Pi') formed by tho tranavorfial PT is harmonic, by tho 
fundaraontal thoorom (§ 46). Now, if tho tangent at moot tho 
major axis at 2", wo havo T'YjrY’^SYIS^r^PYjTPf by similar 
triangles ^SPJ'', ^PY'. Honco 2" coincides with 2’, or Q(^ and YY' 
moot on tho major axis. Since T is on tho major axis, its polar is 

n onclicular to tho major axis; but OP is its polar, theroforo OP 
10 ordinate at P. Now {TPYY') and {TMQ<^) being harmonic 
ranges, it follows from § 40 that QY'f (^Y cross on PMf that is, on 
the ordinate at P. 


TIio followinp^ oxainplos illustrate tlio use of polo and 
polar analytically. 

Ex, 8. Tho locus of tho polos of tangents to '"^**'1' 

rofuioct to is tho ollipao 

Lot (a’uyj) bo a point on the locus; tho polar of (a’j, yd with 

roapoot to =«!> is xxi-vyiji^d^ .(i) 

If (i) touches then 

so that tho locus is 


Ex. 9. Tholocus of polos of normal chords of tho ollipso 
is tho ourvo 




Lot tho equation of a normal chord bo 

t-«a _ ja 

cos 0 sin^ .. 

and lot its polo bo {x^y \); thon (i) can bo put in the form 


r ro 


From (i) and (ii), wo havo 


a* 


Xi cos 


r 


or 


y, sin 0 
6 “ 




(a’^-'iyam^O’f 


—5 =1 (a^ ~ cohW and —: 

.rd 

hence, by addition, ~ 

Tho locus of (irt?/t) is thoroforo 


Tho studont should skotoh tho curve. 


.(i) 


.(ii) 
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EXERCISES XLVIII. 


1. If ^ are tliQ eccentric angloa of poiiite Q on Urn 

prove that the coordinatoa of the i)olo of ai'»» 

a cos 1(0+ ^)/eos i(0 - ^>), h sin ^(0+</>)/cos ^(0 - </>). 

2. Rind the polo of the lino Za’+??i?/=l 'wlUi roHj)(K!l lo 

(i) ; (ii) ; 

(iii) Ay == j (iv) =4 n:o. 

3. Find the condition that TA'+ja'/yr^ I ulnmld l»t» 

conjugate lines with respect to Ujo conics (i)-(iv) in JOx. ii. 

4. Find the equation of the chord of (i) i/^~t\ax, (ii) -* f • 1, 
whioli ia bisected at tiie point {co^y\). 

5. Two tangents are drawn from {cl, to the ellipse q- y'-’/A®: I; 

show that the length of the chord of contact is ' 

6. Prove that the polar with respect to a hyporbolu of niiv point 
on an asymptote ia parallel to that asymptote. 

7. P and Q are two fixed points; through Q circles nro diwwn 
having a constant radius o, whero 2c8=iV J pvovo tluit the imhii-r. 

/ with respect to these circles touch a rcctanuular liyiicrbolii whoeit 
centre n P, r, ^ i 


that the tangents at the oxtromiUoa of all chordH nf i.)i« 
eliipao winch subtend a right angle at tlio 

intersect on the ellipse +y= \jifi \jh\ 

r-, any point 0 with respect Lo a conic ninl ilm 

peipendicular to it from 0 moot either axis in 0 ’ajjd a \ prove that 

GQ.GT^^OS'K 

^ olHpso //,v and PH' niovi 

poleo^P^S*"^ P^’ovo that the coordinatOH of T, ih^ 

-acos0, 

(1 + e®) V/a^ q, (1 _ == (1 q. 

e being^the eccentricity of the given ollijise. 

to 

Prove 

.‘ ‘“if wi-iUKi/sui/ic from too polo of th 

the parabolas with respect to the pambolay8«4ai! 
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13. If ft (iirolo a |)fti-al»)la fit a given point, the polo of its 

chord, of intersuction witli tho puraljola will lie on a fixed straight lino. 

14. Show that tho locus of tho feet of tho porpondicnlars lot fall 
from points on a given diainotor of a conic on tho polar linos of those 
points is a rectanguliir hypevholu. 

16. ^’ho polo of tho normal at V to an ollipso is 0 and tho foot of 
tho porpoiulicular from tho contri C on tho Langont PO is Y ; prove 
that tho rcctanglo YJ\ 1‘0 is etpial to tlio sciuaroon tho soini-diainotor 
conjugate to OP. 

16. 'P is any point on Llio circle G is tho centre of 

tho ollipso 'PM and GJV aro porpondiculiirs to tho polar 

of 7'with respect to tho ollipso ; provo that tho rectangle GM. TM is 
constant. 

17. and S' are tho foci of an ollipso, Q and Q' points on it on tho 
sumo side of tho nmjor axis, such tliat S'Q' aro purullol and maUo 
an angle 0 with the major axis. 'P is tho polo of QQ'^ P is the point 
whoso eccentric angle is 0 and tho tangont at P meets tho major axis 
in 7". Hhow that T'f is at right angles to SQ. 

18. Two points P and aro such that tho polar of ono with rospoct 
to an ollip.so pusses through tho other, and tho lino PQ jmssos through 
a fixed point; show that if V moves along a straight lino through tlio 
centre of tho ollipso, tho locus of is a hyporbolii. 

19. A point V moves along tho lino .V'|-%-3ri=0; show that its 
polar witn rospoct to ?y2=‘l«.^■ always pusses through tho i)oint 
(-3a, —4a). 

20. If tho polar of P with rospoct to tho ollipso 

touches tho ollipse prove that tho locus of P is 

21. Provo that tho polo of PQ with rospoct to a conic is tho iiitor- 
soction of tho polars or P and Q. 

22. If two triangles ABG^ A'll'G' aro such that tho sides of A'li'O’ 
aro tho polars of A. Jiy G. provo that tho sides of A BG aro tho polurs 
of A', y, O'. 

23. If any nuinhor of points aro collincnr, j)rove tliat Choir polars 
with respect to a conic aro concurront. 

24. If langonts aro drawn to a conic from points on a given straight 
lino, tho chorda of contact pass through a fixed point. 

26, Provo that tho polar of a point P with rospoct to a conic contro 
G is parallol to tho dimnotor of tho conic whoso uivoction is conjugate 
to that of GP. 

26. If a, 6 , 0 , d aro tho polars of tho points A, 71, G, 7), and if A, 71, 
Gy D form a harmonic rango, provo that «, hy o, d form a harmonic 
pencil, 
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27, A conic touches the sides BG, CAy AB rl ? 
resneetively, and QR meets BC at F', show that i,BGPF) is almrmonio 
^ .BP aq AR. 

range, and that -yQ'RB~ ' 

28 AB AG are the tangents from A to a conic. A variaMo tangent 
meets the conic at F mSBGy CA, A/? in Qy /f, ^ roHijcctivoly ; jawro 
that {PqilB) is a harmonic range, and that BRy Ch jntorwset nu Luo 
line A P. 


29, Parallel tangents to a conic at Py Q meet the tangent at the 
point A in iS, y; meets this tangent in G and rJ\ QB mecl ml. 
Show that AFis the polar of G, 

30, Two conics touch at a point P and intovsoct at poinlH (k R. 
Through P a line is drawn cutting the conicn again in A and B ; 
prove that the tangents at A and B intersect on QR. 

31 , Show that the polar, with roajjeot to an olli]iso, of any innnt on 
the auxiliary circle cuts the ellipse at the oxtroiniUcs of tw(» iMii’allol 
focal chords, 


32. PBq is a focal chord of a conic; PP is Lho Langont nt P and 
the perpendicular through Q to P^ meets PP in T, Show timt tho 
directrix bisects QT. 


33. If any line bo drawn through a fixed point to out a pavahola, fcho 
tangents at the points of intersection will meet cm a fixed Htniight lino. 

34. On a diameter of a parabola through tho point P on the (luvvo 
are cut off PA and PB so that P bisects AB. Bhow that thu polar of 
A goes through By and that the polars of jI and 71 aro purallol linoa. 


35. Pis any point on tho tangent at P on a parabola. A Hooanfc 
TQOQ’ meets the curve in Q' and tho diainotcr through J* in O \ 
show that q^Q' 


36. P is a point on a parabola, PY tho dimnotoi’ through /*, V any 
point on the diameter, Fi/'a perpondienlar from V to tho puht)* of F, 
meeting it at M. Show that tlio roous Uoa on AfP, 


37. -ff and JC ai'e points on tVio axis of ii parabola oquidintaul from 
the vertex. SIiow that tho segmonts of a cliord through nuido by 
the axis, will subtend equal angles nt II. 

38. 0 is any point on tho diameter of a parabola tlirongh a point P 
on the curve. Any line through 0 moots tlio curve lu ij, & and bliQ. 
tangent at P in 21 If T is tho midcllo point of OHy pnivo Uinl 

AO, A^ are in harmonical progreasiom 

39* tangents at <2, Q' on n parabola whoso focus fn iS, 

and cuts the axis in 0, Tlio diamolor through 2' cuts the 
directrix in (7 j show that TO and AO' bisect ono aiioLhor, 
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40. 2'<2, TQ' ai’o tangonta lo a parabola and QQ! cuts Uio pia in 0, 
If O' is tlio projection of ?’ on Uio axis, prove that 00' is bisected nfc 
tlio vortex of tho parabola. 

41. TQf T(^ aro tangents to a parabola which meet tho tangent 
at tho vortex in J/, iV. If Q(^ cuts tho axis at 0, show that tho ortlio- 
contre of triangle MON is tho focus, 

42. Tho tjingcnb at P on an ollipso moots tho auxiliary circle in 
V, y\ and YQ, VQ' aro tho other tangents from V U) tho ollipso. 
If QY} Q'V moot in It and tho tangents Lo tho auxiliary clrolo at 
Y, Y' moot in fi', prove that P, /f, Ji' aro collinoar. 


43. Tangents from a point 7* to tho parabola y'* —4rta’—0 aro liur- 
monic conjugatoa with respect to the tnng<mt3 from /’ to tho ))arabola 
.v^-l-4lf?/~0 ; prove that tho locus of /’ is tho hyporbola 


44. Show that tho locus of points from which tho tangonts Itt the 

ollipso and to its auxiliary circle form a harmonic 

pencil is a concentric ollipso, and find its eciuation. 

45. Find tho locus of tho iutcrscotion of tangents to tho conic 
a;2/rt2+^7y3yj'.i_ l^ which moot at an anglo c/>, 

46. Find tho equation of tho locus of tho intorsectioii of jiorpondi- 
cular tangonta to 

(“) 


-1 


a. A, a, 


20 
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DIAMETERS OF CONICS. 


161. A Special Form of the Linear Equation. An important 
equation in the study of conics is 


or 


cos 6 ain 0 


^ cos 9, y = tji'r sin 9, 


.( 2 ) 


on .0 form (§ 34) of the equation of the line through (^, >/) of 
gradient tan 0, r measuring the stop, positive or negative, 
from (^, >}) to (aj, y) along the line. The following oxamplea 
will show the mode of its application. 


Ex. 1, Lot A ($, tf) bo a specified point inside the parabola 
A chord PQ of tlio curve is bisected at ^1 j And the equation of .PQ, 
Tho equations .r»=^q-r cos 9, v—v+r sin 0 ropresont any lino through 
(^, 7/); lot thorn ropresont FQ. If (.V) y) is tho point P or then 
i thBl-ofoi-O fl)«=4a«+.'COS 0 ) 

OX’ ^|n2 Q _p p}j^ 0 - 2a cos 0) -(-77® - 4a^ « 0,.(3) 

a quadratic whoso roots are AP and AQ. Now i;12-*-|-yl(3®=0, honco 


7; sin 0-2a cos 0=0 or Ian 0s=2a/7;, 

» • ^CC A 

Since PQ has gradient 2a/ tj, its equation is 


Ex. 2. Provo that tho necessary and auAieiont condition that (^, »/) 
should lie within tho parabola y^=‘la.v is that bo nogativo. 

Lot A bo tho point «) j PQ a chord through A. Thon, as in Ex. 1, 
AP^ AQ aro tho roots or equation (3). But AP.AQ^ tho product 0/ 
tho X’oota, is nogativo if and only if A lies within tho curvo j thorofom 
tho nocossary and suflioiont condition x'oquirod is that (7^’^-4«^)/Hln*^ 
bo nogativo, or that —4«^ bo nogative, 
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Ex. 3. Piiicl the equation of tlio tangent at (^, t}) oil the jiarabola 
y'^=A.ax\ find also tlio gradionts and lengths of the tangents from 
(^, y]) to tho parabola, when (^, ■>;) does not lio on the curve. 

If (^1 f}) 19 on tho curve, one root of equation (3) is zero ; if tan 0 is 
tho gradient of tho tangent at (^, both roots are zero. 

Hence the gradient of tho tangent at (^, j/) is given by 

sin (? - 2a cos 0=Q or tan 0 =Sa/j;, 


so that tho equation of tho tangent is or ?/)j=2a(a!+^), 

as in § 142. 

Now suppose that (^, ij) is not on the curve. If r in eijuation (3), 
Ex. 1, is tho length of a tangent from (^, tf) to tho parabola, tho roots 
of (.3) are equal, whonco 

(ijsin 0~-’2,a cos sin^ 0{yf ~ 4«^) or ^ tuu'^ 0~'») tan t?+a — 0 .,. (4) 


Tho two values of tan 0 got by solving (4) are tho gradionts of the 
tangents from (^, r;). 

Also product of roots of (3)=(7i2~-4aA/sin^(?, wlioro sin^^ is to 
bo found from (4). Wo find that 


— 4«^){ da^ -I' 4; ~ 4a^)]^}. 


Ex. 4. Through tho point yi(14/6, 2/5) within tho circle 
5.r* -h fiyi* — 14a’ — 2y=40 

are drawn tho chords which are trisected at A \ find tho cquatioim 
of tho chords. 

Lot .'if= i]jt+?’C08 0, j-l-rsin f) bo tho equations of PQ^ a chord 
trisected at A. Substitute those values in tho equation of tho circlo ; 
tho quadratic in i* so obtained, nainoly 

5>‘’i't-2r(7 cos l?+sin d)~40=0,.(6) 

has for roots AP, yKj>; say r,, j’a. Honco r,-I-21*3-0 or 2r,'|-r3~0; 
thoroforo (}*|+2r3)(2ri-|*r3)=0 or 2(}'i-|-r3)‘'*+ri}*.3=0, so that by (5) 

(7 cos 0 +sin 0 )^ —■ 25, giving tan (?=> 4/3 or ~ 3/4. 

Honco tho equations of tho chorda aro y-2/5 = ^ (a* ”14/5) and 
»/ —2/6= —14/6) or 4.r~3y=10 and 3.r-l-4y=10, 

Ex. 6. Tbo equation of tho nonnal at Uio point 0 on the ellipse 
x2/a2.|..ya/b8=i may ho put In tho fonn 

x-aooB l?_y”to»ln d ^ 
b COB ~ a Bln 0 OD* 

Lot tan</j bo tho gradient of tho normal, thon tho equation of tho 
normal may bo written in tlio form 

.V " a cos 0 y ~ fisin 0 
cos ({) sin </) 


,( 6 ) 
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But, by § 143, we have ^ 

, , amiO 

SO that . . 

, &CO3 0 y 

, , ficos0 . , ,amn0 

or coa^=±—sm(/)= ±— ...,(7) 


Ilf we select the two positive signs in ocpnitioim (7), tliuii r of 
equation (6) will be positive or negative aocortiing as iviid 

cos 6 have like or unlike signs; in other words, r will Ijo ])UHitivo when 
(.r, 2 /) lies on the outwrd normal and imgativo when (.v, y) lies <ni fcliio 
inward noi-nial at 0. 

By help of equation (7), equation (0) can now bo written in tliio form 
.-c-ttGO30 _y--6sin r 
boon6 ~ ttsinU GJJ' 


Ex. 6. On the normal at P to the ollipao xya^'\-y‘^fb^tai avo 
marked off PQ outwards and PQ' inwards, so that PQ iuwl !*(/ nro 
each equal to the semi-diamotor conjugate to 0,P j prove that 

OQ=a+b and C(^=a — b] 

and deduce a construction for the axes of an ollijiHO when a p,vir of 
conjugate aerai-diametors are given in magnitudo and piwitiim. 

Let /^be the point (acoa0, Osin (?) andlot G/) bo tlm senii’diaimitor 
conjugate to GP^ Then the equation of the norinal at P is, by i'Jx. 0, 

.t; -aco3 0 y — bmnO r 

~1)QOh 0 ~ anin 

Itr-GDy . 1 ?=(a 4-6) cos 0, 7/=(a4i))Bin 0 
and GQ^^.v^’+y^=i(a-[-bf or GQ^-U‘[~h. 

lir=^~GPf x~{a~b)con6, ;y=sin 0 
and G(2'^=+,?/=(a - 6)2 or CQ ’»» a >- 6, 

Also the gradient of tan 0 

\Ci-ro)oon(/ 


and 


the gradient of GQ'- - tan 0. 


Hence the major axis bisccta the angle botwooii CO and 0(X 'J’liu 
GQPCQ=^<2a and GQCQ' 

When CP, GJ) are given in magnitude and positiojj tlio mdnts Q i 
PO P°^’P“'Vt‘c«*ar t<i Of) and iiuvrUijm d 

1 n ™ biwietor of the angle QCC 

and the lengths of the axes are given by the equations just wriH^in 
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EXERCISES XLIX, 


1. Find tho oqualion of the chord of tho ollinso 
^vlli'ch is biaoctcd aL tho point (^, ->]). 

2. Find tho equation of tho chord of tlie hyperbola 11^=1 

which is bisected at,tho point (t, r]). 

3. Tho necessary and sufficient condition that tho point (.r,, y.) 
Blrould lie within tho ollipso a’ 7 a 2 .p 2 ^ 2 / 62 =,! ia that a-,Va'‘+y,762- l be 
negative. 

4 . Use tlto method of §151, Ex. 3, to find the equation of the 
fcangont(i) at (.t-,?/,) on x^la^^vf jlfi=\^ (li) at (a-,y,) on 

(iii) at (a’l^i) on a.^’■'*^- 2 /^. 2 ^-^-%a + 27 .^■+ 2 /y+c~ 0 . 

6, If Tl\ 'V^ are tho tangents from T{xy y) to the parabola 
2^'2=4aa’, whoso focus ia S, prove that 

(VP.Tq^{y'^-Aax)M. 

(Jb 


6. A straight lino through a fixed point P(/, </) meets tho lines 
c!C.-K^+2/ta;y'l'67/‘i=0 at tho points A, B and a point Q is taken on the 
lino such that XfBQ—lfPAA-^IBB {PA, PB, PQ being stops); prove 
that tho locus of <2 is a stvjiight lino. 

7 . Find the length of tho intercept made on the line y=7nA’+c by 
trho linos ax^+ 2 lK%y+b}/^~ 0 . 


8. Find tho aroa of tho triangle formed by tho lines 

'1- my = I, tfa;®+ 'ih.vy +fty®=0. 

9 . (J is a variable point on tholin0 6w,’+&y+c—0. On tho lino joining 
to tho origin aro marlcod off points P, P' such that PQ=QP'=d, 

jx constant; find tho locus of P, P\ 

10 , Provo that tho locus of tho points which divide in tho ratio 
1 : A a sorios of chorda inclined at an angle 0 to tho major axis of tho 
conic ia given by 

,,, fx cos 0 , y sin Oy , ,, ,..,5 f co8®0 , sin^d^ f.v ^, y® ^^ 


and draw some obaorvations from this equation. 


11 . Provo that tho squaro of tho length of tho chord of the ollipso 
which Ims its middle point at (A, k), is 


4a®6a 



12 , Find tho equation of tho chord of 2Ay/=c® whose middle point 
ia («., j8). Provo that tho locus of the middle point of a chord of 
2.x!y=fl®, whicli is of constant length 2rf, ia <!®(.v®+y®)=2.xy(«?®+y®-d®). 

13 , On a chord of tlio parabola y®=4c3W/‘ through a fixed point 
0 (Ji, h) a mean proportional (9/1/ is talcon to tho segments of .the chord. 
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Show that tho locua of M ia tlio diameter wlioao eq.ua.tiou is ;/=ifc+o, 
where is the numerical value of F- 4c{/i, 


14, Prove that the equation of the tangent to the ellipse xVa®d-y®/l)^=sl 
at the point 6 may be written in the form 

x-aooB beln 0 r 
a8in0 -booB0 ”oi^ 

where r Is the step (positive or negative) from tho point of contact to 

(X, y). 

16, If tho tangonl at P on an ellipse ia mot in Ty 7" hy n pair of 
parallel tangents drawn at Q and Q', prove that P'J'. P'r^GD^y 
and also that QT, Q'T' is equal to tho square of tho somi'diamotor 
parallel to Q2\ 


16, If tho tangent at P on an ellipse is mob in X, L' by a pair of 
coniugato diameters, prove that PL. PIJ =s 0D\ 


17. Find the equation of the normal at a point on an ellipse In the 
form 

x~x, y-y, 

Ml 
a® b« 


where p is the perpendiouloi' from tho centre on the tangent nt the point 

18. If tho normal at Xto tho ellipse moots the axes 

in Gy g and Q ia a point on tho normal such that 


2_-.J_x± 

pq~pa^pg' 


show that tho coordinates of 


q aro 


-F . 


58-gg 
a8.|-58 


5 sin 


o). 


162. The Parabola. The Collowing are tho loading 
thoorems regarding tho imrahola. 

Theorem 1. 

The loc%s of the middle points of pa/rallel chords of the 
pwrabola y2=4a® 

is the d/iemeter ?/=—j 

where m is the common gradient of the chords. 

Proof Let V(i, >]) bo tho middle point of tho chord QQ* 
(!irig. 138) of gradient m, 
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Let the equations of QQ' he 

«)=^q-rcosO, 2/=)/+rsm0, 

so that tan 

lix, y arc fclio coordinates of Q or Q\ tlien 2 /® = 4aaj, so that 
r®8in®0 + 2r{}) sin 0—266 cos 0)+4a.^— 0.(1) 


M 



Via. 138. 

VQ, 7Q' arc the roots of (1), so that the sum of the roots 
is zero and therefore 

n sin 0 — 2(X cos 0 = 0 or » = ..(2) 

' ‘ m 

Writing y for wo have 


as the locus of middle points of chords parallel to QQ'. 
The locus is a lino parallel to the axis; lot it meet the 
curve at P, py is called a diameter, VQ and VQ' are 
ordinates of the diameter PF. 

The tangent at P is the line obtained by moving QQ' 
parallel to itself till Q and Q' run together, so that the 
tangent at P is parallel to the chords bisected by the 
diameter through P. If NJP, AN are the coordinates of P, 


and AN'- 


8P =jllP=c6+—o —a coscc® 0.(41 
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Theorem 2. 

If QVis an m'diTmte of the diameter through a point P 
on apa/raholat QV'^~^SP PV 

Proof. (See Fig. 138.) 

Q7»=-re.F(2'=^i^^. by (1).(6) 

But, by (2) and (4), 

2a, , 1 ,SfP. 

and — —.ni ” ~::r > 

' m sin^d a 

therefore, by (6), 

= 4.SP(iVF- MP) - 4;SfP. P V. 

Oor. If the diameter and tangent tlwongh P ojtg oblique 
axes of 0 !, y, then VQ~y and PV~x, so that the equation 
of the poA'ahola referred to these axes is 

y^ — 4s(m, .( 6 ) 

where cl~SP. 

4<SP or 4a is called the parameter of the diainotor 
through P. 


The equation of the tangent at {x-j^yi) on (6) is 

yy^^2a{x+Xj) .(7) 

Froodom equations for (6) are 

cc=aP, y~2at or x—-^> ....(8) 

and the equation of the tangent at the point m is 

^ = 97105 + —.(9) 

^ m 

If QP is the perpendicular from Q on PV, it is cosy 
to show that Qj) 2 ^ py .( 10 ) 


163, Worked Examples. The following examples illus¬ 
trate the theorems of the preceding section. 
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Ex. T-« Tlio tangents to a parabola from a variable point T meet 
tilio tn-ngont at the Oxod point P in R and li\ so that PR. PR' is 
cscjiietiiub ; show that tlie locus of 7* is a straight line parallel to the 

tiiiigoi"!' Ji-t P> ^ 

Eof 01 ' the liguro to the diameter and tangent through P as oblique 
^ OrUcl y, (tnci lot tho equation of tho curvo bo 

y'^—Aoj!} •* 

let PM (Fig. 139) bo the coordinates of P Let TR, PR! meet 

tlio curvo at <2, Q and lot Q, q' be tho points 

/ «. 

\w3’ mr m')’ 



Tlio equations of Sift, TR! aro 

and 

tlioroforo PR^~^ PR'=~- 

nvrn m m 

Honco a. MT = PR . PR =constant, 

so bliafc MT is constant and tho locus of 7* is a lino parallel to tho 
tG.ngonb at P, 

Ex. 2, If a variaWo tangent to a parabola intersect three fixed tangents 
In Y|, Yj, Yg, then the ratio YiYgjYgYg is constant. 

Tjofc tho variable tangent touch tho curvo at P and refer tho figure 
to tho dinmetor and tangent through P us oblique axes of x and y, 
Xiot tho equation of tho parabola bo 

2/^=404.’, 

ttncl lob bhe points of confcaob of tho fixed tangonts be 

<?a(>‘*?2y3)) toys)' 
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Tho equation of tl»o taiij^oiit at Qf ia 

;/y,- 

Put .v=0, then /Mp ho that 


Hon CO 


r,r, 




//j ^ 

:■'/!! '/O, ,.„nH|,l|lL 

-yy-i }h ‘ih 


Ex. 3 . Tan^onta at Q, Q' on a. parabola IntovHOot in T, luul t 4 «ifipnfc« 
at a third point P moots PQ, TQ' In H, H'j show lltat 
QU : HT -TR': R'Q' IIP : PR'. 


Using Fig. 130 anti tho iititatioii of M.s. 1 , we liiive 




anil 

'JWf ■ 

It. , 
VDIl' ’ 

tliorofore 

qii : IIT. 


: TAP 

?a'_ 

m 

Similarly 

to: : r:q'- 

'■ni\ 

; i/y - 

M, , It. 
iniii‘ iii'^ 

Again 


m 

PR'-d^. 

Vi 



80 that JIP \ PR' ^ ■ 

VI 


164. Oentml Oonics. Wo liavo alrt'iuly invoNtiptltal ltt«» 
properties oJ; diamotovs ol tins ollipw^, 'I'Ik' lui'lluid ••m- 
ployed does not apply to tliti hyporlMtla, ho t!uU* wo 
now givo a short account oil tint goncml molhnd ol’ ^ lAI, 
162 as applied to tho ollipso; cciiidn oliviouH clmnj4;<w ijirik*.» 
tlie discussion apply to tho liyjicrboUv. 


IhlKOltl'iM 1. 


If y^mx . (I) avd 

oA'e diameters of the elli^isr. 


?/« 


and if 


imn 




.,f2) 


..on 

..<4> 


each of the diameters (t) and (2) UsMs r/fimh pit rtf (hi 
the otheri and the diffAneiers arc r.tdled c(mjn<ja(f* dUiitwh^r^, 
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F(^, fj) be the middle point of QQ', a chord 
of gradient m. The cquationa of QQ' may 

0 )=r co.s 0, y = ti-\-r sin 6, 


^ tile coordinates of Q or Q', tlion r= VQ or VQ'. 


^ (3). 


(1)2 if 
;72+*jT' 


¥ 


1; 


(^■{•rcosOf , (jz+rsin 
^2 + ¥ 


- + 5in^)+2r(^+^^!^)+|+g-l=0.(6) 

? H- FQ' = (), so that the sum of the roots of (5) 
^r'ofore 


«2-+-^,iS- = 0 01- «/ 


¥ cos 0 


•e 


a? sin 0 

0 ==m and, from (4), m' = —¥fa^m ; 

o diameter (2) bisects all chords parallel to (1). 
tHe diameter (1) bisects all chords i^arallol to (2). 


'3;‘nEonEM 2. 
y emd y =rn'tw 

tc^'i^s of the hyperbola 

a2 '62 ~ ’ 

. ¥ 

mm ~- 5 * 

cUamelers Imr.olfi ohorch ^x(/t'allel to the other, 
:c're oidled conjugate diameters, 



412 


ANALYTICAL GEOMETRY. 


[on. xxni. 


Theorem 3. 

If Py D a/re the points 

{a cos 0) h sin Q) mid (ct sin 0, h cos 0) 




on the ellipse 

GPy OP a/re eonpigate semi<Umneters and 

ar'^^GD^==a^-\-¥. 

Proof. Let niy mf be the gradients ol QPy OP ; then 

& sin 0 T , b cos 0 

- 3 and m —-;— t:- 

a cos 0 a sin 0 

/2’ 




Therefore 


mm ~ —s) 
a® 


,2 1)2 


SO that OPy OP are conjugate aemi-diamctora 
Also, GP^ ~ a^cos^0 -1- &^sin^0, GP^ = a^ain®0 + i^cos^O; 
therefore GJP 4- GP^ ~ 4- W, 

Theorem 4. 

If OPy GD are conjugate semi-dimieters of the hyperbola 

(G^ 

and P is the point (a sec 0, b tan 0), then the coordinates of 
P may he put i/n the form 

(aitmO, hi sec 6), 
ivliere i = \/ — 1; a/nd if GP^ denote 

a®tan^04&®scc®0, 
then ( 7 ^ 2 - 01)2 = ^ 8-62 

Proof. Let m, m' be the gradients of GPy GP ; then 

6 tan 0 / 62 

m =- n and m/in = -h* 

a see 0 a^ 

6 sec 0 hi sec 0 


m 


atan0 ai tan 6' 


Therefore 
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Now (cutauO, hinmO) is a point on the hyperbola; 
hlioi’oforo it is an extremity of the diameter y~m'x 
tionjngato to (7P, and thoi-ofore it is D. 

Also, OP* = a* soc*0 4- 6* tan*0, = a* tan*0 + 6* sec*6; 

tlicref ore OP* — OP* — a* — 5* 


Theorem 6, 

( 1 ) The equations of the tangent cmd normal at the 

yioinl bmnO) on the ellipse 1 / 2 / 62=1 may 

l>e wont ten in the forms 

x — a coa 0 _ y — 6 ain 6 r 

a flin 0 ~ ~b cos0 ~ Ol) 

j ft) —acos0 _iy —6sin0 r 

b eda 0 c^n 0 " ~m 

(2) The equations of the tangent mid normal at the 
^oint (asocO, 6 tan 0 ) on the hyperbola x^ja^~yyh^ — l 
'may he written in the forms 

x~a se c 0 __ y — 6 tan 0 _ 1 ’ 
a tan 0 ” 6 aoc 0 ~ 03 


cond 


X —a HOC 0 __y~-b tan 0 _ r 

6aec0 ~ —a.tan0 ~ GD 


(Sgo Ex, 6, p. 403.) 


Theorem 6. 

If POP' is a dicemeter of a central conio which bisects 
the chord QCf in F, then 

Qyt c'P* 

PF. FP'"" OP*’ 

'where GD is the semi-'diameter conjugate to OP. 

Proof. Lot F ho the point (^, )/), let P ho the point 
(a COB 0, 6 sin 0), and lot the otpiation of QQ' bo 

ft) —^ _ y —)/ _ r 
— 4 sin 0 ~ 6 C08 0 ” OP’ 
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\yn, xx'fit 


or 


. a sill 0 , hcose 

■i -= 


an 


so 


If (aj, y) are tlie coordinates of Q or Q', wo liavo 

that 2r( imn9 //Goa0\ g 

that 7m^~7m\ a b ^b'^ 


aD\ a 

VQ> VQ' are the roots of this equation in r ; tUoi’ofuri* 
the rule for the product of the roots of a 
equation, qy^_ rQ.Vq_ , r , 1 ^ 

dv -aD“ " /.^ ’ 

The equation of WP may bo put in tho form 

_-t-.' 

a cos 0 h sill 0 OP' 
therefore, similarly, 

VP,VP' •, 

But VP. VP'^-PV. VF] theroforo, from (I) and (SI.)* 

Qir2__py^ YP' (p/p 

OF- 


GP^ 


or 


PV. VF^GF^' 


Theoreai 7. 


a central conic he referred to CP* and OD, a pah* Cj/" 
conjugate aenii-cUamet&rs, as oblique axes of o) and '*h&« 
equation takes the form 




07' 




according as the conic is cm ellimc 07 ' h 7 ipe 7 'hola, 
OP==ol,GD = ^,. 


F'o^, If C'F, VQ are tho abscissa and ordinate of 
point Q on the ellipse, then 

QV^==y^, PV, FP'«a2-aja. 


a 
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tlioreforo, by 'Jlieorom 6, 

(x2 — aja ■“ (j} 


or 


+'^ = 1 


/ 3 ' 


Tlio tangent at on the ellipse is 




(X^ ^ 

I[ mm'=(3^/a^, y^mx and yt=m'x are conjugate 
diameter,s of the ellipse. 


166. Worked Examples. The following examples are 
applications of the theorems of the preceding section. 

Ex. 1. If parallel tangents at Q and Q' on a central oonlo meet the 
tangent at P in' T and T', then 

PT. PT'=OD* and QT. Q'T' = OE®, 


where OD and OE are the semi-dlamoters parallel to the tangents at P and 
Q reapootively. 



and lot the coordinatoa of Q, Q' bo (.r), yj), (~ivi, -y{). 



m 


ANALY'l'IGAL (lI'lOMl'iTHY. 


[(Ml. JCXIIl* 


The equatioiiij of (^7\ <i'7'' avo 

and 

oiy /j-* fr 

The common abecinaiv of 7" in I’nl,••(/. in Uiomi i 

. ■»-!-» ,„Kl 

a Z?*’ 

Thoi'ofoi’o, sinco ij=:P'P in Iho Ural of tlniHO mid in 

aoconcl, wo have after inulLiplioatinn, 


.(i 


//i'' 


and thoroforo, tli' 0 |)piii^ con aid oration of Llm 

Soconcl, refer the ligiuo to 67i', 6 V iih oliliqnu axoa of y; lot t 
equation of tho conic no ,,,■,] 

y r . {', 11 

ffji > 

whore cL—GEf 13^CQ in tliia ouho. hot /' lie tlio point 
Then the oijuation of 7'/'7" ia 




Tho ordinato of 7 ' ia {i. Vut //r ; wo gut 

/s ‘ ia:^ ji 

The ordinato of T m-( 3 . i'nt -Ji in Urn oijnatioii of 7*/^' * 


wo got 




Air 

a,' 


' /r 

a .l■u 


Hmco 

SO that QT. (/ 7"(/yj,'a 

EjXi 2> Tf tho chord Wf of tins come and 

tangont at P are equally inclined to the iuch and Pjl nii'ot thu iiauM 

liuIlnU.G°fonii“1'"'^'"" "f 
.v-rtRucO ,V“-/^taiif^ r 

(Unlit;-/)Reel!) 
according to Tlioorom 5, 

Wlion ;/=0, when r^apq, 

Thoroforo and pa^^gnmiiO 

, , „ w tan O' 

and therefore Pq,Pq^-^Giy^ or qP.Pq^clA 
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Ex. 3. Tangents from a variable point T meet a conic in <2 and (J', 
k 1 the tangent at tbe fixed point P on the conic meets TQ and TQ' 
\ li and id'; if Pit. PE is constant, the locus of Tis a straight lino. 
Refer the figure to GP and the conjugate soini-diameter as oblique 
ices of X and ,y ; lot the equation of the conic be 




‘1, 


lid let the coordinates of T bo 
The equation of the tangont-pair TQ^ TQ' ia 

f £! _ 1V-J--1 = f -1Y' 


Put .r=a j PR and PE are tho roots of the resulting quadratic in y. 
Hence 


PR.PE^~P~^\,^^ 

(.r,-!■«.) ^ 


Since PR, PR' is constant, .rj ia constant, so that tho loous of 7'is a 
traight lino parallel to tho tangent at l\ 

166. Asyraptotes. Similar fci’oatmont may bo applied to 
/Symptotoa. 

Put a5w^+rcos0 and y^t}-\-rHii\0 
n tho equations 

= l.(1) “'d ^72 


rtS /ii2 
6’- 


( 2 ) 


Wo then got tho quadratic.^ 

/c^ mn«g\ ^ /'£coae_28i ng \ £ 


tnd 


III 

’68' 


1«0 (3) 


„/coa80 
^ \~a8 ' 


8in8d 

-yi 


)+2r(^ 


COS 0 
■ 2 


>/mn0 \ ^8 

68 

If (^,)/) is tho middle point F of a chord QQ' of (1) and 
I QQ' moot tho asymptotes (2) in R and ii', then 

KQ+FQ'«0, 

^cos6 

"a? 68 


■p 


«0. (4) 


30 that, by (3), 


wid therefore, by (4), VR -{- VR- «= 0, 
30 that wo liavo 


a.A.o. 


20 
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Theorem 1. 

If t}i6 diameter GFV of a hyperbola meet the c^irve i 
ana bisect the chord QQ' in F, V is also the middle poin, 
of RR\ the intercept made on QQ by the asymptotes. 

If QQ' move parallel to itself till V coincides with F 
then we have, as in § 132, Theorem 6, 

Theorem 2. 

The pa/rt of the tangent at P intercepted between 
asymptotes is bisected at P. 

Theorem 3. 

If QQ', a chord of a hyperbola, meet the asymptotes in i 
and li', and the tangent at P pa/iullel to QQ' meet ai 
asymptote in T, 

PQ.PQ'==EQ. QR'^PT^^GD^ 
where GP, GD a/re conjugate semi-diameters. 

Proof. Let R bo the point (^, ?;) of equation (3); tliof 
^-1^0 by (2), and 

iiQ. i2Q'== 

(P b'^ 

Now tan 0 is the gradient of QQ' or GD ; but the gradioiil 
of QD, by Theorem 4 of § 164, is tsec </»/fttan </>, where P ii 
the point (/>, so that 

003^0 _tan*0 , sin^0_sccV 
~ GD^ ^ ~1P ~GW' 

Hence EQ.RQ'^GIP. 

Since V is the middle point of both QQ' and RR! ('Th. 

RQ.QR'^RQ.RQ^GDK 

When R coincides with T, RQ. RQ' becomes TP^, lionet 
the theorem ia established, 
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gi0al 

If is porponclicuJiir to tho fcransvor.se axis, 
RQ,Eq'^llQ.Qli'^GB^\ 
if it is perpondicular to tho coiijugatG axis, 

Rq.m^JiQ-QR'^OA\ 

EXERCISES L. 

1. Pi’ovo that tho intoroopta VU and inndo on tho normal at 
P hotweea P and tlio axes, aro 

^GD and 

a. h 

2. If 0 is tho eccontric angle ()E J\ a point on an ollipso, prove that 

bmi^0^(GJP - i«)/(rt3 - a IP). 

3. If CL is tho angle winch the tangent at I* makes with tho focal 
distance of prove that fi\n(/L=b}OJX 

4. Prove that no^GPOanihlOP, GD. 

6. If tho diamotor coniugato to OP meet tho normal at P in 
prove that PF. PQ^BG^ and PF,Pg=GA'\ whore (/, g are tho 
intersections of tho normal and tho axes. 

6, If GP^ GD are conjugate somi-diamotors of an ellipse, if GD 
moots SP at lH and PB is Mio proj<!(ttion of /Y/ on *S'P, prove that 
(1) PE^GAy (2) angle PEg is a right angle, (3) PL^ClPjVA, 

7, If the tangent at P on a hyperbola moot tho asymptotos in 
Z, L\ prove that PL^PfJ^GD. 

8, If tlio tangent at P on a hypcmhola is cut by any pair of 
parallel tangents in 7', 7", })rovo that ./’7'. PT'^GD'K 

9, If tho tangojit at P on a hyperbola is cut by any pair of 
conjugate diameters in 7', 7", prove that PT, PT'=GD\ 

10, Tho asymptotos of a tionic aro harmonically conjugate with 
roapoct to any pair of conjugate diamotors. 

11, If y^<=4a,r is tlio equation of a parabola referred to oblique 
axes of A*, y inclined at an angle w, prove that tho equation of the 
directrix roforrod to the same oblt<ino axes is 

A’-H;/cos ( 0 - 1 -a=0, 

12, Tho ordinates through a point P on a parabola of the diameters 

Vf JJ F' througli the oxtromitios X, JJ of the latus rectum are P F, 

Jpy'\ show that , 8P, 

13, Provo that, if Panel P' are any two points on a parabola, tho 
moan proportional botwoon the distances of P and >S from tho tangent 
at P' IS half tho distance botwoon tho diaraotovs tliroiigh P and 7 , 
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14, If the tangent at <3 on a parabola meet the diamotor PKin 
prove that 

16. Using the equation QIP^AAS, P V for a parabola (§ 102), prove 
that +c)® “ h{px +5;^ H* r) 

is the equation of a parabola, cMJ+fty'l'O—O being tho oqualion of a 
diameter and. 0 that of tho taiigont at its voitox, I'lnd 

the latus rectum of the parabola. 

16. If 0 is the middle point of tho chord QQ' of ti hyperbola which 
meets the asymptotes in if, 11' and cuts auy pair of coiijugiito diameters 
in Ky K'y prove that 00—OK, OK\ 

17. Prove that conjugate diameters of a roctaiigiilar hyperbola are 
equally inclined to each of tho asymptotes. 

18. Two tangents to an ellipse are drawn parallol to tho normal at 
a point P on the ellipse, and tho normal is equally i noli nod to tho 
axes. Provo that tho semi-diameter parallol to tho«o tangonts is a 
mean proportional between the perpendioulars friun P on tho two 
tangents. 

19. Pind the greatest value of the angle botwoon a diamotor of an 
ellipse of eccentricity e and tho normal at its oxtromity; and show 
that for the earth’s orbit round tho sun, of which tho occontrioity may 
be taken as 1/60, this angle is loss than half a niimito of arc. 

20. Prove that, if PQy the normal at P to a parabola, out tho axis 
in Qy the length of the chord drawn through O parallol to tho tangent 
at P varies as the focal distance of P. 

21. PR is a chord of a parabola such that PR and tho tangent at P 
form an isosceles triangle with tho axis j prove that PR is divklod in 
the ratio 1; 3 by tho axis. 
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CHAPTER XXTV. 

NERAL THEOREMS ON CONICS. CONEOOAL 
CONICS. CUliVATURE. 

Oeneral Equation of tho Second Degree. Before 
^ to certain general theorema regarding a conic, v/c 
iiid a general form for tlio equation of a conic, so 
(O-vo needless repetitions of proofs. Lot {n'li/i) bo the 
xnd ttJcosa+ 2 /sina“- 2 ?= 0 , the directrix of a conic 
eccentricity is e ; then the equation of tlie conic is 

(oj—aj|)*+( 2 / ~ 2/]cos (X d- 2 / sin a —p)^ 

. —e®coa®a).'r®— 2c®Hin a co.s rx xy +2/®(l- '-c^sin^a) 

(«j| — c^p cos a)—%y (j/j —^^p sin a)+a’j® -f y^^—e^p'^ =0. 
general eqiuUion of the aecmul deyres, namely 
ax^ + 2hxy + hy^ -H Sir/ai -f 2/^ -f 0 = 0, 

;I by/(a!, 2/) = 0 or N=0, repi'eaenta any eonie. If 
>0, it roproaonts a hyperbola; for ax^^2/ia:y-{'hy^ 
in two real and distinct factors, and the curve goes 
lity in two diilbront real directions. If a6<=0, 
oaents a conic going to infinity in but ono real 
)n (or in two coincident real directions), that is, a 
let. If A®—a6<0, it roprosents a conic which does 
to infinity in any real direction, that is, an ellipse. 
rc> already shown in Chapter XII. how to draw roiigli 
the graphs of /(«;, y) =* 0. 

If f(x, y)=3 018 a central conic, sliov^ that the ooordlnatcB of ita 
o thosolutlona of ax+hy-|-g=»0, hxH-by+f=0. 
ii Vx) bo tho conbro of/(,v, ,y)!“0, and aliiffc bho origin to the 
y putting A’es^-I'.ri, Tho oquation of blio conio 

4^1?+ hf ++ Ayi +^)++/) +/(a’ij (1) 



m 


geometby. 


[OJI. JfXiV. 


Think of and (-$y -ij) as tho two oxtremilios of a diamotoi' 
of ttiQ conic ; then it is cleai’ that ( —^, -^ ij) must satisfy (1), so that 

2k$ri + hf- 2^(cwj+Ay, +ff)- ^4r){hXi + bj/i fS) 

Subtracting (2) fi’om (1^ and dividing by 4, wo got 

I(«,%+Ay, +^)+^/ (/Wi+%, H'/) 0,....(3) 

ifov/ (3) is true foi' all v&luea of r) belonging to tho conic ; thovoioi'Q 
«>rj4-Ayi+y^0 and kvi + b^i+/=0, 

E)C. 2. The eq.uatloii of a central conic rofowod to tho oontro as orlgla 
Is ftoMttd tJy writing £ for x, y for y in tho terms of tho sooonii dB^rcs 
anh x,/2, yj/2 for x, y in the terns of the ftvst dogroo, whoro (Xj, y,) is 
the centre. 

Equation (1) of Ex, 1 gives the oguation of the conic reforrod to its 
centroi as origin. Sinco + and it 

remains prove tbat /(,i?j^ 

trow a\(«,i?T.+/iyj^+j/)=0 and y,(A.t’j+Ay,+/)=D; by rtdditioji wo' 
see tha t aJii^+ + 6yf=^0. 

To each add 2y (cri/2) -p -f o ; 

then fQci, y,) == 2y (a’,/ 2)+2/(yj/2)+o, 


Ex. 3, Hnd the latos reotiiin and tho eqaatlous of the axis and tangent 
at the vertex of the porahola 

x2-axy+y2-6x+2y-f jsso.. 

"VYo write (i) in the form 

(‘V-'yP*=6^-2y-0, 

then m the form 

(.r - y + Xf =» 2.i-(3 + X) ^ 2y(J + A) + A^- 0. 

-tfoxt, we detormine A so tliat tho lines 

«J-y+A-0 and 3.v(3f A?^2y(2-/-AH0^0 
may be poiTendiciilar. This gives ^ 1 or A«^ ^ 2 

G^fcg hack to (ii), we substitute A^ _ 2 , and flo got (i) into the form 

(,^'-y- 2 >^S.'»+a}/ ^ ... (Hi) 

'Co compare (iii) with jVJ^=^44jS, JjY (§ 125), 

we write it (,y-y - - 2 )^ . 2,j?'^2y~6 

*-#-2=0 

ana or tjif, tangent ae the revtox 2j?4-2?/-fiB=0 Thn voufYli af 
this parabola m shown in Eig. 34^ p, 820.'^ ’ roim Of 
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REDUCTION OE GENERAL EQUATION. 


33x. 4. S'Ib- 4 lengths and the equations of the axes of the olllpse 

6x2 _ 4xy 4- 4y2 _ 20X + 8 y - 44 = 0 .(0 

Jloro A==“-2> i==4, /=4, o—-44. 

W'e fU'sb find tho coiitro nccorcling to Ex. 1: 

ax'i'bhyi+ff^O and Arj-hi^i+Z^O give A’i = 2,yi=s0. 
A.pplyiny 2, wo And for bho equation of the ollipso refoiTod to 
its centre iva origin, 5 ^ 2 - 4 ^^^+ 47^2 ==64.(ii) 

Tho o(ination of a concentric circle, radius r, is 

^2 + 7/.J==7*2.(iii) 

Multiplying (ii) by r® and (iii) by 64 and subtracting, wo obtain 

^♦J(r,r2 - 04) - 4r2^t; _ 64) =0..(iv) 

;E(luatioii (iv) gives two straight linos throngh tho common centre 
Etncl the iiifcersoctHais of (ii) and (iii). (Compare § 125, Ex. 3.) When 
O'S is equal to tho Hijuaro of either aoini-axis of (i), these two lines 
coincide, and then 

4>'» == (5j' 2- 64)(4»’2 - 04) or r‘ - SOr®-|- 250 =0, 
giving j>2^Xfl^.2V0 or 18-2%^. .(v) 

'These are the K(inarcs of tho Hoini~axcs. 

■VVhon tlio two linos (iv) coincide, (iv) may bo written 

[|(5)-2-04)-2r27;P=,0, 

so that 

when !•* => 18+2 n/17, i (hr® - 04) - 2r2);« 0 is the major axis; 
when r®—18-2>/r7, ^(5r®-04)~ ^rh}^0 is tho minor axis. 


Honco tho major and minor axes are 

^(13+r3'>/l7)=s2j;(0+\/r7) and ^(13-5N/i7)!»27j(9-N/]7) 
ox\ referred to tho . 1 ? and 1 / axes, 

-2)(13-|-r>VV7)=2y(0+Vf7) and (.^?-2)(13-5^/r7)-2;/(9-^/^7). 

The rough form of tho ellipse is shown in Eig. 80, p. 223. 

Mote. Tho same method applies to tho hyperbola 5 one of tho 
va.luea of r® in tho eipmtion corresponding to (v) will bo p{)sitivo and 
0110 nogativo ; tho first is OA\ tho second - (JJP. Tho student may 
*Lj>ply tho method to tho hyperbolas of §§ 91, 93- 


Ex. 6 . Tho area of tlio ellipse whoso equation is 
a,v^ - 1 * 2k,Vi/ + 6 ,j^ 2 =I 

IS ‘trf^Jab-'hK 

Rotate tho axes through an angle 0 and pub 

A’»I cos 0 -si II d and ;/ => ^ sin (7+ ijoobO. 
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The equation of the ellipse referred to tlio ^ and if} axes bo coin oa 

.^i) 

■whore a'=«co8^ 0+24 sin 0 cos 0+i»sin^0, 

7('=!(&-c6)8in OcoB 0+4(cos30-siu2O), 
&'=<=«sin®0-243iii Ocos O+iicos^O. 


We get (i) into the canonical form of the equation of tho ollijiao if 
we choose 4'—0, 

or (J — o) sin 0 cos 0+4(cos®0—siu® 0) “ 0 or tan 2d = 

Equation (i) then becomes 

a'^+&V=l.*. (h) 


The semi-axes of the ellipse are thoroforo 
therefore 


1 1 




and tUo lumw la 


Now (p. 103, Ex. 20 ) a'b'!>^a'b'~h'^=ab-h\ ns is easily vol'iftotb 
Therefore the area of tho ellipse is irl^{ab - 4®). 


Ex. 6. Prove that the equation of a oonlo roforxed to tho tauffoub Hud 
normal at a point as axes of x ana y may he written in the form 

y Ks ax^+2hxy+hy^, 

Also show that, if through a given point on a conic two Unoa nt riffht 
angles to each other he drawn to meet the ourvo. the Una Jolulnff iholr 
extremities will pass through a fixed point on the normal. 

liOt ,|, 20x + 2Fj;/ + 0 

be tho equation of the conic. 

^le conic passes througli tlie origin ; Lhorofoi’o O^O. 

And the tangent at the origin is 7/=0; thoroforo .'V*=aO iwico iflvctja, 
the roots of A.#+26i^a’=0, so that O~0. ^ 

Hence tho equation of tho conic takes the form 


-h 2U.v^ +H- 24)/=0 


or 


y-( ^ A!2F)x'i +2( - IIl^F)x}j +(- 


whioh is of tho given form. 

second part of the oxamplo, refer tho iiguvo to tho Uiticrout 
con+ ^ equation or Uia 

y= ax^ +24.t^+4^2, 


and let the 
porpenciicuiar 

Then 


equation of tho lino joining tho oxtromitioB of tJioi 
cnorda through tho origin bo 

lx+m^—1, 

y {lx + jny) ^ ax^ + 2/ixy + hy'^ 
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§§ 167 , 168 ] 

is_ the equation of the of perpondiculav lines through the origin. 
Sinco they aro perpendicular 

a+Z)-m=0, 

80 that lx-]r'iny^\ may bo wi’itton in the form 

which always passes through the iiitoraeetion of •■r—O and (a+6)y=l, 
that is, through a fixed point on tlie normal. 

Note. If aH-6=0, the conic is a rectangular hyperbola, and vt~0. 
Hence the particular case i If thi'ougli any point on a rectangular 
hynorbola bo drawn two chorda at right angles, the perpendicular lot 
fall from the point on the line joining their extremities is tlio tangent 
to the curve at the point, 

158. Forms of the Conic, Wo have taken Uio goiioi’al 
equation ol! the second degree, viz, 

+ 2 }ixy + + 21701 + 2/^ 4- c = 0.(1) 

to represent a conic. It follows that the torm conic tliere- 
fore mclndcs a pair of straiglit Imos (wliicli may be parallel 
or coincident) ns well as a circle, ])arabola, ellipse or hyper¬ 
bola. And this is not suipi’ising, for if the Ii 5 q)orDola 
—= l — X is traced for varying values of X between 
0 and 1, it will difier very little from its asymptotes when 
X is all bnt 1, so that the hyperbola may bo imagined to bo 
“squashed’' into a pair of straight lines wliich ai’o its 
asymptotes; the hyperbola is said to degenerate into these 
linos. Similarly, a parabola may degenerate into a pair 
of parallel straight lines. To see the aignilicanco of tliO 
torm conic if defined by equation (1), wo must ata/rt from 
(1) and investigate its difTorent forms. Wo shall give only 
the oiitlino of the iiivoatigation, 

If /i*=|=a6, wo can shift the origin to tlio point (ftij, yf) 
by putting f«i, =»?+, whore + Ai/i -h = 0 and 

lix^~\-hy^-\-f=iO, and (1) will then take the form 

af+ .( 2 ) 

Tlio expres,sion 4'2/^/t-'a/®—is called tho 

discriminant of equation (1); wo shall denote it by D, 

If /i^=|=at and D=0, wo see from (2) that (1) will repre¬ 
sent two intersecting straight lines. 
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If 1i^~\-ah and D=H0, equation (2) may bo put in the 
form 

• + + = l.(3) 

We may, by rotation from >/ axes to %, v axes, as in 
§ 167, Ex. 6 , bring (2) or (3) to the form 

OCl6^ + /3t>®=:y.(4) 


If 7=0 and a, /3 have the same sign, then u=0 ancl 
■w = 0 , so that ( 1 ) Avould represent a 'point, for example ono 
of the limiting points of a system of coaxal circles. 

If 7 = 1 = 0 , wo see from (4) that ( 1 ) may bo brought to the 
canonical form of the equation of the gwcIg, elUpso or 
Mjperhola. 

So far we have supposed that /i®— ah =1= 0 . If h? — ah =0, 
then (1) will either take tho form, as in § 157, Ex. 3, 


(ow5+jSi/+ 7 )^= h{^x - ay + (5), .(5) 

so that it represents a poA'ohola, or tho form 

(aa5+/3y+y)’^=e, .(G) 

so that it represents a pair ofpa/rcdlel li/nes. 


169. General Theorems. Wo shall now give tho main 
theorems regarding tho general conic whoso equation is 

aaj2 _j. 2/tajy+ hy^ +2yir+2/y -f 0 =0.(1) 

Theorem 1. 

If from the point P{x^, 'i/j) a line of gradient tan 0 
he d/rawn to meet the conic ( 1 ) ioi Q cmd R, theoi PQ and 
PR a/re the roots of the following q^tad/ratio in r: 

r^(a eos^d+ 2 /i sin 0 cos 0+6 sin^O) 

+ 2 r {(aaJi -b + g) cos d ++% +/) sin 0 } 

+ cacf + Zhx^y^ + hyf + ^gx^ +2/y^ -|-c«0.(2) 

This equation is obtained by putting aissflJiH-rcos 0, 
y=yiH-rsin 0 in ( 1 ). 
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§§ 168, 169] GENERAL THEOREMS ON CONICS. 

Theohem 2. 

The equation of the tamgent at the point {x^, y^) on the 
<^07iiG (1) is 

+ h({eyi + (s^y) + byy^+q(x-hx,) +/(2/ + 2/i)+c == 0. (3) 
By oxproHsing the condition tliat both roots of (2) are 
^ero, Avc got tlie value of tan 6, the gradient of the tangent 

(aJi, j/i), to be (xxj^^hyi+g 

and the equation of the tangent is then i/ ~ J/j = (a; — a;J tan 0, 
\vliicli may be put in tlio form (3). 

IhlEOREJI 3. 

The locus of the middle points of chords of the conio (1), 
'tvhich have a common gradient m, is the straight li/ne 
tuhose equation is 

ax -f hy 4- g + m(hx+by+f) = 0 .(4) 

If m —tan 0 and (aj^, pj) is a point on the locus, then the 
sum of tlio roots of (2) is zero, so that 

(ax^ 4 hy^ d- g) cos 0 + (hx ^++/) sin 0 = 0 
or ax^ 4 hy^ 4 4 m(hx^ 4 4/) = 0; 

lionco (4) is the ecjuation of the locus. 

Theorem 4. 

If m, m' we the gradients of a pair of corrugate 
dicf/meters of the conie (1), then 

t6 4 /i. (m 4 m') 4 hmm' - 0.(6) 

^ Bor, according to (4), —(a~\-mh)l(h+mb). 

Theorem 5. 

The chord of the conio (1), whose middle point is (ajp yf)> 
is given hy the equation 

(a}-«;i)(aa;i4/MA+t/)+(2/--^/i)(K+&2/i+/)-0. ...(6) 

Put tan 0=(y‘- - cCi) 

in the investigation of Theorem 8. 
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Theorem 6. 

If the line joining the point yf) io the poi'nt p) 
meet the conie (1) vn then the vahies of the miios 

TFJP-^U, TF^F^U o/re the roots of the following quoih'atio 
in A: 

+ 2hxy + hy^ ++ 2fy +c) 

+ 2 A {owJiBi+ 7 fc(a 32 /i+®i 3 /) + hyy^ +j/ (a;+ajJ +/(i/ •+* 2/i)+0} 

+ (aa)i^++ by^^+ + 2fy^ +0) = 0.(7) 

This is Joachimsthal’s Equation, and is I’ound by procoocling 
exactly as in § 146. 

Theorem 7. 

The equation of the pair of tcmgents from the povtit 
(®i> 3 / 1 ) to the conic (1) is 

+ 2hxy +&/+ 2gx + 2fy + G){ax^^ + ^hx^y^ H- 2gx^ 

+ 2/2/1+0) 

= {£«aWi+/i(ajyi+a?iy)+%i+(/(a;+a3i)+/(2/-4-^i)+<>)®. (8) 

Proceed exactly as in § 147. 

Note. The pair of tangents from a focus of a conio 
satisfy the circular conditions, namely, the term in my is 
absent and the coeflScients of rc®, are equal. 

Theorem 8, 

Thepola/r of (a?!, y^) with respect to the conie (1) givemt 
hy the equation 

o^i-^H<^Ji+<^iy)+hyyi+g(x-^x,)+f(y ( 9 ) 

Proceed as in § 148. 


Theorem 9. 

The asymptotes of the conio (1) a/)'e given hy the equaiioTh 
+ Thxy + 6i/2+ ^gx + 2fy+c 


+ 


aho + 2fcjh — ap — hq^ — oli^ 
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If c' be added io both aides of (1), we get 

-j- 2/1052/ 4- h'lf + 2go6 + 2/1/ H- c + e' “ o'. 

The left-hand expression is the product of two linear 
factors if 


that is, if 


aJ}{G + o') -b V^fgh — ap hg'^ — (c -b c') /t® = 0, 

, _ ahe + 2/ir//^ — ap — hej^ — ch? 

" h^--ab ' 


But each of the factors equated io zero gives an asymp¬ 
tote, hence the product of tlie factors equated to zero gives 
both asymptotes in one equation, and it is equation (10). 


160. Oonfocal Oonics. A system of central conics having 
their foci in common is called a con focal system. 

The general equation of a system of conics confocal with 
the ellipse — l is otiaily seen to be 

ni2i 

. 

whore X is a variable parameter ; because 

(a2-b X) - (6H X) - = a.2ga, 

so that the foci remain fixed as X varies. 

The following theorems are of interest. 


Theoukm: 1. 

Tlvrough every point in the ptane of the elUpse 
ceVa®-b 2/7^^—1 confocal eonioe ca/ti he ctrawn, one mi 

ellipae and the other a hyperbola. 

Lot (1) be the equation of a confocal through the point 
(fljj, 2/i); tlion io doiormine X, wo have the quadratic 

(X -b ft2) (X+b«) ^ (X -b ct2)2// - (X -b 62) =0.(2) 

Now tlio graph of tho left-hand expression is a parabola 
whoso concavity is upwards, and whicli crosses tho X-axis 
since the value of the oxpre8.sion is (a® —6®)fl!/, a positive 
quantity, when X = — and (6® — a negative quantity, 
when X=5 — /A Hence the roots of (2) aro real, so that two 
real confocals pass through (ce^, y^). .Further, if Xj and \ 
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tire tlio roote of (2), Tboth + \ and are positive, 

but and 1)^+^ have opposite signs, so that one 

confocal is an ellipse and the otlier a hyperbola. 

Theorem 2. 

The two conics confocal with the ellijjse 
and passing through any point (ojp yf) cut at right angles^ 
For if Xp Ag specify the two confocals, wo have 


1 = _3L 

ci^-pAj &^-}-Aj 


+ 


?/i 




or 




Vi 




(a“+A,)(aH Xj) +Xi)(55+?g, 

Since condition that tlio tangents 

at (cDi, 2/j) on the confocals, namely 

I VVt and 

aHAi &HXi ^ ^ aHAa^^+Xg ’ 

are perpendicular. 

Ex. 1. Only one of the conios of the system confocal with 

can bo drawn to touch a given line. 

Ex. 2. Variable parallel tangents to moot a oomnion 

pornendicular in Q and li, which a^ain moots a jitirallol tangent to a 
confocal in F ; prove that FQ, Pit is constant. 

Ex, 3. Provo that the locus of the i^oints of contact of tan gouts 
from a hxed point to a syatom of confocal conics is a cubic curve 
which passes through the point and the foci of tho system. 

Ex, 4. Prove that whore A is a variable paraniotor, 

represents a system of confocal parabolas. 

161, Freedom Equations of Conics. Let 


OJ! 


W‘-\-rnt‘\-n ^ IF-^-mt'pn ... 

be freedom eq[uations of a curve, then the curve is a conic; 
because the curve given by these equations meets any lino 
AtiC'\‘By-\-GviOm two points, (See IV., p. 290.) 
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If has real and distinct factors, tlio conic goes 

to infinity in two real and distinct directions, so that (1) 
ropreaonts a hyperhola if -> >► 0. 

If has a repeated factor (i—cc)^, in. other 

words if U--\-'nit+n is a perfect square, the conic goes to 
infinity in one direction, so that (1) represents a pmxihola 
if —4^71.—0. In this case, by putting t for l/{i—oc), wo 
get the form used in Ex. 2 below. 

If has imaginary factors, the conic is a closed 

curve, so that (1) represents an ellipse if m^—4>l'n < 0. 

Ex. 1. Find the aayinptotoa of tho conic -whoso freedom equations 

i!H3^ + 2 

“ (r~ T)(« - 2)’ -\)(t - 2).w 

Lot ?.r+m?/=l bo an asymptoto ; thou lx+m7/=l touches (i) wliero 
.Vf y aro infniito, tlmt is whoro t=i or 

Heiico ^(2^2 - i +1)++ 3« + 2)==(^ - l)(i - 2) 

or «2(2/+m-l)-i!(i-3»i~3)+(;+2»i-2)=0 .(ii) 

is a quadratic in b who.so roots ai’o ^=l twice or f—2 twice. 

If tho roots of (ii) aro / = i twico, 

2L|-?ft-l—^+2/»-2 and i!-3»i-3 = 2(2^ + m —1), 

HO tlnit 1= —3/4, »rt=>l/4 and tho usymptoto is 3.t’“^+4=0. 

If tho roots of (ii) nro ^=2 twico, 

i!-3m“3=LH2m-2 and i —3wi-3=4(2ZH-m—1), 
so that ?=12/35, -1/5 and tho usymptoto is 12.v-73^=36. 

Ex. 2. Provo that tho equations 

reprosont a parabola whoso latua rectum is 

{ah'~a'h f 

(a2 + a'2)^‘ 

Solving tho given oquations for avo find 

, Wx-hy^-ld-h'c , (de~ad-dx+ay 
^ -- ah'-fdb ’ 

so that tho constraint equation of tho locus of (j?, y) is 

(a'.i; - ay + m' — a'o)®=(«&'- «'&) {h'x - 6^+ bo‘ — 6'c), ........ .(i) 

and this roprosenta a parabola} a'.r“ai 2 /H-ao'“a'c =0 is a diameter of 
tho curve and Vx-hy-^hd-^h'e—O is tho tangent at tho extremity of 
tho diamotor, 
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Comparing equation (i) with the equation 
QD^-^AAS.PV 

of § 152, W 0 see that the latua rectum 4AiS is 
{ah'^a'b) ur. — jTT, . „ 


SO that tliG latus rectum is 


whore $ is the angle between tlio diameter and the tangent. 

Now 

, n ah'-a'b , ,, c . rt ah'-a'b 

(ah'~a'hf 

Ex. 3, Provo that 

a?=a cos 0+6 sin 0 + 0 , y~a'cos 0+6'sin 0+o' 

are freedom equations of an ellipse. 

Solve for cos 0 and sin 0, then square and add. Or put 2^/(1 +^^) for 
sin 0 and (1 — i*)/(l + f) for cos 0, 


Ex. 4. Draw the conies specified by the following freedom equations, 
and state the nature of each : 


/•\ , 1 + ^3. 

(O.x^jsn- 3'=rr^i 


(ii) x==2fi-t)(+2, y=3ia+i~2; 

jt2_3i+3 


..... 2i3_9^+9 «(5-2rt .. . i^-t+1 

<‘">•*=-5^' ■‘■=?+<+T’ «'= 


^a+i + l 


Ex. 5. Prove that the gradient of the tangent at the point t on 
the parabola 4 .=a^ 2 + 26 i+o, y^a'i^4-Wi4-(f 


is (a'i!+6')/(a^+6), and find the value of t for the vertex. 


EXEBOISES LI. 

1. Trace the conics specified by the following equations, giving 
the axes and their equations when the conic is an ellipse or hyperbola, 
and the latus rectum aud the equations of the axis and the tangent at 
the vertex when the conic is a parabola. 

(i) 2i^^^+y^=»2.^'y+^j (ii) ;y^-.'»+3^+2»0; 

(iii) 3.1?®—2a^+3y®=32 ; 

(iv) 13.i?«+28.i;y~8y®-10.i?-20y+61=0 j 

(v) 7.1?®—48.1?}^ — 73 ?® + J 10.r - 20y+100=0 j 

(vi) 9.r®+6^+y®+2.r+3y+4=0 5 

(vii) 6a?® —4a^+8y®—6d?-12y-36sa0 ; 

(viii) 9.1?® + 16y® - 24.i?y - SO.® - lOOy+226 =0 j 

(ix) y ®—Asfy — 5af®+6y+42i7—83—0. 


1CX15U0ISES LX. 


433 


§ 161 ] 

2. Traco the conic 

showing its rolationahip to the linos .'I'—a, ^=h, xja^yjh~\, 

3. Provo tlnit bho conics 

_ yi - 4 .^’ +2y + 2 = 0, + 3^2 _ 4 ^, _ Qy + 4—0 

cut orthogonally at each of tiio four points of intoracclion. 

4. Piiul tho condition that the lines a'.r^+2/i'jy-l-Z)y=aO may he 
conjugate diainelei's of tho conic 

Provo that tho equation of tho cqui-conjugate dianiotor.s is 
- ah +2/t2).«2-I-27t(a+ h)xy +— aft + Vi‘)y^ =0. 

6. Pind tho directrix and coordinates of tho focus of bho conic 
.r® -1- 2.r//+/y** - 3.r + 6^ - 4 ~ 0. 

6, Provo that tho directrix of tho parabola 

.r=+2fii;+r, y ~ a't^-^' 2b't + o' 
is ax+a'i/~ao + a'G' — 

7. Find tho latua rectum, the oqunbioii of tlio directrix and tho 
equation of tho tangent at tho point t on tho parabola 

X =sin «.+ 2ut -I- fc, y == ^ cos «. -t 2a!t + h\ 

8, If the equation of a conic is 

ax"^ H- 2hxy + hy^ =1, 

prove (1) that tho squares of the semi-axes are given by tho following 
equation: ■. ■ 

and (2) that tho positions of the axes are given by bho equation 

9. If tho lino-pair <i(.r^-h2A.w/+&y=0 ropresonts tho asymptotes of 
a hyperbola, find tho equation of tho pair of axes. 

10. Find the equation of tho conic passing through tho origin and 
having tho same asymptotes as tho oonic 

a.r® + 2kxy +/«/+ 2yx -t* 2fy +c ~ 0. 

11. Provo that tho latus rootum of the parabola 

{a.x -I- -I- 2/7.r+2/y -H o=0 

is 

Also prove that tho equation of tho axis is o(.a;+/3?/+A.=0, whore 
X«=(«^+/3/)/(aM-i82). 

O.A.O, 2 5) 



434 


ANALYTICAL C4K0MJCTRY. 


[on. XXIV. 


12. Prove that the gradient at the point (.r, y) on tho parabola 

{oje+^yY + 2^A ’+^fy + c=0 
is - {a?x + tt.^y +<?)/(«• ^ V 'I'/)* 

and that tho equation of tlie axis may ho formed by equating this 
expression to j3/cc. 

13. If til is the gradient at the point P on tho conic 

+2/i.w/ -|- by ^+Sgw + 2/y -1- o « 0, 
whose centre is (7, prove that tho equation of GP is 
a.v+Ay+<?+»i (Aa ’+hy +/)=0. 

Deduce that tho axes are given by tho equation 
/a'»-(«-6)Arr-/tP«o, 
where A's a.r+Ay+<?, JTs ho+hy +/. 

14. If a conic Is given by the general equation of the seconil dogrooj the 
eccentricity e is given hy the equation 

fls 4 . fezi)?+j^(e 2 ~ i)a= 0 . 
ah—h^ ' ' 


15. From the fact (§ 169, Tlieoram 7, Note) that tho tangents to a oonie 
from a focus satisj^/' the conditions for a olrolo, prove that if f(x, y)«aO Is 
the general equation of a conic, tho fooi are tho points givon hy 


a-b 


XY 


=f(x>y). 


where X=ax+hy+g, Yshx+hy+f. 


162. The Rectangle Theorem, Tlio Eecfcanglo Thoorom is a 
general theorem for tho conic which has many applications. 

If two vafmhle secants of a eonio whose dircGlions are 
fixed cut the conic in P, Q and P', Q' and vaten'secL in 0, 
then OP.OQ 

OP', OQ' 

is constant for aU'positions of 0. 

We shall use the general equation /(oj, y) =: 0 or 

occ^-f27ia;y4--1-2^05+ 2 / 2 /+05=0 ..,...(1) 

for the equation of the conic. 

Let(^, »/)l)e the coordinates of 0 and lot i»i=^+?'Coa(?, 
y=‘}]-\-r8md be the equations of OPQ, Substitute thoao 
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values for cc, 2 / iu (1) and arrange the result as a ciuadratic 
in r, thus: 


r^(a coa^O -f- 2/t sin d cos 0-)- 6 sin®0) 

+ 2r {cos 0(a£+ h)-\-y) + sin 0(/i^+ &>; +/)} 4-/(^, tj) = 0. (2) 
OP, OQ are the roots of this equation, so that 


OP 00 = __ 

^ a CQH^d + 2/i, si n 0 cos 6~\-b shi^0 


.( 3 ) 


Now lot £» = ^-l-'?’'co3 0', y = i}+r*m\&' be the equations 
of OP'Q '; then 

Qjy 00'=_..,.(4d 

^ a coa^0' + 2/t ein 0' cos 0 '+h sin^d' 


From (3) and (4) we get 

OP, OQ _ a 003^0^4-2/fcain0'cos 0'-\-h sin^0' /gx 
OP '. OQ' ~ a QOfi^O +2/i sin 0 cos 0 4- 6 Bin20 .* / 

Now the directions of OPQ, OP'Q' are fixed so that 
tan0, tan 0' being the gradients of OPQ, OP'Q' are fixed; 
hence the riglit-hand side of (6) is constant, so that 
OP. OQjOF. OQ' is also constant. 


163, Examples on the Rectangle Theorem. We shall now 
work some examples on this tlicorem. 

Ex. 1, If VQ la an ordinate of tlio cUameter POP' of a conic and If OP, 
on are conjugate aeini-diameterB, then 

OD^ 

PV.VP'~0p3‘ 

Lot QY, CD (Pig. no) moot Lho conic again in Q', D' \ then DG2)', 
QVQ' havo tho samo (liroclion, and POP', PVP arc in tho fiamc 
cliroetion. Thoroforo 

VQ.YQ' on, CD' QP , 0/)2 

vpT'vn^V pTUP PV. VP" GP^' 

lho upper sign holding for an ollipao and tho under nign for a hyporhola 
according to our uho of CJ)'^ for tho hyiiorbola 1D41. Those 
oquatioua aro tlio oquivalonla of .v2/a,^4-w'^/02«l, of 

§154, Tlieorom 7. 
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Ex. 2. lot PQ, P'Q' be two chorda of a conic intersecting at 0; let op 
and op', OD and OB', LSK and L'SK' be pairs of tangonts, aoinl-diamotorfly 
and focal chorda parallel to OPQ, OP'Q' rospeotivoly j then 

OP.OQ op^_ OD^_ SL.SK _ LK 
OP'.OQ'“"op'2 OD'2 SL'.SK' L'I?' 

Let OPQi OP'^ (Fig. 141^ move, keeping tlioir iliroctioiifl fixed, till 
P, Q coincide at aiicl P, coiiicklo at p\ then 0 will coiiicido 
with o; OP.OQ becomes op^ and OP.OQ' becomes o»'^. Houco by 
the Rectangle Theorem OP. OQ/OF . OQ' = op'^jop'^ 



direction fixed till it coinoido* 
witn^e <7Pdmo, ancUoti«ovo into coincidence with tlio CT/i'-Hno ] 
then £) becomes 6’, so that OP. OQIOP. OQ’= QDVG]y'K 

It 'Will bo dfirtiT* filiri.h /I 1.1,___ _ j* bilO foClIEI 



Ex. 3. To prove the thoorom, for a parabola, that 
<2P=»45P. PF, 

by using the Rectangle Tlieorem. 

Let the tangent at P (Fig. 142) moot the axis in T anti 


the parallol 
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through Q to the axis in It \ lot A^, Q 
normal at P. 


Thon 


ppa 'm 
ItQ,Iioo""TA.Tca 


ho the feot of tho orcUiiato aiicl 

QV^ TP\ 

'PV^TA' 


becauBO Poo / Poo = 1, since ItQ and TA are parallol. 



Xfia. 142. 


BubJMaaAA'' and S7^>^SP>^SO \ thoroforo 

' mrn 

TP^^TN.TG^m,2SP or ^=a4>SP. 

’Honco 01’ QV^-=iSP,PV, 


Ex. 4. DiaouBs tho anplicabiou of tho Rectangle Theorem to the 
asymptotes of a hyporhola. 

Lob GPV in ,Fig. 127 he a dimnetor of a hyperbola which bisects tho 
chord QQ' ab F, lot tho tangent ab P and (}(?' moot tho asymptotes 
in 7', 2" and It, Ii\ and lot (W bo tho somi-diamotor conjugate to GP. 

Then O'PIi meets tho curve at infinity, so that 

111' PP-GD since Poo/Oeo =>1. 

Seo-i Goo* 


Similarly PT^CD, and thoroforo tho tangent TT is bisocted ab P. 


Also 


llQ.ltq TP'^ _ 




Since PT is bisected ab P, IU( is bisected ab F, so that also 
Rq.Qit:^PT^=^Gjy\ 


Ex. f). If a ooulo out the Bides BO, OA, AB of a triangle ABO In p| and 
Pg, Qi and Qg, Ri and Rg roapootlvoly, then 

(Pi)(P8)(Qi)(Q2)(Ri)(B2)=1> 

where (p,), eto., stand for BP,/PiO, oto,) and If a ooiilo touch the Bldea of 
the triangle at P, Q, R reBpoottvoly, AP, BQ, OR are couourrent. 


4S8 ANALYTICAL GEOMETRY. [OII. XXIV. 

If Af By G havo coordinates (^’ 2 ^ 3 ), and tlio equation of 
the conic bo /(a*, ?/)“ 0 , then 

BP t ■ BP 2 _ /(%} .V 2 ) , GQi . CQ 2 „ ,/(■%) iVs) , d Ity . A _ /(.-t’l, ^ 

GP,.GP^-Myy,y AQ;:AQ^ Myyy BU,,Bll{~f{^~y^y 

lionco, multiplying up, wo got ( 2 ’i)(^ 2 )(<'j>i)_(<? 2 )(/i,)(/f 2 )=L 
If /*, and /'21 VI A coiucido at /*, Q, By iho conic 

touches the triangle at 1\ G,y Ity and 

BP^ G^ A IP BP CQ Ali_,. 

P<P'QA^'RIP~^ PG'q^V'liTr'^^' 

If tho nogativo^ sign liolds, P, (J, R arc collinoar by MonolnuB’s 
Theorem, and a lino would cut the conic in tlu’co points, which ia 

impossible. Hence ^ ^ -I-1» and APy BQy GR are concurront 

by Ceva’s Theorem. 

164 The Intersections of a Conic and a Circle. Circle of 
Curvature. The infcorscotions of a conic and a circle arc of 
special interest, and tlieir properties are easily investigated 
by means of tho Rectangle Theorem. Lot a circle cub a 
conic in P, Q, P', Q' (Fig. 143), and lot PQ, P'Q' moot at 0. 



Let GDy GD' bo somi-dianiotors of tho conic parallel to 
OFQy OP'Q'. Then 

OP,OQ_GD^ 

OF.O^^GJP' 

But OP, 0(3=0P'. OQ'; tlioroforo GD^GP\ Hence OP, 
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CfX)' arc equally inclined to the axes o£ the conic, so that 
OjT-^Q, OF'Q' are also equally inclined to the axes of the 
^oiiic. (In the case of the parabola, or indeed any of the 
Monica, we may siibsLitnio the ratio of parallel focal chords 
GD'^/GD'\ with the same result.) 

Honco the important theorem: The lines joining the 
X^oints of inl€r8ectio7i of (t conic and a ci/role, taken i^i pairs, 
ecT'o eq^udly hialined to the cases of the co7iic. If the centre 
of the circle lies on th(i normal at P to the conic and the 
oii*clo passes thronj^h F, th(j circle will touch the conic at F, 
lilic line joining the pair of intersections at P becomes the 
tBbn^ont at P, so that the tangent at P and the line QU 
joining the other points of intersection of the circle and 
eonic are equally inclined to the axes. If the centre of this 
circle move on tlio normal at P till Q also coincides with P, 
till on three of the intersections of tlio circle and conic 
coincide at F, and the circle and c’onic cut elsewhere at li. 
Xn this case tlio tangent at P and the common chord Fit of 
tire circle and conic are ecpially inclined to the axes of the 
conic (Jfig. 144). 'hhis circle is the circl® of curvature; 
i t lies closest of all circles to the conic at P; the centre and 
x’adiua of the circle are the centre and radius of curvature. 
J-Ionco the following important theorem: To constrwt ike 
circle of CAt/rvatwe at a point P on a conic, dt'aw the 
toAigeni FT at F (Ifig. 144), and through P d/raw a second 
tine cutting the conic agecin in R so that FT and FE 
jForm cm isosceles triangle with the ams of the conie; the 
circle touching FT at F wnd passmg through R is the 
circle of cuvvaFcre. FH is called the (common) chord of 
< 3 urvature at P on the conic, 

165, Worked Examples on Ourvature. In the following 
examples the properties of iho circle of curvature of a conic 
are investigated. 

Ex, 1. Tho length of tho common ohora of oiirvaturo at a point 6 on 
anollipaolB aopalna^l, 

OD® 

and tho radlua of ourvaturo ia —. 

ah 

Tjot PJi (Fig, 144) he tho chord of curvature and IT tho tangent 
at P. 



440 ANALYTICAL GISOMNTUY. [CILXXIY 


Then, according to Theorem 6, § 164, avo may wriCo the equation 
of pit in the form 


x-aao^O y-hmxO _r _j. „„„ 

aBin'r*” 


. 0 ) 


so that a’«a(co8^?+^ain0) and y==&(8in 0+/?!cos ^1), 

If a’, y aro tlio coordinates of /f, then x^ja^+y^lh'^= 1 > therefore 
(cos 6')2-|'(sin d-h/t’cos 

so that A® 4- 4k sin 0 cos 0=0, or i = — 2 sin 20, 

by dropping tbo zero value of l\ 


Therefore 


~= -2 sin 20 or 
VJj 


P/(:=20'7JHin20. 



Lot PK bo the diameter of curvature; then 

^=sin PAr/2«sin 2PT0^2Hm PTC. cos PTO, 

Now, from equation (1), sin /’7'(7and cos P'PO are numorically oc|iinl 
to b cos OlGJD and asin djOP rospoctivoly, and thoroforo 

PP rt6coa0 a8in0 aJsin20 

TFK GD 



RXAMPLF.S ON CURVAPUR12. 


!BubPi2=2(7Z)sin2(?; thoroforo 


or tho radius of curvaturo is equal to Giy^jah, 
jSx. 2. Tlie chord of oxirvaturc through tho ooiitro of tho ollipao ia 

20D® 


Lot PC'C/’(L''it'. l‘ld) bo Llvo choi’d of curvaturo llirougli G and VK 
tho diainolor of curvaturo. 

Then PU= 7Vrcos KPU^PK sin VCD, 

But PK=WlPjah and CP,GDm\POD=ah\ 

thoreforo 



Fia. 14fi. 


Ex, 3. Tho length of tho common chord of oxirvaturo at a point P on a 
parabola U 4PT, tho length of tho oliord of curvature parallel to tho axis 
Is 48P and tho radUia of curvature la aBP'‘*/SY, 

Lot PP' (Fig. Mf)) bo tho double ordinato through P \ thou TP ia 
tlio tangont at F, Lot Pit bo tho conuuon chord of curvaturo j thon 
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TF is parallol to the chord PR, Ileiico tlio diainotor Lhi 
bisects iYf., so that PR—‘iPT. 

If PIT is tho chord of curvatiu’o parallol to tlio axis, tlio 
JIPR, SPT aro similar ; but PU=‘iP7\ tliorofore /»//=.kS7^ 
If PIC is the diainotor of curvaturo, tlio triangles KPJI ( 
are eimilar j tlioroforo 


PK^PJI 

SP~SY 


or 


AHP^ 

iSl 


166. Contact of Conics. Systems of Conics. Tho < 
curvaturo ia an oxainplo of one conic having tlivi 
coiiiacb with another. We to di.souHS tl 

other kinds of contact of two conics. 



Let B stand for ax^'\-%hxy-Arhy^-\-2gx+%fy-\-G, 
iSf =s 0 roprosonts a conic, winch will bo roforrod to as t 
B, Lot P, A M bo linear functions of rt), y, .so the 
P = 0, ilf=0 represent straight linos, which will bo 
to as tho lines L, M. 'I’ho intorscctioiivS of 
L and M will bo denoted by (P, X), (7^, ilf). 

Lot L and M be tangenU to the conic B, lot P 
chord of Gontaot^ and let us consider tho contact of B 

B^\,LM, . 

whore X is a variable parameter. 

The equation (1) represents a conic, since it is 
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second degree in aj, y. The solutions of 0 and tS=X. LM 
(1) regarded aa simulfcancoua equations are the saino as 
those of )Si = 0 and L—O together with those of iSK=0 and 
JV/^O. The solutions of (^ = 0 and L~0 give the point 
{JPy Ij) twice, since L touches B’, and the solutions of »S=0 
and Jli 0 give the point (P, M) twice, since M touches B. 
EConco S moots (1) at {F, L) twice and {P, M) twice; so 
that S and (1) liavc L and M for counnoji tangents; B and 
(1) are said to have dmihlc cmiiacL Tlio dotted curve 
in Ifig. 146 represents (1). 

Again consider the contact of iS=0 with the conic 

B^X.PL .( 2 ) 



The simultaneous solutions of P=0 and B^\,P.L are 
those of iS^=0 and P=s0 with tiu)S0 of and L^0‘, 
the first of those gives (P, L) and (P, M), the second gives 
(P, L) twice.. lionco S mools tlio conic (2) at {P, L) iiLrice 
and at (P, M) once, B and (2) have three.-jioint cmiiact 
at (P, L) j they are said to oscutate at {P, L ); tho circle 
of curvature is an oxamj^de. dotted curve in Fig. 147 
represents a conic osculawng B at {P, L), 

Ex. 1. Find tlio equation of tho olrolo of ouvvaturo at tho point 0 on 
tho oUipso +y^/b'**»1. 

Lot Tj 1)0 tho tangont to tho conic at 0 and lot P ho tho common chord 
of tho circle and conic. AVo know that h and P aro orjually inclined 




m 


AN*.u,Yi'i('At. «}i:n\nn uv, I* n xw. 


hi |}|t< liinjMl'lixin mill llifll llin i-f /. itnl /'in in It^ 

wi lLU’ii ill I III' f"» irirt 


,1'|•^^<^ (1 .C'WIII . I 1 • .j /•'•-’ih .. 

r , I mill it /(fliH/i 

(I ft 

in* Ai'i'mh i/f ii'/niil (fi •ifi H iiml 'Wi'iiMh 1. i .a fW-M 

HtiliM'ihit 111)4'limply iu v%»' 

*1 

■’a I 'M ‘ ‘'t'*’ (’•►a W iiy Kill ii I'imI !'■'/fi I jiv/mil ii 


a« llll* l<i|HIllii«ll nf H I'Mllii’ linking n |«tilll * f al 

(III* |Hiiiii. tf. 

)l. nilllltilix tn ili'h'llllilii* A »•« lli.ll rnn:iU<-l« (li inai. a 

nh'i’lr*. Niiw llll' h'UM** III t,»Mmii-'!i ^l•‘lM iln’ • iuhtiiir* W 

llm vitlui* Ilf A j ill*' i'i»i'Hit ii'iii^ nf mill v'*‘i»' »< 


.17,'"' n - e m 7^ H ?■!' <“S'Vl 


Jll'lii'*' tin* f«|H«linii «*f ill*' lilt'll* *»f I’liivnlliirt »u j-r'tf l«y »'il’«!i!«Uli|t 
ill (i) llm vnlim <*f A Kivni in (ii) i m* t^nl tlik<4il% 

tt'i . ,,v ij 

.*« !".V* a . *'“»'« i S / . .y Mtt’W1 I ’ I'' 

* s ?!r' 


N«xt njimi«li*r Uiw conUirl. of iV -'(I willi clin*' n'Hkiiif? 

.(3) 

'Die Hiniiilliuieimfi HululimiN nf iS*'.tl mimI «« 

lluwt* nf »S.'s<ll mill /• >tl lAviee mvi'i*. ilml U i!\ Al iu*rl 
{P, M) fiver, HeiiW (H), like l l l. irjirrwvul^a a ftiliiilv 
nf cmiien lmvhi)K«lmi!iliM7ni(iiei with Niiti r, /-» rtiel iP, 4/1 
The rhitlml tnimi nf I-Ml wnuhl iiliai ri»jin "seiii 

Ksc. a. A polai, iuov#9 s« Uiai Wm lAu^mii rmttt ii»i» t?(f4fsi u a i-fH 

oirela baarfl a eonatant, wUo w Uia }>Ar{HiiMli««Ur mm b» a 

Axfld llna j aUew ifciat Ihn Uwh« of Iho |wini M a ® ife* 

olrolo Uto ]>oiaU of InioinmUoit of tlto U«« ft»4 iteo 
tbo o<3«aaU1oiti]r of Wi» ftoiilo l* Mio yal«« of Wsa coRSimai pai## 

liol mid ji’ -f' Im ilit» riiimiii.iitt wf iUm Mi»« .is»imSI * lirK ?io4 

itll, A Iw Um I'nilfllaiil ]"<t({i| { l||r>|| !?»» 

mpifallin (if lIlR IciOIln 

j«a ^ .. < ii’, ...... 

wlilwh, nmihlin^ hi »v|iiaI.1iiii (a), t'p|ir«''*^Ml4 a msiuiir' tsUitiiiai) i4T<At4« 
CMiiliU'l with lliM riri’ln til flm j«4ht« »4 *4 

Iho drolo auit Um liim .v ^ A 
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To show Chat A is the eccontricity of the conic, we write (in) in the 
canonical form : wo get 



Hence, if e is the cccenlricity, 

c2==l-(l-A3) or c=A. 

Ex. 3. To find the equation of the pair of tanBoats to a given oouio 
from a given, point. 

Let ctx^-\r^Jtxy + by^-]r^gx+y'7/-\rO~0 bo the given conic and 
the given point. 

By equation (3), 

aafl + 2 /w;//+H- ^gx + 2 /y+o=A{a.r.r j +h ?y)+ h}/g^+g (x +.-Vi) 

+/(^+yi)+o}^ (iv) 

represents a conic having double contact with the given conic at tho 
intersections of tho given conio and the polar of (a’j, 3 /,). 

But tho pair of tangents from (.Vj, 3 /,) is sucli a conic, which also 
then passes through the point A is thus dotorinincd by 

putting .Vj, yi for x, y in equation (iv). Wo got finally 

+2/w?,3/j+ hy^ +Sjy.r, -l- %fy , q- c) q- 2 A>ry q- hy'^ 2 </.r + 2 yy+0) 

= l«.w, q'A(.r,yi q*.vj.y)-i- +</(.«+''»j)+/(y 4'.yj)q* o}**. 


Wo next consider the coutaefc of fcho conic S with tlio conic 

.(4) 

Tlio simnltanoous solutions of 8—0 and jS==X.Jj® arc 
those of 8—0 and X«0.twice over, that is X) fow 
times. 8 and (4) are said to have 4:~poinb contact, at (P, L) j 
tlio dotted curve in Fij^. 148 ropre.sentH (4). 

2-point, S-point, 4-point contact are often spoken of as 
contact of tlio first, second, third order. 

Ex, 4. The locus of tho eoutro of a variable conic having 4-point 
contact with a fixed conic at a fixed point on it is a straight line, 

Eofor tho iixod conic to tho tangent and normal at tho fixed point 
on it as axes of x and 3 /, and so write tho ccpiation of tho fixed conic 
in tho form ^ « ar® q- ^hxy -\- hy\ 

Tlion, by equation (4), 

y — (tx^ ~ ^hxj! — hy’^ «=» ky^ ...*. .(v) 

is tho equation of tho variable conic. 

Eor tho centre of (v) wo have 

ux-Vhy^Q and 2 /iA’+ 2 (hq’A)»/™ 1 , 

:, 80 /that tho locus of tho eoutro is tlie lino a.yq-/j 3 ^« 0 , 
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Now take any throe lines L, if, P and consider tlr 
equation P2=X,£Jlf. .(6 

Clearly (6) is a conic; L — meets it at (P, L) twice am 
Jl/=0 meets it at (P, M) twice, so tliat (5) ropro-sonts t 
variable conic touching L and M at (P, L) and (P, M\ 



Lot jSt = 0 be this conic; then the equations 5 = 0 ant 
P^=sX. LM represent one and the same conic, rionco 

A conic may he defined as the locus of a point wkia 
moves so that me sqiion'e of its distance from one of thre 
fixed straight lines is proportional to the product of it 
distcmces from the other two; these two are tangents to tk 
conic, ana the remaining Une is their chord of contact. 

Ex. 6. Fiaa the equation of the parabola which touches the axea o 
X and y where the line ax+hy=l meets them, 

Equation (0), gives any conic which meefca the lino 

Jj, M twice at each of the points (P, A), (P, M\ Hence the eqiiatioJ 
of the pai’ahola (Fig, 140) may be written 

(cM;+Jy-l)®=A,Ay,...(vi 
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•j'hifi Cfixmlion ropi’PKonts a paral>ola if the terns of 
degree form a perfect scpmve ; therefore 

+ ( 2 «& ~ X)xy + 6 ^ 3/2 


the second 


ia a perfect aquaro, so that 

{2ah - \)2 = Aa"h^ or A = 4a6, 

ainco Lho value A=0 gives the pair of atmight lines (oa’+%-1)2=0. 



The oquatioii of the parabola is therefore, by (vi), 

{ax -I- -1 )'^=Anhxjj or clv ± fey = 1, 

which may bo written \/(aa')4-V(fe?/)=l. 


Finally, take any four lines L, M, P, Q and consider the 

FQ = \.LM. .(6) 

It will now be clear that (6) represents a conic which 
pasMOH through the four points (P, P), (P, M\ (Q, L), (Q, il/). 


Ex. 0. Show that in general a conic can be drawn through five 
pointBj and a one-fold in Unity of eonica through four points, and that 
the loena of lho eontrea of these is a conic, 

T/ot yi, /f, C\ D l»o four points. Clionso axes so that A, B lie on the 
.^'-axia and V, D on lho ?y-axia, and let the coordinates of A, C, D be 
(a, 0), (fe, 0), (0, o), (0, cl) roapecLivoly. 

Thon, by (fl), the c(iuation 




,(vii’ 


roprosonta a conio through vl, i?j (7, P for all values of A. 
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The coordinates of a fifth point Ji will servo to dolor mine A so that 
one conic can be drawn llivoiigli A^ C, I\ while a onc-foUl 
infinity of conics can bo drawn through Dy one conic for each 

value of A. 

For the centre of (vii) wo liavo 


so that bho locus of bho centre is given by tlio equation 


wliich roprosonts a conic passing through the intorsoctions of A 71 and 
CD, A G and BD, AD and BG, 


BXEROXSES LII. 

1 . is a variable point on the tangent at P on a parabola, and 
the diameter through 7 meets the curve in Q ; show that is 
proportional to PQ. 

2 . PQ is a chord of a parabola, and the diameter through R, a point 
in PQ, meets the curve in 0 and the tangent at P in P \ mjow that 

TO ; 0R=^ PR : RQ, 

3. G is the centre of an olHp.so, PGP' and BCD' a pair of conjugate 
diameters. PEP’ is a semi-oirclo on PGP' as diainotor, MQ is an 
ordinate of PGP', and MR and GE, each pornondicuiar to PGP', meet 
the aomi-circlo in It and E respectively; show that OR is parallel 
to DE. 

4. Two conics, wliose centres are G and C", cut in four points. 
GA, GB and G'A', G'B' nro the semi-diamctcrs parallel to a pair of 
common chords, Provo that ^1^1', BB’, CG' are concuiTonU 

6 . Parallel tangents at Q, on a conic moot a third tangent 
drawn at P on the conic in 'J\ T' respectively ; show that 

PP QT 

Tf'^'qP'' 

6 . Two conics (S'j=0 and (S'jj^O intorscct in four points A, B, Q, D ; 

show that the equation of any conic through ^*1, B, C, D can bo written 
in the form ^ If ^ is a valuable point on a third conic through 

A, B, C, D, and a lino through R parallel to a fixed diroolion moot 
Si in P-i, P^, and S^ in Q^, prove that RP^. RP.j : RQi . RQ^ is a 
constant ratio. 

7, If PP, PQ are tangents to an ellipse, and the normals PG, QIC 
moot the axis at G, K, prove that PPjPG—PQIQK, 
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8. ’’llwi fiiot jY (,f (,h(j ovdinato of a point /* ou a parabola ia tlio 
■^outro <)I WMi <5ii'(!l(s of c.urvnUiro at its vorlox, I’rovo tlmb blio ctiiitro 
Iho cii’tilo »?urvatm’o at J* Hob on tho parabola. 

^ 9. Pro VO that tho focal chord of eorvaturo at any point of a conic 

Gflual to tho focal chord of tho conic parallel to tho tangent at that 
X^oint, 

10, Provo that tho connnon chord of a parabola and its eivelo of 
^iirvaturo at any point constauLly touches another parabola having 
Uuj aaino vortex. 


11. Tf tho radius of curvatiwo at P on an ellipao is twice PO, whore 

is tho point whoro tho normal at meets tho axis, prove that 

12 . Find a point on a})arabola at which tho focal chord of curvatnro 
is 4 i1ho a chord of tho pai'abola. 

13. Show that tho locus of tho second point of intevsoction of tho 

iiorinal at P U» tho parabola y'^—Aax with tho circle of curvature is 
the tnn-vo 12r)0//2=4(.r-‘l«)(2.v~3a)‘'5. 

14. If 0 is tho contro of curvaturo for the vortox A of an ellipao 
ixnd tho normal at P moots the major axis in C/, then UA , GA and tho 
l)ori)oiuliGulai'a from 0 and G on tho tangent at P are proportiomds. 

15. O is the juidcllo noint of PQ^ tho normal chord at P to a 
roctangnlar hyperbola; »now that 0 is the contro of curvaturo at P, 

10 . n?rovo that tho chord of cvirvaturo through a focus of a conic 
le ^GD'^fGAy whoro CD, GP aro conjugate Bonu-diamotors and P is tho 
point (jf contact of tho circlo of curvatiiro. 

17. If 2^It is tho cliord of curvature at tho point P on an ellipao 
whoso occonbi'ic angle is 0> prove that ~Z0 is tho eccontrio angle of It, 

18 . If V and r' aro tho chords of curvature at tho oxtromitics of 
OI\ OJX a pair of coniugato somi-diamotoi's of tho ollipso 

provo that r'‘*+?''®s=40t‘‘*+6^)Rin’‘^2/l, 

whoro 0 is tho eccentric anglo of ono of tho oxtromitios of tho aomi- 

diamotoi's. 


19, If two tangents 07’, 07" aro drawn from tlio point (/,//) to 

tho ollipHo and X <2' aro tho parallel somi-diamotors, 

show that Qfjn Qffi p fp 

20 . If /I and B bo points on tho nxos of x and y such that 0d=a, 
OJJf=b^ prove that tho ocpiation 

xy + {B.VA- Oy) (jiia+yjh - 1)=0 

I'opi’CHonts a conic civeumaorihod about trianglo OAB, and that 
Ji.vA’ C7//=3 0 iH a tangoiifc to tho conic. Detormino 22 and G so that tho 
conic limy bucomo tho cii'clo OAB. 

(J.A.n. SE 
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21, Provo Llmfc tlio equation of a naraliolu wliifli tonclmM tlio t«’<> 
afcraii/hfc lines rt,r2-|-2Atv/‘|-i//==0, wlioro tlnw uro cut by tlio lino 
f.{*-f-j«y+l=0, is 

(oA-®+2/i.ry+ hy^){a.m^ - 2/ife q- hP)={uh — IP) {l,v-V »», y + 1 T' 

22. The equation of tho family of conics iiiHcribod in tlm I’ocLjiiij^lO' 
formed by the lines.r±a=0, y±&=0 is 


A® y® 


-M-2A 


' uh 


■X^ 


0 . 


Prove also tliat the locus of the foci is 

23. Show that a conic may bo dollnod as the locus of n point 7’ sncdi 
that OP^ is proportional to pM. PN^ when 0 is a (ixeil pniiit and /M/, 
iy'^tho poi’pondiculars from 7^ on two fixed atraij'lit linos. 


24. If «=0 is the equation of a conic, and a=«0 the oipiiition nf its 
director circle, show that tho equation ?t-/\a=0 ropixssonta fop oiio 
value of A, tho directrices of tho conic. 


26. Tangents TY* TQ aro drawn from 7'(*'‘i7/i) tlio pnriibnbi 
y2=4«.v; prove that the equation of tlio circle circuiiiHi.Tiliiiij? tbio 
triangle TPQ is aOr'-i-t-yS)- ~.i\)y-V <>. 

26. If S~0 and <S'=0 bo tho cqimtion.s of two conics, and L~0 ami 
the equations of two straight lines, interpret tlui cciimlioiiB 

S—kSI=0‘, )S'+7:7/jY=sO, S-\-kIP=0, when i is a constant, 

27, Prove that the product of tho perpondiciilars lot fall from iiiiv' 
point of a conic on two opposite sido-s of an iuscribod ({iiiujrihtlol'tll ifl 
in a constant ratio to tho product of the porpondiculurs lot full on tliO 
other two aides. 


28. Prove that tho equation of a circle wliieh tomilios tho iinraliola 
y^=^4a.r and passes through its focus may ho wri(-ten 

(1 + {x~my-}r(inP){x'[’my-\-Zu)^0, 

29. Prove that the equation \lax-V>Jby=\ roprononta u niiiuboln, 
and show that tho length of its hitus rectum is 

_ Aah ^ 

If a+6=7r, where k is a constant, show that the loeim of tlie foci 
or all such parabolas is a circle. 


o.-S‘ li.rpo>-lJola touches tlio axis of ?/ at tho origin, anti tlio lino 
/-~7.r 6 at the point (1, 2), One of tho asymptotes is parallol to tlio 
axis of A’. Find tho equation of tho curve. 

of the conio through tho points of iiiLor- 
section of 3.v +;/^--4 and and through tlio point (-S, 3). 
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32. 81k)W tlmt tlio oimutioii 

.- - . - -+ .-.-I__= 0 

.(/•«()H -I- // HUU/-! - J .C COrt «,y + 1/ KU J (L., - X C0« (A., 4";// Hill 

I'oprcaoutu a conic cii’ciunacribiiig tlio triangle f(»rmed by blic Imca 
;«Jcoa(A,'l-7/sin«.,--;Ji==0, otc., wlioro 7J, (J ai’o any couHtauts, ami 
that fclio conic is the circuniHcribing eirdo if 

A ‘.]ii 6’=Hin :ain — : sin («.| —a 2 ). 

33. Bhow tbat *S'=/;.S', where /.• ia a variable pavainotcr, roprcRonlfl 
the Hyatmu of coaxal drdoa tf) which belong the circlca jS'e=0, <S''=0. 
I’rovti that taiig<!utH from any point on a (Ixccl cirdo of a coaxal 
ayHtoin to two otlior lixcil cirdcH of the KyHtoni are in a given ratio, 

34. Ib'ovo that two parabolaa can bo drawn through four given 
points, 

35. Tf a variable conic puss through three fixed points and have an 
aayinptolo parulld to a given line, the loeim of its centre ia a parabola, 
if it pass tlirough two given points and have its asyinptotcH jnu'allol 
to two given lines, the locus of its centre is a straight lino, 

36. l*'ind the locus of tho centrcH of all roctangnlar hyperbolas 
having contact of the third order with tho ellipse 

37. FQ is tho common chord of a iiarabohi y^=4r/.v and its osculating 
circle. Bliow that the locus of tho intoracclion of PQ with the 
perpendicular drawn to it from tho vortex is y'(3«- .t')—.i-*. 

38. 'I'ho ])olar of tho focus of the parabola y“<=^Aax Avith respect to 
any roctangular hyiiorbola which has d-poiiit contact with tho parabola 
toiidioH the parabola 7 / 2 = 4 «( 3 ,v.|- 2 rt). 

39. A rectangidar hyperbola passes tlirougb the throe points (/», 0), 
(c, 0), (0, «); show that it moots the y-nxis again at tho point wliose 
ordinato is —/)<)/«, and dodneo that If a rootangulav hyperbola pnsa 
through tho vortloos of a triangle, it passos through the orthooeutre, 

40. TTsiiig Iho relation botwoon tho eccentricity and tho angle 
botween the asymjitotos of a conic, fincl an equation giving the 
occontrhjity of a'coiuc siiociliod by the general oquation. 

41. If througli a given point on a conic two linos bo clvaAvn Avbich 
nialce with llie normal angles tho product of whoso tangents is con¬ 
stant, show that the join of their oxtrumitios passes through a fixed 
point on tho normal. 

42. If through any point on an oqnihitoral hyporhohi bo drawn two 
cliords at right angles, tho porpondieular lot fall on tho lino joining 
thoir oxli'omitios is tho tangent to tho eurvo. 

43. If a cirolo have donblo contact with a conic, the tangent draAvn 
to tho circle from any point on tho conic is in a constant ratio to tho 
lioi'pondicuhu' from tho point on tho chord of contact. 
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44. If two conica liavcj d<>iil)lo ctoiitiidb, Uio H(|Utu’o of Lliii 
pondieular from any ijoint of onu upon llin clioi'il of ('Didaol, h m a 
constant ratio to llio rcoLanglo undm' tlio Hot'monts of (Jml pni’- 
pondicular made by tlm other. 

46. If two conics liave each doublo contact witli a third, (Iittir 
chorda of contact with tho third conic, and a ])air of tlicir (ilioi'dn of 
intersection with each otlior, will all pass through tho stuiio ]Miiiit 
and form a harmonic pencil. 

48. Tho chords of contact of two conicH with their conunon 
pass through the intersection of a pair of their roimnoii chords. 

47. If three conics have each donhlo ciontiuit with a fourth, nix of 
their chorda of intersection will pass three by three through tho wmio 
points. 

48. If three conics havo one chord common bo all, tlnsir tlirro othoi’ 
common chords will 2 )a 8 s through tho aamo point. 

49. If four iwiiits on a conic aro given, its ehoi’d of iiiLorarolioii 
with a fixed conic imssing tlu-ough two of tliCKo [mints will pfiBB 
through a fixed point. 

60. Two conics *Sj and A’a intorseat in tho four ]mints A, Ji, (/, I). 
Linos A F1P2, BQiQ^ aro drawn cuLtiJig and> 9 ^ in A',) (h aiul /'«, (fa 
respectively : [move that the intersection of FAh and FjJ-i Iijm un tho 


ANSWERS. 


§ 3 

. P- 

6, 

1. 2, 6, • 

-6,-3. 3. 6, - 

1,1. 

-6, (a+6)/2. 

§4 

. P- 

0, 

!• (i) > 

(ii) - } (ill) 1; (iv) 

1 . 

T> 

(V) i 





Exercises I. p. 

7. 


1, 

4. 

a. 

-1, 1, ~ 

3,-1,-4. 3. (i)-y-, 

1 '1. 
■jj". 

(ii)-l,2; (m)-2, 

4. 

-X‘> 

-7: 

>-ol 

a. - 0 . 


6. -2, 0, 

7 . 

1 

— -ji,' 

,0. 


8. 11. 


0. '^(«H'6). 


13. Fov first part tako M as origin, for boooiuI part tako A as origin, 
i-a. +a-3 “ ; 

16, 2wm(.ra-a;i)/(jn*-n®). 16. (m-n){Xi'-x.i)f(l-i-m){l-\-n). 

Exorcises II. p. lO. 

1. (1) H-'l in. por aco,s (2) .i;=3; (3) a:=:15, .^‘=-9} (‘1)-^ soc, boforo 

zoro-tiino, 1 soo. boforo zoro*timo. 

2. aj=l+2f. 3. .^•=:2~3<. 0. -1,4,6. 

7. 8. 3f‘. 6. jB]-I-(a'jj-.x'i}</(2i “ 1), 

§0, p. 10. 1. (1)6} (2)6} (.3) 13. 

а. (1) -2, 2} (2) - 8, i)} (3) 1, ^} (4) -3, f. 4. 

б, 10 or - M. 7. ^/17, n/ 10, 4, ^/O; s/13, s/34. 

Exercises III. p. 1 B. 

а. (-1,2). 3. a-V'). -Y-x 

4. (2, 1)} (8, 0)} (11, -8)) (28,, -20). 6. (i/-* -V). (“5. -7)» -¥^^«7. 

б. 2\/i30, 3 s/130, 7. 'f;f) ~ j's/lSO, 

8. f5N/85. 0. (I;. -V)> 

§ 14, p. 21. 1. (i, •§). (-¥» «)• 
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ANALYTICAL OJCOMlOTRy. 


[Ex. IV.-XI. 


Exercises IV, p. 26, 

4. y + 3=:0. 6. No. 17, (-2, -2*6), {'-fi, 

18 , 31. (I, -1), (-2, -3), (7, 3) iioon Uiolino, 

Exercises V. p. 33, 

T> ■'■ffj h "ff’ "'■i' 

32, Tlio lino Uirongh (3, 1) of gradient 1/2, 

34, ( 1 ) lino tlu’Diigh ( 0 , 3 ) of gradient-g-; (3) lino tlirougli ( 0 , 2 ) of gradient 
■ 5 ; (3) lino through {0, 1) of gradiont 7 }; (4) lino through {0, 2) of 
gradient - f j (5) lino through (0, - 3) of gradient - 2. 

36. (2,—1), (.3, 2) nro on the lino. 28. 3s;£=2y. 39 . 

aO, 2 . 1 ; + Si's: 10, a;~^}/=^l, 3rt;-2j/ + lQ=0, 2a!4?/=7. 

a2. Tlio gradient of thoroforo fcho gradient of Uio porpondioulRr 

from .,4 is - 2 . Honoo required equation is '"2 or 2,^'hyE=9. 

aa, -f, --g-) ff-J 2a;-9?/-t-28=0, 2.^’-y-f-6=0, 6.^M-%=8. 

04. 7.BH-0i»=61, U.t;-Gj/ + 43=0, a;-3jf=28. 3fi. 4, 4*/T3. 

86, 40. (1, B) or ( 6 , -1). 41. (a-&, a+ 6 ) or (aH- 6 , b-a). 

42 . (a + &~c?, & + or « + &-c). 

Exercises VI, p. 43. 

1 . 44*6. 2 . -7'5. a. -38'6. 4. ^(hx-Vay-ab). 

a. 72 . e. -80. 7 . 28. 0 . -3. 

8. 22. 12. 4.'u-9//h-37==0. 

Exercises VII, p, 46. 

a. 3a!+4y=6. 4, 4a!-0^y=5l6. 

a. v/3a,'-3y + 0=0. 6, 6;.73''« i'GyTll=0, 

a. 2 , - 2 , -3/4> 1/2, -2/3, 1/2, -3/7, 3/4, -7/6, 

a, -a/6. 10 . -6/a, 11. fH, m, 


Exercises VIII. p. 49. 

1. 8aJH-2y+10=0. 2. 3a;-4j» = 32, 3flJ+4y + 8=0. 

а. 3a;-6y+U=:0. 4, a* + 2/ + 2=0. 

б. a,‘ + 2/=4, a:-j’ + 2s=0. 6, 4^;-3y-l'3 = 0. 

7. 2, 3, -3, 2/8, -3/2, -a/6. lO. 6a?-2y=ll, 3a?+ 22/=29, a; + 0i/=16. 
II. a*-,3y = l, 17a;+12y + 4=70, 22a;-.Sy=l. 12. 7, "r. a? + 7y=30. 

lO. 4a' = 0y, 14. 3a?-Bj' = 8, No. 18. (i), (iv). 16 . (1, 1). 

17 . la. 

1 ». 20 . 



ANSWERS. 
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pp. 26-72] 

§ 20, IJ. 51. 2. (i) Rt! - y = 7 ; (ii) 3,v - 8 5 (iii) 5x + 4^/ = 3 j 
(iv) 3 .i;-'i ^=:85 (v) y= 2 ,i;-|-C ; (vi) 2 ,b=:7j/^ 

Exercises IX, p, 62, 

2 . (i) .i(B-!-3»/=20 5 (ii) (iii) a: + 2y = 8 5 (iv) 3!«-s^ + 7=0} 

(v) 3x--i-6y-i-n=0 5 (vi) 2.'«-7i/ = 12; (vii) •lat-i-Sjr-O. ^ 

0, 7® - 2i/ i- i)0 =sO, 2a! +7?/ -I-1=0. 4. 3a; + 8^-!• 40 = 0, 8® - 32/ -I-1 = 0. 

6- (f?> rr)' 6. ("T* “■B')) 4. 

Exercises X. p. 64. 

2 , V-- a. 4 , •^^y2. 0 . ^/2, 2 , Mn/ 13. ■?- I!- ic^- 


Exercises XI. p, 68. 

2, a;«3-i-2/i, 6. ("rh it)- 

1 . (- 1 , 2 ). 0 . 

X2. a;=l-.3if, 2/ = 2-|-2it5 .aisl-hQy, y=24'3i>. 


0. 

10. 

13. 


(-V-. ■?)• 

(l.v- l)//=^utl - ha 
/ 1 0 :i _ 0 r. \ 
TAr 


§02, p, 61. a. 6^'■f-3l/^•16=0. 4. 2.u-j!!=‘4. 

K 1 1 . I 9 . _ I 1 _ I I 

lit If) Tji f It r > It j> 


§ 33 , 1 ^, 04, a. x{\^ + y 1 “ = -A i tan a = 3/-, ^)='i®ij 
4, (i) -V-, l; (ii) (iU) 


. i 7 . 
il> T; 


(iv) -j-J; 


(V) 


¥t mv 


718 5 


(vi)-^,iVl0 5 (Vii)'i. 

§ 34, p. 05. 1. 8^2. 


(viii) 


2, 


{~f‘ 


§ 86, p. 68. 8. 1, 1-6, 6} 45’, 50’ 10', 78’ 41'. 

0 , a)-3y-i-l0a:0, 3.i!+y=:18, 

10 , (j! - (») (nt -I- Uan «) -1' (a! - a) (^ - m tan a) = 0, 

(j/ - h) {m~l tan a) H- (o! - a) (^+in ban a)=0. 
IS.. a!-57/.|-32=ri0. 


§36, p. 00. 2. 4.'W-i-4y=:l, 10.v-10y+3j=0. 0. ai-y^O, aj-l-yssO, 

4 , 2(b-10j/= 1, fl‘l;o-l-8y + 33=0, 

6. 10.7! — 300y •!-000=0, ]80aiH-0y=8O. 6. x'V’ 

7. (3.y2-2).aJ-(^y2 + 4)y•l•2,^2^.7 = 0, 

(.3 J2 |. 2)iv - (^y2 - 4)!/ 2.^2 -7 = 0. 


§07, p. 71. 1. (4,-1). 2. (-2,1). 

6. (3, 1). 6. (3, -2). 


0 . ( 0 , 2 ). 

10. (6, a). 


4, (2,8). 

12 . ( 1 , 1 ). 



ANAl.YTK'Vf, UiV. jKs XU XV. 


•I'lfi 


8 ao. i». 14. 8. fiur nij/- 
4. j/Ku } iiyy J ^ 

0. ti>**SJ**'*‘• ny/ * M'* 

7. (h I«r «»/1 IH, JI.I' I ;‘v « HI «*, ’/< ■ '<;/i 

(li>rw't luj/ 4, ;i_v j u, iV«Ji* 


h 

0 . 

4. 

0 . 

to. 

11 . 

18. 

17. 

QO. 

90. 

98. 

90. 

00 . 

09. 


ExttrclMfts XI r. I* vr* 

lii»i fK')fii, (/*>■' 

lU[f>c rui) hih't ’ u'lT} it it- *•<!* »?' ?•> a .M| 

t {/«/• tnl\ ' i 

hfn, r/v^l'* » 

/w 1 .1* n. vjw la j j 

•l, 14. mrfl'.i'i < I /-1 A 'M? in 

( '5* ' f)* ft® «l Si. . » '11 . tn fr 

IVIi; I lUy I Ifl n, 


^ . linn »» I 

94 fi» - 1 , 

>•» I »t I 1 M 


’Al.i’ I 5 i*»i/"^O I I l^<n f l^c* Iji*' 

(l.'JI). 97 « i.'M 

fl* I //*-I-C*'-•ilifllw'J Of. If W, Hl»it k‘ «»■*<■ »»a1, »l I h n r 

ar.|.ny»ul8. 91, i*'’ 

fio. «H, u. 


goo, 1 ». KM. 0, -f)t.Vll% y|. 4 lljfiflf, 

6, 0) .»! I if " li 1/ ■" .S' « 1 I fM| a 1“ y, ^ t fff t I • i» J ]H»M '.Jj! t f, -t, .v 5( + 11 
(iv) Il.i* I ll ■>»}/, 'J:r i Jly ■ el J {iiI M4' » 4 ■"■/'V. * ^'}i>-*l i 

(vij 7.1” I'K . 'lly, lUr I IJy - A I f^M) Jfir - ■•-• 3;^ i j 

(lx) «(f> ■ r).rvtrfn ■ h)ff, (nI •t.4r« Ajp wf/ ^ 

9 41. p. HI. 0. Y«'«. 4, '.JIA'® ^ I 

«. (i-j/Z-oV.)® .l(H/|V.(nt'AHAV A’frj 7 

0. (f) fi4'* J !3/(,r^ I'Ay^v'li j (||) A?’’ ■ 

(l|| rt-B l Ay^sa J (il) hv Ay ••" 1 . *1^1 ^ 

949, p. H8. 1 , I, Ajr r, a, Ss-» ^j.p .»i-jii 


BxarotAoi Xrit. )*, 

ft* V'. «. V* 7. li5«'-v 

0- ly. i». ;w. 19. ff 

8 47, p. 07, a. j4 I » fi,f ,<s 
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X. (“2, -1). 

\ab~h^' ah-li^J 
12.b-7j/=C1. 

1«, -I- y\ 




Exorcises XIV. p. 100. 

a. (-3, -1). 4. aa^-Vilixy-hhi/^—O, 


o. 


XI, 




0 {^zvldfzsitjsrm^ fchoBamo. 

a~b h ’ 

1ft. 4a’®+<la:y-3y®-6a)-6y-l-2=:0. 

14. !By-l-6a;4-4y=l. > 

10. y{w^-VSx^)=aKj2. 

10. fjj=!a*Hmtteofl«. 


§ SO, p. 105. 1. (i) .'c®.!-j/2=4; (ii) .•«’>+ 7/®=10 ; (in) fti®-hy®=25; 

(iv) .'c®*l-y®-|-0.c-2i/ l-(j=0; (v) .'«®+2/®4-4'i:~4i/+4=!0; 

(vi) .D®-!- 3 /® - 4a; - ‘Zy-i j (vii) a;®-|- 3 /®= 2 y 5 
(viii) ®®-l-y® -I-2y =: 3; (ix) a:® 4 y® - 4a;=B} 

(x) a;®-|-y® |-0.v~10 5 (xi) a!®+y®-4a;40y-l-12=0; 

(xii) a,’®-l-y®4-0.^ - 87/=2‘l; (xiii) .^^4y®-4.'B+6y+10=0 ; 

(Xiv) 18.^® -1- 18y® -1- 54^’ -l- 18y 4 - 37-0. 
a, fi:®+y®=2B. a. a:®+y®4l0a;42y=l<(.3, 

4. a:®-l-?/®-2.«42y=287. S. (8, 0). (- 2, 0). 6. (0, 13), (0, -11). 

• 7 . (1,-1), (-3,-1). B. (c-l-2(t,2/j), (-c,26). 

§ 61, p. 108. 2 . (i) (3, 4), 6 5 (i») (- 3, - ‘1). 4; (iii) (1, -1), 6; 

(iv) (- 2, 3), 4. 

a. (i) (0, 0), 2; (ii) (0,0), 3 } (iii) (1, .^2), 2 5 (iv) (2, .3), 4; (v) (-1,1), 2; 
(vi) (i], a), Ij (vii) (-(i. y), 3; (viii) (^, 

(ix) (“.g’, ~ g), <s/2'f. 


Exorcises XV. p. 111. 

1 . a;®-|.2/®-0.x’"2y-l-5-0} J6, (3,1). ft. .'i3®4y®=2a;-l-2y, 

3, a;®.i-y®=2.e-fly. _ _ ("i> ^)* 

6. .'B®H-?/®-.^ + ny-l-8=0} ^y22•6. 0. (12, 1), (4, 5). 

’7. (1> 1). (li'. 1). 0. a^4y®'-10.V'-y4l9=0. 

X7. .'«®-|-y®=2y j a olrolo, oonko (0, 1) and mtliiiB 1. 

X o, a;®'I- y®- 8a; 4 8=0} a oirolo, oonlvo (4, 0) and mdiwa 2^/2. 

ai. (2,-1), (-.jV fff)' (i "V-)> ( 2 » 8). aa. 6.i;-3y4 6 = 0 . 

§ 63, 1 ). 116. a. (i) 2a;43y=13} (ii) y=a;425 (iii) 2.x*-y=6 ; 

(iv)2.-B4.3y=2l} (v)y=a:-3} (vi)2.v-y=7} (vU)y=2a!44j 
(viii) 4.»-1- Oy=1C j (ix) 12i; - fly=23. 

5 66, p. 123 . 1 , 4. a. 3. a. 4 n/2. 



458 


ANALYTICAL GKOMN'J'RY. [XVI.-MiSC. Ex. t, 
Exercises XVI. p. 124. 

1. ®8+y«~8a?-10i^-MC=:05 (0, 8). 

2 . a;®+ 2 /®- 4 .K- 03 ^- 1 - 9=05 y=5. a. .'v'“ l-y®-2«.i;-h3^-l'n’'=0. 

4. y®- 6.U - Oy -f 0 = 0, .r®-I-y® ~ fl;v I- 2-Iy -i- 0 == 0. 

6 . a:®+y® - 2 .i: - 2 y -f 1 = 0 , a;®-|-y® - 12 .i: - 12 y •!• 8(1 == 0 , 

X- +y® - 6.1! -h 01/ -I- 9=0, a;® -I- y® -I- ‘i.u - 4y •!• 4 = 0. 

6. a;®-fy®-4.1?=7 7. iv'“-l-y^-2/?.v»j’®-|-2rt/). 

II. a?±AyM.y=30, 2x^slB,y=:15. 

Exorcises XVII. p. 128, 

2. (i) a?-f 6=0; (ii) 6.B - 5y = 1 5 (iii) 6.i’ • .1y •!• 7“0; (iv) (I;/ = ■ .f-|-10, 

6 . a?=0. 6. (0, d:tVO). 7. (0, :( 2). Q. {(I, i2i). 

0 . a,«=0. lO. iv=0. 11. <0, d;2»V“)» «)“<>• 

§ SB, p, 131. 1. {B®-I-y® - . 1 ? - 4=0. 2. 2.1?®-I-2y®-i-2u.c+240. 

3. a:®+y® - 2.i? ~ 9 = 0, (te® •!• 9y® -i 02.B -81=0. 

4. 6 . 1 ?® + 5y® - GO.*? + 42y -I- 0=0. 

6. jt®+y® - 5.r+4=0, 4 .b®+ 4y® -|- 6fi.l? +10=0. 

§ S 0, p. 132, 6. .r® -I- y®=3y -I-14, 

§ 60 ,p. 134. 1 . (-fir, fir)- a- a!®-ly2=JfB. o. 

4. a;=.S, 6. .T®+y«~ 1(1.1?+48.^0. * 

§03, p. 138. 1. 2.B-l-6y=l. 2, fiy-2.Krao. 3. (4,4), 

4. 6.i?+6y=l, 6. (-3, --5). 

Exercises XVIIL p. 18H. 

a. (3.C). 3. 4a?-:iy:...'l2. 

4. (1, 8)i (-2, n), y=3, .i;+2=0, (-2, 3). a. ;r | y.!. | .|. 

Q. a.B=6y, 2aG/{a“ -J- lO. a-®-I-y® • • ,V f.y Ml;(I. 

15. a-cos(?+ysi 11(1= a. la. 2y=.i?+6. 14. 

16. ih 1), (h ^). 10. + 

10. a®+y«=4a.+ l. -2(yL|./m ^.w)/(i*+,n“). 

24. a2+y2=|y+4. 27. a3+y3-ljy+.l = 0. 

2 a. (.i:®+y9.|. 6 ) 2 ,j « (;r,»-l.y,8+fc)y; .i:®.|.yfl.|.21.y-l- h •‘•0, wlun-a 
/<!«{- mnA-^f{P -I «i«)(7t®+ hP) }//a. 

30. 31^ Vr"(.r,«+y,«l‘iy.i.vl-^/V,.H)J' 

39. f^/[-2{®,®+y,8-r•2y.v,-l-2/7/,+4 ?«w(a,«+«lo)l. 

40. 2,^'2, ~^ 2 , 42. 4.1?= 8y. 40. .i;=l, y«l, ; 




ANSWERS. 


m 


pp. 124-168] 


§70, p. 150. 1. ■ l /= ittX . 2. 

4. lGa;8 -+9 j/ 2 - 70.t’ - lO^f +100s0. 

§71, p. 151. 1. 6.i:'>+9y®=46. 


3, 


1. y=a. 

4. 


Exerciaea XIX. p. 161. 

2. aj+y=2. a. .^^=1, 

6. a-Vy—l. a, 2a:-{-3y=6. 

8. (.t!-2)®H-(y-3)®=0. O. 4a-®-|-?/®^4, Stt. 

11. (3.v-2)®.t-9y«=l. 12. it:®-|.ya-?a’=0. 

14. rt;®-|-16=6y. 16. 3 .-i:®-2/®h-10.^•=64, 


7. (a;-2)®'|-y®=:a®. 

lO. .i;2+2/®=:4a®. 

13. .'i;®=4a(y-tt). 

10. 2xy^a\ 17. 

19, 7;«®-)- ‘2‘Xy +72/®4 O.b-Oj/ -9 0. 21 . (K-y){Ji~^y)—ky. 

22. (i) x^=:2ay ; (ii) (it - y)^~iay. 

23. (i), (iii)aj®+5®=2(6:i:ft)2/-|-a®; (ii) «8=4rt2/, iw=0, 

24. {a!-l-2/)®=s2»(2aj-a), 25. {K'Vyf-2ii{2y~a), 

26. (.'C“2/)®=2a(2a;-(»). 27. «j®=2a{a! |'y-a). 

28. 2/®=2a(y±a)). 29. x^=a(a±2y), 

30. (.'»4:y-(i)®(a^'l'2/®)=a®j/®. 31, ay=l'-a?, 

43. (i) x[a ~ a!)®=y®(2a - te); (ii) 42/®{3a - 2x) - (2» - a)®. 


Miscellaneous Examples I. p. 106 . 

6,-^,^. 6. 1:1. 7. (a,rf). o. (1,1). 

9. n. (9,0), (1,8), (-7, -4), 12. (1,1). 

13. 14. 

\ + * JM,-1-7712-I-?7t;, /' ' \ ^i»V' ^Vl / 

17. 4aj-3y-|-l!=0. 13. !«=-4-l-2<, ~l-h4/, 2aJ-y-|-7=0. 

19. 2 ft. per BOO., -1 ft. por aco- ; a:-I-27/=3, 

20. (i) 0, .32, 04, 90, 128 ft. por aoo. ; (ii) i, 1, 2-| boo. ; 

(iii) .32 ft. por boo. por boo. j (iv) 10, 144, 80 ft. 

21. (i) v«.32<; (ii) i=:i;/325 (HI) ealOi®; (iv) i;=8*/8. 

23, (i) 0} (ii) u', (Hi) -ufa. 

24. x^a^\-[e'-a)lfli, y—j (c-a){j/-&)=(fZ'•&)(£»-a). 

26. .u=2.|-4i, j/=l.|-.3<. 27. 4.7/-1.14=0, (^ ?)> TTn/^?* 

29. 8.3a,-344^-1.107 =0. §f. 30. (V-, |). 31. (J,-V')- 

aa. 33. (-1, 7), {-4, 3), (4, ~ 3), (7, 1). 

34. (6 -I- (i - Ct, fl -I- ft -t- />), ( ~ & - (Z - ft, 0 -- ft 4- h). 35. (ft, ft -I- b), (ft -I- &, fc). 

86. bx'i-{b’\'C)y!=tbe, (6•l•c)a^•hcy=6c. 
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38 , 

40 . 

43, 

45, 

47 , 

49 . 

52, 

55. 

66, 


57, 


81, 

62 , 

63, 

66 . 

68, 

78 . 

76 . 

76 . 

78 . 

81 . 

82 . 

83 , 

84 , 

87 . 

88 . 

80 . 


ANALYTICAL UlSOMKTllY, [Misc. Bx. I.-5CX, 
•!•(?)30. 0}. 

8 /18 11\ ill 1 HA / 3 J7.\ 

T> V7'J 'T/' 41. ly) y > V <f» « /■ 

2»-3y+7=0, 44. 2y=!B, 

A straight line, 46 . y a? «= 7i 3y - fix iS « 0. 

occ?/(6c+adi-a&), hcdi{h<i-\rad~ah). 40, 3.D-y+7«0. 

(x-l)®+{y+2)3=36. 51. n~\{(pA-qt). 

(2,4). 64. (8, I-I-a/C)' 

2y=9, 72x+164y+9=0, 8x=4y+9, 15x-|-8y«8I. 

, tanodbJrt , . 

‘'-*=r¥Stnn;<*-“>- 

(y-2)(13 ±3^/26)=(13 ±2^720) {.X- 1), 

(y - 4) (13 d: 3^/20)=(13 d:2;^0) (x - 3). 

/ %mg 2n( - ?»y 2fe^+ nt^(] +2»m - ^o\ 

V" / 

Lot the lino pass through {a, b)i Iho loons is Ihon 
(X -a)»-Ky ~6)®= (/- a)®H- {g - b)\ 


82. 


(i) . _ .. 

4»+7y= 6S, 7.x- 4y=66} 8(y - 6)=(82^.^666)(x - 4). 

.X*+y® - 2x - 2y -H=0. 66. (~ 6, 0), (O, ^). 

(4, 12), (-3, 6). 67. 2ji 

(0.^V«). 8*. 10. «VS!+K 

Tho tiraoB are given by tlio roots of tho equation 

55(»t»' - m'»i)i®+ 2(6h' - b'n + c’m ~ ctn‘)l .[• 2(ftc' - fc'c) =0. 

(®“y){.x + y-l)(x* + y’*—.x-y)=0. This oqnatioii roin’osoiifc« the 
diagonals ami tho oivonmoirolo of tho square OA Uli, 

y=4x. 77. x«=4fy-2). 70. .x«-i-axyH-yS-ax~32y.i. 130=0. 

7x*+16ya=112. 00 . 2-l.xy.|.7y»-48.x-0'ly.|-0d«a 

4x*+4.xy+y9 - 26x - 68y -I* 1G8=0. 
lOlx^- 48.C//+81y«+314» + lOfiOy +1880 =0. 

13.x* ~ 12®y - Sy»+80.x - lOy -i- 26=0. 

(i) x*+y*=a*5 (ill) x^+y^=at. o5. y=M{ ^(a.l.7j)9~.j(j. 

UxA-hj=r\ OO. (0, - 8), (-2, -1). 

(1+2/m-w®) (x»+y9)+2o(7i ~m)x ~ 2o(l + ftw)y=0. 

(i) ox*+ 2hxy +6y*-|(yxH./y){^x-i.my) -i- Ji(lx.|.j»y)''«0) 

(ii) a(»-^j)*-|.2A(x-^j)(y-^).l.Z,(y.^)8 
- 2{{X -p) [op + Agr+y) (y _ q) 

X {7{.x ~jp) +7»(y •'q)\j{lp .). mq q. Jt) 

a +y -o(x-i-y), x+y=o. ea. -j, «^o, 
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pp. 168-191] 

9 8, (!B ~ ft)" (?/ " ~ •!' 

{f/x \-Sy i-4- tf=[f -i-P - c)-I- y% -'T^" 


Miscellaneous Examples II. p. 174. 

1 . x=0. 

а. ic^ + if ■\- 2.U - 12j/ ■)-17 = 0, av^-t -Qf - 62,V - 28i/-i-73=0, 

3. a^iy -" flo?/) - h^{x ~ u>i){h^x - agy) + (^ga; - - «ay)=0. 

б. {y ~ Vi){xiV - 2/i:i’} ~Mv~ Vi){.XiV - i/go;) if OM \ 0N=^\. 

6. 9.'B-i-2y = 9, x^-^y^Q, lla;-i-6”7?/, (|, |). 7. Seo Ex. 9. 


8 . 

13. 

16. 

18. 

37. 


(6, -Y-)» (3, ‘1). lO. 

{.^' - a’l) {X - a',a) -i- iy - ip [y - ip = 0. 

- nZ>)/((m^ - ^hlm '1- 17. 

Soo § 38. 30. 


/ b~f g-ft \ 
ah-ap)' 


S {A ^3 -I- ]]) +1) {A -I-BJS) +20=0. 

(wjg - mi)/{a -i- (g -i- hm^)- 
(1, Z+m+n+fm?i). 


31. 


3 6 . x~y=\{(i--\-h)i (ft+c).i;“fcy=,|(« + i))(fc+ 2 c), 

(o -h a) !U - mj = (ft H- (g + 2 c) j 

-I- if ~^{i(,-\~b)x- (a + h) y -1- g** -[• 3aJ) -I- i)®=0. 

37. {g’“ + ?>'^)(.^“+i/®)-l-2c(ga; + ^Jy)~0. 42. {gZ'|-liw + 7i)®=»'^(/®'!-?n“). 

44. {2•)•^y5);c-y/ = ^y6 + l. 47. rf//j. 61, y = a’ + !t’i'. 

53. LoL tlio oiiclo bo aj^ + y'^ = oto.; Uio looiw is 

(i) if — (iu + 2 g)®(g x)l{x + 3g), or (ii) 3 /^=a:^(a! - a)f(a + Sa:) afionvding 
as tho points movo 111 tho same direction or in opposite direct ions. 
66. + 2 /^ " 2a,^')®=•!*2/^)* 

66, (hx - ay) (ay •\- bx ~ ah) -- 2o®(g' - g) (y - it). 

67. hh'x{a ~ aj)=gg'(6 - y)y, Wbon ,477 and 4'7i' are parallel Una beoomoB 
, {bx~ay)[hx-)‘ay~ah)~(if or tliu lino 477 and the porpondioidar 

ilu'ongh 0 to 4/7, 


so. 2fi(.T^ ■)-2/“+2o®)=(1 c®■)*g®)(a;-t-y). 83. a:V4*- cC^ff =0. 

eo. (jj - h) 7?g -t y (£ - re) - 1 - ah^] ~ 0. 

61. Lot 4 bo (0, 0) 5 lot Llio oirolo bo il'hon tlio locus is 

2aa) = g® 

04. y'^H>gy®+a:®y -o-x^ssO. 70, Wlion c=b, tlio loons is a oissoicl. 


Exeroises XX, p. 187. 

8. y-l=s!«“, y-i-l=sa;B, y-i-l)=a,*^ 

§ 30, p. 100. 4. (i) 2‘87, -0*87 { (ii) 8 , -1} (iii) 2'68, -OfiSj 
(iv)2'87, - 0*87 5 (v) 2*91, -O'Ol; (vi) 2*9/5, ~0‘9i3. 

3. (I) (0, ~ 1), ( 8 , 2)} (ii) (2U2, 0‘03), (-0'70, 1-09) 5 (iii) (2, -1) ^101005 
(iv) Iko roots aro imaginary 5 tho straight lino does nob moot tho 
ouvvo at all, 
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ANALYTICAL GEOMETRY. [Ex. XXIII.-XXVIll. 


7 . (i)2‘3.% -0-20, -2'13j (ij)0725 (iii) 2'11, -O'OSj (iv) 1-(Hi, ri' 44 Ki, 
-2-0(); {v) MG} (Vi) l-HG, - O’S?. 

B. (i) {-0'80, 0'74), (1-‘J(), LOG)} (ii) (,T03, -3*7C), (H'-ll, <J'Ofi). 

9 . (i) -0'8G, L40} (ii)3‘5.3, 5'-iL 


Exercises XXIII. p. 213. 

40. (i)f, -f, ~ff; (-1-01, -i-co; -oc, -«)); (ii) 

(iii) l'30, 0*30 ; -2‘.30, -.3-.30; 1-32, 0‘30; -0‘.'i7,'l‘M 5 

(iv) -0'60, O-'jl; 0 0.3, -I'OO; (v) -2-18, 0‘fi2 j J, -1. 

§ B9, p. 217. 6. (.^‘ .^in a-y cos a) = i7a;*72 COS a. 


Exorcises XXIV, p. 217. 

1. (y-!l,M-2)® = 0,i/. 

a. 4(y-f.i‘) = (y-.x')“, or, turning axes throiigh 46®, 

4. s. a!®=(y+a‘)®. 

3. «(y-fl)(ft;y“l)=2/%^'-hl)®. 7. = 

B. ^/ = (.r-l-l)(a;-l)a/(3.^•2-^-l). 

Exercises XXV, p. 227. 

а. j/-f.r=0, 2/=t3.i’-2, 3. (^)y=.^’“l; (ii) fi.r •// t O. 

4. (i) a' = -h2 ; (ii) 8a; -f 3^/-(-2=0 ; (iii) 2a'-i- 3y -t-2=0, 4;y “ .‘iy t 2. 

б. (i) 32/;=a‘-hl} (ii) 3y=10.ii-|'lj -]}(J rhj^lO), iimxinmni and 

vahios of y, 

6. (i) -2; (ii) d:2V6. 

lO. (i) (0, 0), (.3, 1), (0, 1) twice; (ii) (0, 0), (2, 0), (2, 8). (1, - ; 

‘{'-©I)’ 

§ 9S, p, 231. 8, (i) £^-^ue, «c>6®; (ii)a-'iie, ac>h^. 

§96,p.233. a, (i) 3/ = 3.'«“4; (ii) y-i-a’=2, y/sa-cS } 

(iii) 2/=:3a;-7, y -I- 6a;=1J (iv) ?/=:6,t;-7 j (v) y=2[x~\), 

§99, p. 2.38. I. (i) ?/= ~a;-.a-®.,. 3 (ii) y= -; 

1 11 

(ill) 2 / =5 - -j. ^ ... (iv) 2/=1 - 2a;+2i;'‘...; 

(v) 2 /« -l-h3.a‘--.3.'i;a ..; (vi) -2+a;-^a;l.,; (vii) 2 /=2-I'2a;-I- 

a. y-ha‘=6. 


L 
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Exorcises XXVI. p. 244 

'i. ‘Ax\-y~% y=x~% y-iix-'h 0 . 2i^=a;H-3. 

lo. {i) 2 /=:rt;, {n) 2 /-l- 7 rt;= 27 , -7^^0^«... j 

(iii) <J,/=‘20.e-28. (M y=3, 7 ?=- 2 ta..} 

(V) ?/ = l. ^,=7e... 

10. l/ = a;_l, 17. (4 -Hfi). 

10 . ao. A = l, ^= 2 , or ft—ft=l, or ?«.=:-«, ft=.3. 

§ 103, p. ‘2fi2. 4. (i) y=:aj-10, 2 ^ = 13!c-y4; (ii) yr=2(.«~p), ‘2py—2hx- ft®} 
(ui) 7/^ llaj-O, y—2®-2, y-l>aj=2, y=:2.K“6, y=:ll:B“;{S, 

y=20a!+2, y=47.'B-»-:M; (iv) y-0, y = (ft~«)‘“(.^’~ft)} (v) j/=n, {?f.>l). 
Exercises XXVII. p. 257. 

fAbfioiHfjao only arts given: firnt, liiriiing pointrJ, tlion iniloxionB, then 
lntorc«iJlH on K-nxia. | 

1. ? ; none; 2-:i3, -O’Ol. 2. 5} none; 4-62, -1*02. 

3. 0. } ” ; 0, 2. 4. 1, ~2; O'Ofi, I'S.*!, -.S'47. 

0. 1> -1; 0} (Cllfi, 1-.73, -I'Sa 6 . I'r7.4-1-53} 0} 2'40,()-14,-2'84. 
1. '2, .1*12, ~()’12; .S*22, 0-78} 2 Uvioo, 5, - 1. 

8 . 0; 1 ; 2 0«, ~0'S3. 0. 1, 3‘2-J, -1 •2‘ij 2'2«, -0'20} none. 

lO, 3, I ; 0, 2-.‘17, 0'03 ; 3T)1, 2*10, -0*97. 

13. (»> N«nin. {10) (1, 2); (-1, ~2). {11) None. 

{12) (^2, 34-2n/ 2)} ( -V'i. 3-2\/2)._ {13) {-1,0); (-3,3). 

(M) (^ 2 ; 3 ^/ 272 ). (15) {-^ 2 , -3>3'2/2). ( 10 ) {4y4/2, 3<y2/2). 

(17) None, (18) ( 1 , 2 )} (- 1 , 2 ). (19) None. 

Exorcises XXVIII. p. 207. 

I. -2. 

а. (Tlio vjilne of a? in given fleoond.) (i) -J. (ii) 3, I; -1, - 1. 

' (iii) 5’33, 3--11; 0’17, 0'.70. (iv) .3, 1; J-,-1. (v) -O’lfi, 1-37} 

2-lfi, 0-37. (vi) -O'-IO, 1*37; 0'40,-0-37. (vJi) -13'03, 3’.37 { 
-0-07, M)3. 

(i) 0, --3i^} (ii) -1*33; (iii) 0, 2*09. 6 . 

б. 0, imx,; -4, min. 7. Now origin ia (2, 0); (2,0); :1:0-386. 


o- 0; J7=5 - 

(min.), 0 (max,), 

0. 10.7/-38,-J. 

lO. 82(37-0)(?y~ 

• 6)} 0 min,, 6 max, 


li. ‘ii. 

<. A ^ ^^ iii 

12k --V —5 — v*» 

• .1 ’ fl <1 

13. TTi'l. 


14, (i) sjah } (ii) ^ah ; (iii) is/aft { (iv) ^7«(i; (v) ft ; (vi) a. 

16. (i)2«ft} (ii) ft-l-a4'2^/ctft; (iii)2rt&} (iv) 1/4 16 . 3/2. 
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20. if ;«>1, m- xcO] if I if 0<iK< 

21. 2 h -272 min,, 2-2;.y2 max. 22 . (I, 1) max., (2, 2) max. 

20. (i) ■ff(7+V13) max., Y(7-^/13) min.} (ii) 2min., V mux.} 

(Hi) -4"2^/6 max., -4•)•2^/0 min.; 

(iv) ^(9*i-2^,/L4) min., •?r(9-max.; (v) 0 max., - 1 inln. 5 
(vi) 2+^y3 max., min, 

§ no, p,'273. (i) 27321, -07321; (ii) -0*8772, ()'in2()j (iii) 1 ■ai:U.0'4t 

§ 111 , p, 276. 2. The root lion bolwoon (i) 1 niid 2; (ii) 2 ami 3 j 

(iii) -1 and -2; (iv) 0 nml 1; (v) 1 and 2. 

3. Tho roots Ho botwoon (i) 2 and 8; (ii) -h and 0, 0 and },, ,1 nn'l 

(iii) -1 and 0, 0 and I, 3 and 4; (iv) -2 and -1, 1 nwf^." 


Exercifjes; XXIX, p. 270. 

1. 2-006. a. 1-213, 3. 0>400. 4. 1-062. 

6 . 1-276. 6 . 0-7C5, 7, 1-220, -im O. 1-.hiiJ, -Od 

9. 2-597. lO. 2-8C8. 11. 0'220. 13. O-!}-!?. 


Exercises XXX, p. 288. 

(i) Nono ; (io two. 2 . (j) Nono; (ii) tium 

(i) One, (^, ; (ii) two, 4. (i) None; (ii) two. 

(a) (i) None; (ii) two. [h) (i) None ; (ii) two. 

{«) (i) None; (ii) tln-eo. ( 6 ) (i) None j (li) tlii-oo. 

(a) (i) None; (ii) two. ( 6 ) (i) Nemo; (ii) two, O, 

0 ) Z/= 0 , y=x] (ii) t/=: 0 , ij=x\ (iii) 7 y= 0 , y = a:-] j (iv) 

'te,*aT7vi| >'■> *' 

(3, 2 ). 

Exercises XXXI, p. 204. 

[i) 2 /=a-, 2/-h,a-=0; (ii) g^.i-a-=0 ; (Hi) !u = 0, y^^xt 

/in !rn ^^ i{^)y^2x,x = 2y, (vl) y= 2 a.-o 1 , y « « 2 j 
(vn) y^O, y=a-, y= 2 a-j (vm) .x-=: 0 , y = 0 . y^2x ; 

. « I -0. « +1 = 0, a;-t-y =^2; (x) 8^2.a--i- 8y-i- 8«0, 8,,/2.« - 8y - 3 

iff, D(a,+^) I. xho ourvo appears above tide lino to tho riuht, bolo 
□n tho loft, and onta it at ('076.,., -126.,.). 

18. {2a;+y-l)(a!-.y.|,i), 

aa. (i) K^l, (ii)(i).l.y.[.l = 0 j (iii) a)-. 3 y=,l, 

§iaa, p. 299. 3. (1) -w/y; (ii) (.'8 + 2y)/(y-.2i!)j (Hi) {iX-\-l,v)/y i 

(vi) fy*-b 2 .'ay - 2 a-)/( 2 y - 2 ajy - a-^); 1 > n 

(vii) ( 2 a.'ijy- a-y^ - x^}l{a'iy-i-f- 0 * 9 ); (viii) ( 4 *^ _ 4^,2 ~, 


1, 

3. 

6. 

6, 

7. 

10 , 

la. 

13. 

1 . 
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209-319] 




0 . 


(i) R/l.tM-Q)*'*} (ii) (iii) (iv) + 

(\') a: (2 - x)l( I - a) -1- v i) 1/2(1+ a;) Vil- -|- x'^ 

(vii) »(2.y -I- S)/(2.i) -I- 2)\/a; + 


(i) 2(l-a;^i)/(l-a, + a;a)B. 

(ii) {{an-hA )ar^-[-2(aO~cA)x + {bG~GS)}j(Ax'^-{-BK + G )^; 
{iii) tu/N/^+Vl; (iv) -a'/(;«3 + l)!r • {v) {x + sl^ljjs/^iFTl] 
{.vi) (3.T! 'i* 2b -I- «)/2 (a; -l- h) K 


Exercises XXXIIL p, 315. 


1. lOa;^ + + 30x- - iHy - 36 = 0 ; ‘\x + 3y=0 ; 5 ^ 

2, (i) + 2xy -I* 1/3 - 12!i; - 10.?/ -i- 50 := 0 ; x + y~1^2\ (Y, -Y*). 

(ii) 0.1-3 2ixij + l0?/3- mx ~ my + so =,o; Sa: + 4y=10 3 f j (^f, A^). 

(iii) 1 Ga'3 - 2+17/ -I- 0?/3 - 2a) +14?/ - 14=0 ; 4a? - 3i/^ 1 5 |; 11). 

(i v) 9.«3 2‘lxy - 1 -1 ay® - 2x' + KOy 4' 14 = 0 ; 3a: - 4y=7 j 2 ; - jV) ■ 

(v) 144.^-3- 120.?'?/ + 26,1/3+ I30a: + 312?/ - 109 = 0 3 12;l’-O y^O 5 2 5 

<■/». A)- 


. 'riio efjmLion roproannU Llio loons of a point whioh moves so Ihnt its 
(liHlanoti from Llio point (0, is equal to its diatiinoo from the lino 


1 

' ■ a* 


(i) (0. ,1). 2/4 -]=0] (ii) (0, (iii) (^,0), a; + ^=0; 

(iv) (•":![, 0), 

6. >) = ei Ij (2, ~Y)i 42/+13=0, 10. i/=2a-2^7a'+2. 

12. (i), (iv) upwards ; (ii), (iii) clownwai-clB. 13. (i) « 5 (ii)ft“6-c + d. 

14. a:'*“'lcit2/3 4ft ; (0, ft) 3 y4-ct=0. 

16, liOt tlio point 1)0 (0, ft), tliu lino i/=:0. 'I'hen loous is x^~iay ; focus, 
(0, a) 3 vertex, (0, 0) 5 diveoLrix, ^ + ft=0. 

24. j/^^SaO?)- 4ft) 5 2(t3 (4(t, 0) 5 oV 28. (2 a-c, 2«.); y—2a. 


Exercises XXXIV. p. 319. 


1 . 



1 

- &- 

3 OX^^ 

U n 

y. a, 

e =«3 8X = 

-13 . 

' Y"? 

AX=L 

a. 

DCS 

3 

".!• 


4, 


8X = 

:9 3 ^f/l = 

5 , 


1 on 

f= 2 ^ 2 } 

c=-3V6* 




6 . 

b= 

:3 3 OS-. 

= 4 5 


s 




7 . 

ct = 

?r)j asf: 

= 33 

SA =2 5 



a. 

IB 

~r- 

0 . 

(7/1=2 in., 

, OB 

=^/3 in, 

11 . 


la. 

e=^^y2. 


IQ. M’ljo pavall?)! tlvrough A to tlin dirootrix. 

2 a 
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ANALYTICAL (JJ'JOMIOTHV. [Ex. XXXV.^XI, 
Exerci.S6.<3 XXXV. ]>, .32:2. 


1 . 


2. c 


4. ?{. 


6. Tho four points ^ 


.’3 ,/a 

HI ' i) 

6. (3'2, 2*8) is iiiBido, citluu’H outnido. 


4 . I H 
r. j ■ fi • 


a. ... r,. ;= 1 , 


ah 


ah 


V -.. 

Va“ | /»- \^a^ l ffl/' 

9. ./?. 




12. .y 


13 Ni(.3.«.-4y-(-])3 -(.2)'J_ 

242.'3 ■'.'3721.“ 


•Ifi 




-= 1 . 


14. (I) (0, 0)j a-=0. ?/==()! 2^/7, 2Jfi; 

(li) {0,0); y=0. .r^O; 2((n //), 2(«-/d. 

(iii) (1, -2); ?/+2.-=-.0; a-=: 1; -I, 2^.1- (iv) (0, 0); ir-hy^O. a?««, fl . 
(V) (0,0); 4®=.S/A 3!e-|-.|y-0; 2Vd, .S^/.^O. ’■ 

(vi) (-3/,'), 1/6); 2 .c-[-2/-i 1=-(), ;i-~2.y-|-l -Ml; 2*y([, 2,^/3r)/6. 

(vii) (1, -1); 1 / -M = 0, a:•-.= 1 ; 4 , 2;^/3. 

{viii) (1/2, -2/3); 3;/-l-2:=0, 2.t;..vJ ; 2,,/2/3, 

(ix) (2/.S, -1); ,Sa:=:2, 2 /I-1^0; 2^3, V. 

(x) (- 2/3, -1); 3.B •!• 2=0, ?/ H-10; 2^. .S, 2. 

16. 17»J +10.'cy +17^8}<o,p _ }^()^ - 200 ---0 ; 4,^/2. 

16. 9L-i;’*+24.x-y+84//2-2()0.u-32fl//.i.400=-.O; (g, yg). ' 


28. If GA=sa, GJi—b, tliupoiiiUiui'ct 


23, 1 

«a' //J--'- 


U'^6«’ ■ )• \ >- 'ifl. ,i‘ ■ ' 


It will 1)0 notiood that ono pair of p<iijilH, ut IcaNt, iu imaylimry. 
®®- (p t)- ax. ax I hmj 0. 


32. 7a;«- 2x1/ -I-7^ ~ 14.v - 80y•!• 80r:o; 7a' • ?/ 7. oa, .*!.|. 


2. 14; 2V88. 
« 

6 . <<• 


ft* a*- 

Exorcisos XXXVI. j). 825. 

1. (i) -6-; (ii) 10; (iii) G. 

6. 16®2+16i/*-3(j0.BH.1200:=0; c=].. 

Exorcises XXXVII. p. :) 2 H, 

, a. A'A'-V*J 

a. e=|; ,<j'A'==;j. 4, .S'A'-.-V'. 

8 . (7/J=0VS; A\Y«9; .VA=6. o. LVI .=•2^,/(l: ('///==2J3; cci 
&=¥-5 OX=4; AX^h 

a. a=3; OS=6; ,SV1=2; aVXs-V. 

iirt 0 

lO. a=^2in.; ft®2^3 ill, 


1. e=« ; C'A'.-=Y 


ft 

». g 
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Exercises XXXVIII. p. 330. 


f fi 

*• -ff* 

Tir 


5 . () 
T) U- 


3 2/'_i 

‘ HI 


©. 


e. (-fi, 2), (“7, -•!) ai’o insidu. 

/ ±ah _ ^ ^wab _\ 

Ksji^^ - \j{b'^ “ 7}i?d^) j' \^/(/>'” - JuV)’ ^(b‘^ - J 


When wo gol Uio (isyniptotcs. 9. f ^/2^. 

lO. }' IB voal and fmito, infinito, or imaghmvy, according m 


^ I 1 1 

cjob'O > -s) = “,> or <-n■ 

P, c** 

12 , (i) y-|-2=:0, a;=l J 6, 4; (1, ~2). (it) !«=:0, ?/ = (); 2/».2a; (0, 0). 

(iii) y-hl=:0, ; 4, 2^;3; (1, -1). 

(iv) .3y-J-2:^0, 2,v = l; (1/2, -2/3). 

(v) 2.r-l-,v-(), .r"2y; 4^/2, 2^/3; (0, 0). 

(Vi) x-vy^'Z, y-io+l; 4^2, 3^2; (1/2, 3/2). 

10. .^^H-4;i:y + y^ - I2x ~ Qtj-\- 3 =0 j (l*/2, 17, 2xy - 0.r - 0/^-1- 9 =0; (3, 3). 


Exercises XXXIX. p. 333. 

1, (i) 5/4; (ii) H in. j (iii) 0 in. 2. 10. 

4:, Tlio loons itt liltowiHo a iiyporliola wlioHo foci aro Llio oonti'OB of tho 
given oiroles. 

6. 220.i;'2~.30ii/^ = 4i)6 {c=:-a-) and 2fi2a!®-4y^ = 63 (e = H). 


Exercises XL. p. 838. 

2. (i) 2.t!-3f/="*0, 2.U-1-3J/-0} (ii) .'B-h?/=0, 

(iii) 3a.'-2//= 5, 3.i;H-2ji/ = l } (iv) 2.i3.!-iy = 0, 2a:-11 2 /= 0. 

|v) i-_.v 0, i’+f=0. 

''wo a I) 

9 . 2/-1-2--0; (3,-2). 10. «.'B-l-(i = 0, ay + h=Q. 

11. {[} la. 0 , 

13. (i) 2a}-1/-I'1=0, iB-i-y“2=0; !{■). 

(ii) 3a}4-2;/-l-l=0, a;-2y-2 = 0j (]-, -!■). 

14. {2.1}-1-3?/-8)(.a:-22/-1-3)3= 22. 10, y=~-p/ 

22. 'Pho nayniptoLos being llm axes, Uio cnnslant, length is tho algohraio 
dirforonoo of tho ordinates or ahsoisaao of Llio (Ixod points. 

20, Lot tho given asvmptoto ho AOIit tho given tangent GltJJ), with point 
of onntaot iii, tho othoi' tangent BL, Let AdJi and OPJJ) intoi’floot 
nt G, nrjMv\ AGJi in ». Gut o(T Join JiJ). Lot OL, 

parallel to 71/J, meet BL in L, LB is tho Booond asymjttolo. 

28, a!y=^} 



i\NAT,YTI(;Al- tnCOMMTHY. [Ex, XLI.^XLVll 


ExorolBoa XLI. |>. .')in. 


a. 

~.Wfi2', 4- 

\ 2 2 

)■■ (f'" f'' 

')= (•>• 

0, 

-ooafl-l-^Hinfl =1. 
a 

0, 

Vin 
fi “ 

10. 

It 

10. 


SIX 

dill'f ^'^'ot/A 

20. 

'/o'F 

1 

lift n'-* 


30. 

(i)v/l«h)! (ii)«- O'i) -I' 

Vii'*! 1 tih 



/ nh F) 


till ft'*} \ 



(a'-' ■ ■ (if> 1 1 


00. 

(iV'-aF 

00, 

a'’’-! y'^ (ft 1 /*)’ 



ExorolROO Xlrll. 

]). nrih. 


X. 

X nOy^illJU'. 

0, 

.*1,1/ fir. 


11. 


tx 

iSoi) ^ UK!, Kx. 


10. 

yU 1 ^ a;'", 

14. 

(2,2); hM.i/ - 

fir) I jjfa- 

16. 

W ^ ‘ /J«‘ 

17. 

/ ' tPinr 
yi’’' j /,'* 

/iv \ 

1 lOhii^/ 


Bxoi'oIhoh Xhlll. V. nftli. 

1. Lot X‘' Jiit'uL llitt in /J* In thn al /*, 

a. Lot ^ 1)0 till) noint, .loin W, niitl lot IIim H In S/. at .S’ out tlio oonlo 
ill 1\ P '; ai’o till) laiijtnitu n‘i(uiroil, 

15, Lot tho ©'•'i nonti'o »S*, nnliuM Sl/< rlCf^ moot llio (•)'» on .'•IK lui 
dimnotoi- In U, U\ Lot .S'/;, SIP ml l\w omiio in /*, /•'. Kl\ KF 
ai’o tlio roquii'od taiiKonlH. 

17. Lot *S' lio (ooiiH, VH' tuiigmil at Q it jiniut on tho omiio. 

X*' A7^ moot PT in K, Lot tho oxtoninl liisootiti’ of P>%U moat 
I’Q In Ih tlio ilimtlilx. Wlioiioo tho vortex in oiwily [oiind. 


BxorolflofJ XLIV. p. .'loh. 

8, Draw SX X*" tho diiwU'ix, in id noint A, Lot 1\L; l^X moat 0'»oii 
0»S’ae diamotor in l''{aiifl F'), fmt (Sfl''inooi, dimt. In M, J/ilMP 
X*' dii'x. moot ;J}''ln V’. P i« [mint mmilced, 

4, Lot Jlfbo tho Imago of A in Pf\ d/A', dmwn iieriiPiidionlar to MPt 
Ih Uio dli’ootrlx. 
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pp, 346-387] 

6. Ih’ocluoo iST.L’' PT fco M 80 Lhat YM^^SY. With ocntro Q, mcliuR 
(loRoi’ibo a ©1®, Draw MM' (and MM"), Uio tangent to the 0K 
Di'aw MP MM' to incut P'l' in P. P is tlio point required and 
MM' ifl the directrix. 

6, Draw jSD.L'' PT and produco to M so that SY^YM, Draw MX 
axis. MX ia tho direotrix. Lot MP X'' meet PT in P. 
P is tho point required, 

16, Draw aSM/ X‘' given lino to meet dirx. in M, Biaeot <Sil/ in Y. Y2^ 

±S PM ia tho tangent required. 

17. PT^-QsJU}] 2VV=18. 

16. < iu tho reoiprooal of tlio gradient at tho point t. 

34. Tho join of tho foot of tlio X'® from tho focus on the tangenta ia 
tiingont nt vortex. Whenoo tho required conatruotion. 

40, lait the tangonta ho PQ, QR, ItP, Lot Qll touoh tho paraholant T, 
'J'ho eirolo which touohca PQ at 9 and paasea through T will cut 
the eiromnoii’clo of tho triangle I'Qli again at tho fooua S. H jR and 
M aro tho imagoa of S in two of tho tangents, MN ia tlio direotrix, 
44, x^f{a -h a-), a oisaoid. 

Exorcises XLV, p. 373, 

a. Lot the tangent ZP'J' moot dirx. in X, Draw SP X*' PX to moot 
2iPTm P. Let PS', making LS'PT^ LSPYI, meet SX X' dirx. in 
• S'. 0 ia mid point of SS'. 

ao, (l--c'*)a). This bcooinos U wlioro I ia tho aomi-latus rcotum of tho 
parabola. 

60 . - x^)lx, 

36 . Cirolos oontroB tho fool, radii equal to major axis, 

37 . Cirolo oontro sooond fooua j radius equals tho difToronoo of tho major 

axoa. 

80, TaoI join of P, Q, tho given pointa, moot the asymptote in R. Produoo 
P(), to if '80 that QT^RP, Draw TG X"" tho asymptote. O la tho 
oontro. 

Exercises XLVI. p. 378. 

4. 2a(f!' + l)8} 27«y^=4(r«-2a)8. 6. «=i<72. 7. 

16. x=h{t:^~X), y^2k(t~\). IB. ?/ -tan gjai-2a-atan«0}. 

10, 3 /=7»iK -I- whoro 2a®Hl® H- = ■!* d- b\ 

ae, ae. 2rt), (V, 3fl), -Ca), 

Exorcises XLVII. p. 385. 

0 , OOB 0 ooa 0 coa (0 4> tf)/oo8 \ (0 - 0), 

- ain 0 ain 0 sin^(0d- )/oo8-^(0 - 0) | S 
coa^f?, -"jp- 8^11"^^ 5 (a^ain* 0 H- fi” oob^ )^/a&. 
a-*, (a® {y - tnxf - (a® - 
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ANALYTICAL GKOMETRY. [Ex. XIiVIII.-LlI, 

Exercises XLVIII. ]>• 308. 

(i) [ 0 ,% hhn)‘, (ii) («% (iii) (2««c>*, (iv) 

a. (i) a?ll'-vh-nm'\ (ii) ani'-h"}nm'~ \ i (iii) 2c«{;w' + ^'m) = 1; 

(iv) ;+i'-h2aw»i'=0. 

4. (i) (y-yi)yi=2a{a;"a?i); (ii) (a;-.^’l)|^J-{y''^/^)^a=0. 

44. 

45. +1'1)• 

40. (i) (ii) 

Exercises XLIX. p. 405. 

//-i 

4. (i) ; (ii) .Wn^-i/^/,/ft“=i; 

(iii) axxi -h A (a-'^/i H- XiV) + + j/(. t! + (Ci) H'./’(?/ 4 ) -I- c=0. 

7 . 2c[l-\-7)i^)^h^-ab)tl(a^\-Wm + bm% o. (h^-ah)^/((m^~2hl))H'hP), 
0. {xHy^nax-hby + c?=d^{axUyr. la, -4-^=2. 

Exorcises L. p. 419. 

16, i(rt<?-/y?)/(rt3 4-&«)^. IS. 

§ 101 , 1 ). 430. 4, (i) a hypcji’bola; (ii) a pambula { (iii) a parabola j 
(iv) an ollipao. 


«& -f- a'h' 

Exercises LI. p. 432. 

1, (i) Ellipao i «=-a-(ViO-lV2}( ?) = A(\/l0-fc/2) 5 
inajov axis, (x - l)(v'5 4-1) - 2(j/ - 2) =0 3 
minor axis, (.r- 1)(,^S - l}-l-2{y-2) = 0. 

(ii) Hyperbola: 0^= ^(,y24' 1), -1) s 

transverse axis, (7 -f- .5^y2) (fix' -1) = 5y - 7 3 
con jugate axis, (7 - 5.^2) (5.v - 1) = 5y - 7. 

(iii) Ellipse T a=4,/) = 2^^/23 major axis, .a;-y = 05 minor axis, .x-4* 2)=0. 

(iv) Hyperbola! a^-.i^ fi''*=3 5 transvorso axis, 2.r4-y - l«(); 

conjugate axis, a* - 2y - 1 = 0. 

(v) Rectangular Hyperbola: «=!, ?j=2l j 

traiiavorso axis, 4.^’-SJ^^•10=05 oonjugato axis, 3;r4 4,1/-5=0. 

(vi) Parabola! latiia rectum=7V10/100 3 axis, 20(3a,‘-hy) + 0~0f 

tangent at vortex, 40(.r-32/)=217. 



ANSWEUK. 


471 


pp. 398-401J 

(vii) ]''lUpsiu • Jj-=5; major axis,.« - tjy -I-1 =:0 j 

minor axis, 'i-t; -I- y - Ji ~ 0. 

(viii) I’anibola; latun rimlum--! 5 axis, 3.i’-4i^+6=:0; 
tniij'onl al vorlrx, ■l.r-l-Hy - 10=0. 

(ix) Hyporlmla: tt2-^y^3_2, b-=Vi3+2j 

trnnsvorfii) axis, {fiVTs- 10 )(.v- 3 )-i-2{s/T3 - 2 ){ 2 /- 3)=0 5 
conjugato axis, (fi\/l3 + 10 ){.i; -3)+ 2 (VT 3 + 2 ) {y - 3 >= 0 . 

2 . An iilUpHO which pnsHoa llnough tho origin anti louolica Uio linos »;=:« 
anti y~h, where Ihoy inturscot a.*/a-(-ii// 6 =l, 

4, ah' )-«'/<=2/j/i'. 

e. Directrix : ail{a: - y) -I- 77=0 ; Doous ; ( ~ 23/72, - 31/72). 

7. Latns rcotiim=•! («' sin a - a cos «)'•*. 

Directrix; (.t - /») sin a + (y - //) cos a-i- (ra^-i- a'^) = 0. 

Tungont at <; \y — i'^oos«2a7 - ~ ■■ (® “ f^sin a—2ftt - h). 

G. y®)/(ft-6)=a;y//j, lo. ax^-\ '2hxy-\-l)y^-\-2f(x+2/y={}. 


Exorcises LII. p. 448. 


1. By tho Ueclanglo Tlieorcni, 'Pl^/TQ.Tca = Tl'^lTq’. T'm, if T' is 
aHcoinid point on tho tangent; thoreforo Tl''^/Tq—'J"J^/T'q'i and 
tlioroforo is constant. 


SI. If th<i diamotor tlirongli V, tho tiiiddlo point of PQ, meet tho ourvo 
in O' and the langotiL in T\ then 
'jfiyajr/n TO A'D_ OK JiP 

yO " fO'' rcy^ D/«“ VI^ ' PQ ~ VO' ‘ liQ' 

But 7''0'=0'1^; tlioroforo 'I'OIOU^PnjHQ. 

— fi 

la. The point P, whoro 20. | | 


26. Suo§lR5. 

O O. 1y^ - 21.^7/ -t 20.r=0. 


37. Seo equation ((i) of § ICR. 
31. 123.X’^ ■\ 8fi.x’y •I-24J/3 = 108. 


40. 


e*-l' 


(tt- h)”-l-4&3 


INI>KX 


Thy ntiriif.. ii'i 

Alwcin'irt, .’I, 111. 

Aimii'ImIiUImhi IU7p 

Adiunw’M Itl'njHM'ly nf >•* 

<•nilill, Hiill. 

Alikin, UH. 

liH.wi'fll Iwn h:». 

AiiiimsiiHutiniiH. 'i»r, 'W'.! 

i»ii, aii7 

Ill liintm Ilf •'<|llilt|ii||n, «7I wilt- 
Am'iin, iIH 'I'J. 

ArjiliiiMKiil Ilf fiitD'iimi. Ith!. 
ANyiii)iliiti'it, (h'linilinrt nf. 
i!H7. 

untliiml tl|mi|i«ia|n]| Ilf, 

(if iiviH'iUiitt, riiKu 5nfi», iiv. 

•liJ-S. 

Aiixillury I'in'li-*, iU I. JUJil, afti*, .T/n, 
Axi'm, (tuflfuinii, M, ill. 
tiliiiiiK'’ "fi I’^i 
(ililiqili'f 'M. 

Ilf ii.inli'«, «lJ3. fllH, ;tr(\ Wl 
ii;m, •UH, 

IIMillllltKIll'll'* 

AxIn, liiiy Iii(« iVH, 


Hlfiii’iil iMinii'H, JIlifl, JUhiJ, 

(tllllMillll'n nt IUI|i||nt| iMillftHoM ttt'M 

liiicN, <m, Nil. 

Iliirimiilti, I i 7 > 


('iiiiiiitliiiiil mimlliiii o( 
.HKI. 


|wirn)iiiUi, 


Ilf nlll|)iiti, {1*40, 

Ilf IivhuHhiIb, HWJ, 

(Mniil in/i. 

({niili'o Ilf diM-vnliim, .177, 4 JKi 4 
t'liiiLnilil. IIHI. 

('iivrt’w 'riiiHtmiM, Ofl. 

Uliiittl nil 11 , l57fi. 


I I|> Ji , .■•j*)-** IMI) >.1 |lM 11 *11 

l1,»ii-'« J >-III! ' HI?!. iiT5|iri ! |/| 

i 1.1 

|w1i Jltrl J- I'll, Hill. > 'I 1 1.1 

i:i:i 

i- It j. r.ri 

( ’ll • l<''I « »1, I 'A* 

ni 

I .J< 11' a1 ,1 li 11 I .< I 
l')iKiu't.| i>| I?. ... i. a H#5 
I ',«* i<i! « I,. ti.» I .*11 
I i.il.i |a>-ii«!«, H*l_ ■/’»«’ 

I ‘ir/li'K’Sill .■Jd-si IS,* 

(t|) t, li{ J 1 I.. 1 - 1 , ,'M tl “ 

I .ill .1 •! -.ni. ■», 

I »h I.' < j > 'I'!». I I'l.! 

a«9» I'fH 

I.irntu ..4. l-.J. i-.M. 15? 

I ftitnl*'ll, «.ijSisi! ji ■(|«« ..•if 1.3H 

■r.?rt 

tr|i«innn| S 1 • 5.<||4Ijjv (i! iiiimi1#’wa)1, 

m 

('««4i J «4{ utir* ! li.flt^(«T4io 1 (9 1 4 

ilait, 4lK 

i»i Jtry. 

14 In 'IjM. Ill 

I.sjlii --«1 »a al(.p'*i. Ill 
t Dtir I(!k4«i1k'I)'I 

i4l*i Itifc-HISl «t|lS( 

iiu^-Wrrflu. %'M- 
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The wtmhi:r» rr/o' lo^Mfjcs. 


Oiiujti^atii piiiiitH unci linos with 
I'OHjioot to ounio, 892. 
CJiMijugivlos, liannonio, 88, 01, 

< ’tj-natviiint oipiatioii, 28, 101, 217. 

of conios, ■I‘i2, 

^^Jicinvox, lHf>. 

t.7ooi'{linaU;s, (.Jiu'luHinii, M, 81. 
oliliijuc, 8'1. 

volar, .87. 
itMiliuignlnr, 18. 

Oiirvutiiro, <10111 rn of, 877, 8811, '180, 
oliord of, •1811. 
oirolo oF, 877, '180. 
of ollivso, ‘1,‘JO, ‘M8. 
of mraliola, 877, <Ml. 
viKlliiH of, 877, 380. '130. 

Cj 111'vim, (iquiiUoiiH of Homo irighur 
Plano, 811. 

Onrvo Lmoiiig, (lirootioim for, 81 tl. 
also UonLcnls, Ohantors X.- 

xvn.) 

Curp, 200, 

of flimt lei ml or Uoratoiil, 300. 
of iiiiuoml kiml or rlmniplioitl, 
30.'). 

Dorivalivo, 250, 800. 

T)orivctl oiirvo, 255. 
funolion, 250, 

DiaimjLoi'H of ooniim, <10(1-'120. 
lliroolion of linu or axin, 2, 8, 13, 
15. 

Diimolor tiiralo, IMH, 887. 
Dirookix of (ionic, 155. 
Diaoriminnnt/, 202, '125, 

Dlfitanoo lielwoon two V'^i'ff'i M- 
from a poiiiL to a line, 58, 03. 
Division by zero, 28l). 
l)u))lioatiou of tlui onbo, M7. 

I'lcoonlrio angle, 8*12, 

]')ooonU'ioity of conic, 155, 
Kliniinatioii, 101, 217. 

I'llliliHO, aim of, <128. 
axoH of, 318, 'lO'l, '128, 'J38, <13'1. 
canonical cimalion of, 820. 
□cnlrc of, 818, *121. 
oonjugatti (liamclm’Hof, 850, <110. 
aonjngntc vnrallclograni of, 862. 
diamcLcim of, ,321, <110. 
tlirootor circle of, 848, 887. 
divooLi’ix of, 817. 


EllijiHc, cnoonlrioHy of, ;U7, 43‘1. 
foci of, 817, 325, «I2«, .13.J. 
four noi'nials to, 382. 
free! loin crvialiiona of. ;U2 382, 
Intim roctnin of, 318. 
nornmln to, 31.1, 3(3(5, 381-384, 

orthogonal projcoiioii of oirolo, 
842. 


polar iKjnation of, 822, 337. 
pole and polar with rospeot, to, 


Htring donnition of, ino, 325, 
taiigcnlH to, 343, .3.58, 300, 381, 
882, 400, <113, 410, 
vertex of, 151, 3C1Q. 

Knvclopo, 3(M, 373. 

Kij nation, coUHtraiut, 23, 101, 217. 
freedom, 23, 2l'l. 
linear, 22. 

I'ajnation of a Ioqub, 100. 
of circle, 108. 
of ellipse, 320, 

of hyporliola, 320, 336, 'll'I. 
of line-mir, 78-87. 
of parabola, 813, 4.08, 
of Hceonil degree, 81, lOfi, 421- 


of Btraight lino, ‘22, <1-1, 00. 
I'lipi icon jugate diamotors, 36,6, 
Kvoluto, 877, 380. 


l'’i'HU)on, 230. 

I'Nicns of conic, 155, 
cipiation for, <i,3'i. 

Ifrccdoin oriuatlona, gmidi of curve 
givmi fly, 21'1, 300, 
of conios, 480, 
of olliimo, 3<12, 382. 
of hyperbola, 335, 384, 
of parabola, 318, 408- 
of straight lino, 23, 66. 

Punolion, 191. 
derived, 250. 


explicit, 193, 191. 
graph of irrational, 210-22H, 
grapli of rational, 182-218. 
iinplieit, 193, 104. 
inverse, 193. 


Oradiciit of a gmph or ourve, 218, 
800. 
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ANALYTICAL (INOMIOTllY. 


The nimbcm 

fri-atlient of straight lino, ‘28, 30. 

Graphs, 182-311. 
of curves given by freedom 
equations, 21*1. 

Harmon io conjugates, 88, 1)1, 301. 
penoil, 90-94, 282. 
range, 87-91, 282, 

Honiothotio, 324, 

Hyperbola, asymplolos <»f, 333- 
337, 370, 417-419, 4‘28. 
axes of, 327, 423, 434. 
canonical equation of, 329, 
centre of, .327, 421. 
conjugate, 338. 

conjugate clinmotors of, 371,411, 
diameters of, 330, 336, 410. 
directrix of, .326, 
eccentricity' of, 326, 434, 
equilateral, 33o, 
focus of, 326, .332, 428, 434. 
freedom equations of, 336, 384. 
latus rootuiu of, .327. 
normals to, .366, 384. 
polar ecniatiou of, 831, 337. 
polo and polar with rospoot to, 
391. 

rootangnlar, 336. 
string dofinilion of, 163, 3.32. 
tahgonts to, 358, 360, 384, 416. 
vortox, 360. 

Imaginary points, 118, 264. 

Infinite roots of equations, 281- 
287. 

Infinity, point at, 282, 283. 

Inflexion, point of, 185, 233. 
rule for testing, 266. 

Intorscobion of oonio and oirolo, 
438. 

Inverse points, 133. 

Isolated point, 203, 299. 

Joaohimsthal’s sootion-oquation, 
389, 428. 

Latus reotum of ollipso, 318. 
of hyperbola, 327, 
of parabola, 313. 

Lima9on, 170. 

Limiting points, 131. 

Line, positive (Kreetion of, 16. 


>Y!/i:r fo 

Maxiinuin, 263, 2fi4. 

Mensure of segment, I. 

Meiielaus’s 'riienrtuii, 96. 
Minimum, 263, ‘264. 

Newton’s rule for Holiitioii of 
tiuiis, 276. 

Node, 203, 298. 

Normal, .343, 360. 

(iSVc under Mllipse, Ily|ii‘rliolH, 
I’arahola.) 

Onloi'H of small quaiil-itieH, .'lirj. 
Ot'dinalit, 13, 407, 414. 

Origin of eoordinalcH, 3. 

efiangi* (tf, 98, 22i). 

Orthooentre, 366, 4.61, 

Orthogonal einilrs, 131. 

Ortliogoual projeetion of olroK', 
342. 

Parahola, axis of, 312, 
tuiiiooieal I'liuaiion of, 313. 
(liunielers of, .39.3, .IIHI-liOb. 
du-eolrix of, 166, 31'2. 
nofxu I trinity of, 166, 434. 
freedom equations of, .313, 408, 
431. 

latus reelum of, 313, 422, 431, 
433. 

length of laiig<uit Io, 4191. 
normals l<), 360, .377. 
polar emiatioii of, 3.37. 
pule and isilar with n'stHn?t L), 
391, 394. 

somi-cuhieal, 199. 

tangents to, .368, ,360, .37(1, >1191. 

vortex of, ‘230, ,31*2. 

I’arahtdio iuirves, 186. 

Parallel lines, 31, 61, 
iiinet at inllnity, 28,3, 

Parameter, 73, 408. 

of iionehoid, 146. 

Pedal, rtf eirnie, Mil, 17,3. 

of piiraliola, 366, 

Pi’l'iieiidienliir, lines, 31, 61. 

length of, 63, 63. 

Point, III inllnity, *283, 
douhlo, *298. 

Isolated or eunjiigate, 20,3, '2911 
trliile, 299. 

(Wuo Cuiijugalu puiiilN,) 
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The mmhers 

coovdinatoa, 37. 
t5cjtiafcion of cmiicj 337. 
i*o3o and polar wHh roapoot to 
oii'olo, 135.138. 

l*olu and polar with rospcot to 
oonio, 391, -128. 
^cjsition-ratio, 6. 

3?<iwor of a point, 123. 

^tidioal axis, 126. 

T%,t3otanglo 'J’hcorom, 'I3'l. 

of equations, approxinialo, 
188, 211, 271*279. 
equal or ropoatcd, 119, 280. 
infinite, 281. 
thooroniB on, 262. 
chord, 273. 

Newton’s or tangent, 276. 
of false position, 273. 
of proportionol parts, 278, 

f^calo units, 3, 12, 24, 26, 

23 t 5 ot!on uf|uation, JonohiinsthaVs, 
389, 428. 

fiicotion formulae, 6, 10, 16, 21. 
fSelf-eonjugato triangle, 307. 

elf-polar triangle, ,307. 
f^emi-oubioal parabola, 190. 

Small quantities, orders of, 302, 
Solution of equations, 188, 211, 
271-270. 

ohord rule for, 273. 


lo pa{fe». 

I Solution of equations, Newton’s or 
tangent rnlo for, 276. 
rule or false position for, 27.3. 
rule of proportional parts for*, 
273. 

Stops, 4. 

Straight lino, equation of, 22, 44, 
60, 

giwliont of, 28, 30. 
positive direotion of, 16. 
Siuinorinal, 360. 

Subtangont, .347, .360. 

Synunotry, 184, 186. 

System of eonxal oiroles, 120. 
of conourront lines, 72. 
of oonios, *142, 

Tangent, definition of, 260. 

(A'cft «MC<crCivt!lo, lOUipsojlTypor. 
bola, Varabola.) 

Tangent rule for solution of equa¬ 
tions, 276. 

Trisootion of an angle, 145. 
3’urning points, 184, 253. 
values, 184, 2C4. 

Variable, 191. 

Velocity, 8, 10. _ 

Velocity-time diagram, 107. 
Vortex of oonios, 160,161,312,300. 

Witch of Agnesi, 1*18, 
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